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Q.1.
The General Linear Regression Model with normal disturbances is written





y = X( + u
u ~ N(0,σ2I)






where y is n x 1, X is n x p non-stochastic and of rank p, ( is p x 1 and u is n x 1. 

(a) Show that if a quantity of the form cty is to be used as an estimator of the quantity at( , then it is the Best Linear Unbiased Estimator when


c = X (XtX)-1a

(b) Consider the simple linear regression model


Yi = α + βXi + ui
where E[ui] = 0, V[ui] = σ2 , i = 1,2,…,n 





and E[ui uj] = 0 , i,j = 1,2,…,n, i ≠ j.


If Xi = i, for i = 1,2,…,n,  and β is the least squares estimate of β, what is V[β] ? (Hint : recall that 1 + 2 + 3 +  … + n = n(n + 1)/2 , and that 12 + 22 + … + n2 = n(n + 1)(2n + 1)/6).

Q.2.
(a)  Starting from the facts that in the General Linear Regression model 

described by y = X( + u, u ~ N(0,σ2I) (as in Q.1. above), the ordinary Least Squares estimate of ( is ( = (XtX)-1Xty and the residual vector is given by e = y - X(, show that


(i)
e  ~ N(0, σ2(I - X(XtX)-1Xt))

(iv) (ii)
E[ete] = (n – p) σ2
(iii) (n – p) s2/ σ2 ~ χ2(n-p) , where s2 = ete/(n – p)

(b) Now suppose that u ~ N(0,σ2V) , where V is a positive definite matrix.

(i) Will β still be an unbiased estimate of β ?

(ii) What will the variance-covariance matrix of β be ?


Q.3.
(a)
Explain what is meant by the technique of Maximum Likelihood Estimation (MLE).

(b) Determine the Maximum Likelihood Estimators of the parameters (, ( and ( in the simple linear regression model 



yi   =  ( + (xi  + ui ,      ui  ~ N(0,(2),  E[ui uj] = 0  ( i  (  j.

(c) Now suppose the model is changed  to the following form


yi   =  αxi  + βxi2 +  ui ,    ui  ~ N(0,(2),  E[ui uj] = 0  ( i  (  j.


What will the MLE’s of α and ( now be?


Q.4.
(a)
Explain what is meant by the terms




(i)
Unbiasedness




(ii)
Efficiency




when referring to sample estimates of population parameters.



(b)
A random sample X1,X2,....,Xn, is drawn from a distribution with probability density function f(x;θ). Let t be an unbiased estimate of θ based on this sample. Establish the Cramer-Rao lower bound for the variance of t 
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You may assume that   
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and that  
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(c) Determine the bound for the case of the parameter ( in the Poisson 


density



f(x; () =  e-μ μx/x!
( > 0,   x = 0,1,2,….

Q.5.
(a)
State and prove the Neyman-Pearson Lemma.

(b) Use the Neyman-Pearson Lemma to show that the best test for testing H0: σ = σ0 against H1: σ = σ1 > σ0 for a normal population with mean of 0 is given by choosing a critical region of the form
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where c is a suitable constant.
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