CA252 – Project Spring 2009

Do at least 2 of the following 4 problems

Deadline Friday 24th April


Q.1.
Let the General Linear Model be represented byPRIVATE 




y = Xß + u

u ~ N(0,σ2I)
where X is n x p non-stochastic and of rank p and let ß = (XtX)-1Xty be the OLS estimate of ß. Let c be a p x 1 vector, determine the distribution of ctß, and hence devise a test statistic to test the hypothesis that ctß = d, for any number d.



Now consider the extremely simple case where p = 2 and the matrix has the form
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where there are r 1's in the first column and s 1's in the second column 



(so n = r + s ). Note the vector ß is now simply

	       ß    =
	ß1

	
	ß2




Determine the OLS estimate of ß in this case and figure out what the e vector is. Use the first part of the question to devise a statistic to test the hypothesis that ß1 = ß2. You may assume that




ete/σ2 ~ (2r+s-2.


Q.2.
Consider the usual General Linear Model given in Q.1. Now suppose that certain linear constraints are known to hold between various elements of the parameter vector ß, i.e. there is a p x k matrix R and a k x 1 vector q such that Rtß = q, where k < p. Determine the Least Squares estimator of ß if the usual sum of squared residuals (y - Xß)t(y - Xß) is minimised with the added constraints that Rtß = q.


Q.3.
You are faced with the problem of choosing a portfolio of stocks from a group of n stocks to hold for a year and within a given budget M, say (i.e. M is the amount of money you have to spend ). Suppose that (from historical records) the returns on the stocks are known to have a multivariate normal distribution with mean vector μ and variance-covariance matrix V, i.e. if X is the (n x 1) vector of returns on the stocks in one years time then 






X ~ N(μ,V)


If you purchase si units of stock i then your total return will be the random number
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where St = (s1,s2,...  ..sn). First, determine both the expected value ( return ) and variance ( risk ) of your return in terms of the si values ( i.e. as a function of the vector S ). Obviously the bigger the mean return the better, however the bigger the variance the more risk is attached to your portfolio. Economists often consider the utility attached to a portfolio like this can be expressed in the form




U = (Expected Return) - δ(Risk)


where δ is a constant which represents your individual aversion to risk. Note, if δ = 0, your utility depends only on expected return and you don't care how risky your investment is (so, e.g., you put everything into offshore oil exploration with a 90% chance of losing all your money and a 10% chance of becoming an overnight millionaire ). The larger δ is the lower your utility is if your portfolio contains dodgy shares, so you invest in nice steady low risk but lower expected return shares like banks (oops!) and blue chip industrials. Of course the value of δ is between you and your maker.



Now do it scientifically - maximise U, which is a function of the si values subject to the constraint
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Q.4.
Consider the simple 2-D straight line regression model




Yi = α + ßXi + ui
i = 1,...  .,n


and assume that n is even, i.e. n = 2m.



An earlier approach to fitting a straight line to a set of data like this was a method known as semi-averages. The idea is simple. The Xi values are put into numerical increasing order (you may assume they are in this order to start with), then two points on the plane are constructed (XL,YL) and (XU,YU), where XL and YL are the averages of the first m ( Lower) of the Xi values and the corresponding  Yi values respectively and XU and YU are similarly defined for the remaining ( Upper ) points. The fitted line is then defined as the straight line these 2 points. 



Show that the method of semi-averages defines a Linear Unbiased Estimator of the slope of the line but that in general it is not Best in the sense of minimum variance. 



In what circumstances would the variance of the semi-averages estimator be the same as that of the least squares estimator?



Can you see any way of generalising this approach to the multiple regression case?
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