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Q.1.
(a)
State the three laws of probability and define what you understand by the terms (i) Conditional Probability and (ii) Independent Events.



(b)
In the context of a jointly distributed pair of continuous random variables X1, X2, explain the following terms




(i)

Joint Density




(ii)

Marginal Density




(iii)

Expected value




(iv)

Variance




(v)

Covariance

(c) Let X1 and X2 be jointly continuously distributed with joint density f(x1,x2). Explain what it means for X1 and X2 to be independent and show that, if they are, then E[X1X2] = E[X1]E[X2].

(d) Let X have density function 





f(x)  = 
½
-1 < x < 1

0 elsewhere

By considering the random variable Y = X2, show that the converse of the result in (c) above does not necessarily hold.


Q.2.
(a)
Define what is meant by the Probability Generating Function ( p.g.f ) of a discrete random variable.



(b)
If X and Y are independent discrete random variables with p.g.f.'s pX(t) and pY(t), show that the p.g.f. of X + Y is given by





p(X + Y)(t) = pX(t)pY(t)


(c)
Determine the p.g.f. of a geometric random variable, i.e., one whose density is given by





f(x) = pqx-1

x = 1,2,3....

(d) Let X have a uniform distribution on (0,1). Determine the distribution of 


Y = 27X3.


Q.3.
(a)
Define what is meant by the Moment Generating Function (m.g.f) of a continuous random variable, and show that they satisfy the following properties

(i) Ma+bX(t) = eatMX(bt)

(ii) MX (r)(0) = E[X r]




(iii)
MX+Y(t) = MX(t)MY(t) if X and Y are independent.



where MX(t) is the m.g.f. of the random variable X and MX (r)(0) is the rth derivative of  MX(t) at t = 0.

(b) Derive the m.g.f. of  an Exponential random variable, X, i.e., one whose density is given by



f(x) = (e-(x
x > 0, ( > 0
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and show E[X] = 1/(.


Q.4.
(a)
Starting with a pair of independent Standard Normal random variables Z1, Z2 define





X1 = a11Z1 + a12Z2 + μ1




X2 = a21Z1 + a22Z2 + μ2



where the matrix






a11  a12




A  =






a21  a22



is known to be invertible and μ1, μ2 are constants. Derive the joint density of X1, X2 and simplify its expression to a form involving only the vector ( = ((1,(2)t and the matrix V = AAt.


(b)
Determine the V[X1] and Cov[X1,X2] in terms of the elements of A.


Q.5.

Assume that U ~ N(0,1) and W ~ (2r and that these random variables are independent. Determine the density function of




T = U/(W/r



� EMBED Equation.3  ���
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