CA251 – Mathematical Statistics I FM2/MS2 Semester 1 1999/2000



Q.1.
(a)
State the three laws of probability and define what you understand by the terms (i) Conditional Probability and (ii) Independent events.PRIVATE 



(b)
In the context of a jointly distributed pair of continuous random variables X1,X2, explain the following terms




(i)

Bivariate Density




(ii)

Marginal Density




(iii)

Conditional Density




(iv)

Expected value




(v)

Variance




(vi)

Covariance



(c)
Let X1 and X2 be jointly continuously distributed with joint density f(x1,x2). Show that




(i)
E[X1 + X2] = E[X1] + E[X2]




(ii)
E[cX1] = cE[X1]
( c - constant )


Q.2.
(a)
Define what is meant by the Probability Generating Function ( p.g.f ) of a discrete random variable.



(b)
If X and Y are independent discrete random variables with p.g.f.'s pX(t) and pY(t), show that the p.g.f. of X + Y is given by





pX + Y(t) = pX(t)pY(t)


(c)
Determine the p.g.f. of a geometric random variable, i.e., one whose density is given by





f(x) = pqx-1

x = 1,2,3....

(d) Let X have a uniform distribution on (0,1). Determine the distribution of 


Y = 27X3.


Q.3.
(a)
Define what is meant by the Moment Generating Function (m.g.f) of a random variable.



(b)
If X is a continuous random variable with m.g.f. MX(t) show that





MX(r)(0) = E[xr]

r = 1,2,3,...




( note MX(r)(t) = d rMX(t)/dtr )



(c)
Derive the m.g.f. of an exponential random variable, i.e. one whose density is of the form





f(x) = be-bx

x > 0


Q.4.
(a)
Assume that U ~ N(0,1), V ~ χ2k and that these random variables are independent. Determine the density function of





T = U/((V/k)



i.e., the density of a Student's t random variable with k degrees of freedom.


Q.5.
(a)
Explain what you understand by saying that a random 2-vector (X1,X2) has a Bivariate Normal Distribution and give its joint density function.



(b)
Show that if 




W1 = q11X1 + q12X2 + d1




W2 = q21X1 + q22X2 + d2



then (W1,W2) also has a Bivariate Normal distribution.



(c)
Can you identify a choice of the matrix





 
q11 q12




Q =




 
q21 q22



which would make W1, and W2 independent ?
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