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Q.1.
(a)
State the three laws of probability and define what are meant by the terms (i) Conditional Probability and (ii) Independent Events.



(b)
Let X and Y be jointly distributed on the region (0,1)x(0,2) with joint density
    



f(x,y) = K(xy2 + x3y)

(i) Determine the value of the constant K.

(ii) Determine E[X],  V[X],  and Cov[X,Y]

    


(iii) 
Are X and Y independent?


Q.2.
(a)
Define what is meant by the probability generating function (p.g.f) of a discrete random variable, X. You may assume that X is non-negative.



(b)
Write down the p.g.f of a Bernoulli random variable, X, i.e. a random variable with density





f(x) =   pxq(1 –  x)  
0 < p < 1,  q = 1 - p
and
x = 0,1



and hence determine the p.g.f. and probability density of a Binomial random variable, i.e. the sum of several independent and identically distributed Bernoulli random variables. (You may assume that, if X and Y are independent discrete random variables with p.g.f.’s given by pX(t) and pY(t) respectively, then the p.g.f. of X + Y is pX+Y(t) = pX(t)pY(t) ).


(c)
Show that if p(t) is the probability generating function of a random variable, X, then E[X] = p’(1) and V[X] = p’’(1) – E[X]2 + E[X]. Hence or otherwise determine the mean and variance of a Binomial random variable.


Q.3.
(a)
A random variable X has density given by 





f(x) =
3x2
0 < x < 1





0
otherwise.



Let Y be a new random variable defined by Y = 2X2. Determine the density function of Y.

   
(b)
Let X1, X2 be a pair of independent rectangular random variables on the interval (0,1), i.e. their density functions are of the form





f(x) = 
1  
0 < x < 1






                 



0  
otherwise




and the (X1, X2) pair lies in the square (0,1)x(0,1). Determine the density function of Y = X1 + X2. (Hint – first determine the distribution function of Y, F(() = P(Y (  (), by considering the  sub-regions of (0,1)x(0,1) where Y (  ()

Q.4.
(a)
Briefly describe what is meant by the moment generating function (m.g.f.) of a random variable and indicate what the basic properties of such functions are (proofs of these are not required).


(b)
Derive the m.g.f. of a standard normal random variable, Z ~ N(0,1)



(c)
Now determine the m.g.f. of Z2, i.e. evaluate the integral involved in E[exp(tZ2)]. ( Hint - use the change of variable y = z(1-2t)1/2 ).


Q.5.

Assume that U ~ r2 and V ~ s2 and that these random variables are independent. Determine the density function of





F = (U/r)/(V/s)

Page 3 of 3

