FM2/BQF2  Math. Stats. I. 
Tutorial Questions

1. Let X and Y be jointly distributed on the region (0,1)x(0,2) with joint density

f(x,y) = K(x2y3 + x3y)

(i)
Determine the value of the constant K.

(ii) Determine E[X],E[Y],V[X],V[Y] and Cov[X,Y]

(iii)
Are X and Y independent?

2.   Determine the p.g.f. of a Geometric r.v.

3. Let X be a discrete r.v. with p.g.f. p(t).Use the  relationship between p’’(1) and V[X] to show that if X and Y are independent then 

V[X + Y] = V[X] + V[Y]

4. Work out the relationship between p(1),p’(1), p’’(1),p’’’(1) and E[X3]. Hence determine the skewness of the Poisson and Geometric Distributions.

5.   Let X have be uniform distributed on the interval (0,b). Find the density, the mean and the variance of Y = 3X3.

6. Determine the mean and variance of a uniformly distributed r.v. on the interval (a,b).(Hint as V[X] = V[X + c] for a constant c, try working with 

X - a.)

7.   Let p(x) = a0 + a1x + a2x2 + .. + anxn be a density function on the interval (0,c),  Write down a formula for the moments about origin of such a density. In the particular case of n = 2 and c = 1 write down the explicit set of linear equations relating the co-efficients {ai} i=0,1,2,3 and the first 3 moments.

8.   Let p(x) be as above and let c = 1. Show that the co-efficients must   satisfy

     
a0 + a1/2 + a2/3 + ....   ..+an /(n+1) = 1

9.   Determine the m.g.f. of a uniform random variable. Do you see what happens when you try to set t = 0. Now expand the exp(t) term as a power series and see if you can do some cancellations. Can you get the moments from this power series?

10.  Use the m.g.f. of a Gamma random variable to determine its coefficient of skewness, i.e. 

     

E[(X - E[X]) 3] / V[X] 3/2.

11.  Suppose X and Y are Uniformly distributed on (0,1) and independent, determine the density of max{sqrt(X),Y}. Do this by determining the distribution function and differenciating it. Remember for a r.v. X its distribution function is F(t) = Prob(X < t). (Hint. In order to have max(A,B) < T you need A < T and B < T, in order to have min(A,B) < T you need not to have A > T and B > T)

12. If  X1,.., Xn, are independent and Uniform on (0,1)  determine the density of max{X1,..,Xn} and min{X1,...,Xn}. 

13.
What can you say about the minimun of several independent exponential random variables each with different means? (Hint (a) work out P(X < t) for any real t, i.e. the distribution function, for an exponential and so get P(X > t))

14. Derive the distribution of Y = 1/X when X is exponential.

15.  Let X and Y be independent Uniform random variables on the interval (0,1). Let W = Y/X. Determine the distribution function of W, given by

F(t) = P(W ≤  t) = P( Y/X ≤  t) and hence determine the density function of W .(hint draw a picture and note the 2 cases of 0 < t ≤ 1 and 1 < t < ∞ are different).

16.  Let X and Y be independent Uniform random variables on the interval (0,1). Let W = XY. Determine the distribution function of W, given by F(t) = P(W ≤  t) = P(XY ≤  t) and hence determine the density function of W .

