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Q.1
(a)
Explain what is meant by the following

(i) Sample space

(ii) Event

(iii) The three laws of probability

(iv) Conditional probability

(v) Independent events

(b) Show that if X and Y are independent continuous random variables then Cov[X,Y] = 0.

(c) Show in general that V[X + Y] = V[X] + V[Y] + 2Cov[X,Y]

(d) Consider the pair of random variables X and Y whose bivariate density function is defined by

f(x,y) = 1
(x,y) ε (0,1)x(0,1)


 0
otherwise



Determine E[XY]

Q.2.     (a)
What is meant by the p.g.f. (probability generating function) of a non-negative discrete random variable?

(b) Derive the p.g.f. of a geometric random variable, i.e., one whose density function is given by

f(x) = pqx-1
x = 1,2,3,…

, q = 1 – p, 0 < p < 1

(c) Show that if p(t) is the p.g.f. of a random variable X then

E[X] = p’(1) and V[X] = p”(1) – E[X]2 + E[X]

Hence determine the mean and variance of a geometric random variable.

(d) Show that for a positive integer r,

p (r)(1)  = E[X!/((X – r)!)]


where p (r)(t) is the rth derivative of p(t). (Hint, looking at the first few derivatives helps in establishing an induction hypothesis).

Q.3.
(a)
Explain what is meant by the m.g.f. (moment generating function) of  a      

continuous random variable.

(b) Derive the m.g.f. of a Chi-squared random variable, whose density is given by

f(x) = xr/2 – 1e-x/2/(2r/2Γ(r/2))
x > 0, r > 0

(c) Let Z ~N(0,1). Show that Z2  ~ χ21 . You may assume Γ(1/2) = π1/2. Hence deduce that if {Zi}i = 1,.. .,r are a set of r independent standard normal random variables then
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(you may assume that if X and Y are independent random variables then MX+Y(t) = MX(t) MY(t) where MX(t) and MY(t) are their respective m.g.f.’s)

Q.4.
(a)
Explain how starting with a pair of independent standard normal 

random variables the general bivariate normal distribution may be defined. Show that the density function of this random 2-vector involves 5 distinct parameters.

(b)
Suppose that X and Y are independent and uniformly distributed on the interval (0,1), i.e. both have density



f(x) = 1

0 < x < 1

Determine the density functions of  

(i) Z = max{X1/2,Y}

(ii) W = min{X,Y}

(Hint for (ii) for min(X,Y) < t, one needs NOT ( X > t and Y > t))


Q.5.

Let Z ~ N(0,1) and let W ~ (r and let Z and W be independent. Derive the density of the random variable
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