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Q.1.
The General Linear Regression Model with normal disturbances is written





y = X( + u
u ~ N(0,σ2I)






where y is n x 1, X is n x p non-stochastic and of rank p, ( is p x 1 and u is n x 1. 

(a) Show that the Ordinary Least Squares estimate of the parameter vector ( is




( = (XtX)-1Xty
(c) Show that if a quantity of the form cty is to be used as an estimator of the quantity at( , then it is the Best Linear Unbiased Estimator when


c = X (XtX)-1a


(c) 
Suppose that the units of measurement used in the different columns of X are changed, (e.g. a variable previously measured in inches is now measured in centimetres). How will the new Ordinary Least Squares estimates of the coefficients relate to the original ones.


Q.2.
(a)
Explain what is meant by the technique of Maximum Likelihood Estimation ( MLE )

(b) Derive the MLE’s for the specified parameters in the following cases

(i) The parameter p of the Bernoulli density with density given by

f(x) = px(1 - p)1-x      x = 0,1  ,      0 < p < 1




(ii)
The parameters α,ß and σ2 in the regression model





Yi = α + ßXi + ui
ui ~ N(0,σ2),
i = 1,..  .n
1
2
(c)  
A city contains N cars numbered 1 to N. You are allowed observe one car's number. What is the MLE of N based on this observation. ( Hint – the parameter in question is a positive integer, so the likelihood function effectively becomes a list of probabilities, one associated with each possible N).


Q.3.
(a)
Explain what are meant by the terms




(i)
Unbiasedness




(ii)
Efficiency




when referring to sample estimates of population parameters.



(b)
An independent random sample X1,X2,....,Xn, is drawn from a distribution with probability density function f(x;θ). Let t be an unbiased estimate of ( based on this sample. Establish the Cramer-Rao lower bound for the variance of t 
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You may start assuming in general that   
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and that  
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(c)
       Show that in part (b) above the term E[(( log f(x;()/(()2] can be replaced by –E[( 2logf(x;()/(( 2]. (Hint differentiate with respect to ( one of the identities used in the proof of (b) above).


Q.4.
(a)
Outline the general ideas behind the formulation of Likelihood Ratio Tests.



(b)
Consider the problem of testing for the goodness of a discrete distributions fit to sample data. Here each observation can be classified into one of k categories and one wishes to test the hypothesis that the respective probabilities of these categories are p1,p2,...,pk given sample frequencies n1,n2,...,nk.. Show that when the likelihood ratio approach is applied to this problem the appropriate test statistic is
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where ei = npi  and n = (ni .

(d) Let X1,X2,....,Xn is a random sample from a Geometric population, with density function



f(x) = pqx-1
q = 1 – p,  0 < p < 1,  x = 1,2,….


Find the likelihood ratio statistic for testing H0: p = p0 against H1: p ( p0.


Q.5.
(a)  
State and prove the Neyman-Pearson Lemma.

(b) Let X1,X2,… .,Xn be an i.i.d. random sample from a distribution having as probability density



f(x) = ( x( - 1
0 < x < 1

0 elsewhere


Show that a best critical region for testing H0 : ( = 1 against H1 : ( = 2 is described by { (i = 1n Xi  (  c }.
Page 4 of 4

_1015839670

_1018265406

_1018265789

_1018438000

_1015839683

_1015839916

_1015839624

