CA252 Mathematical Statistics II (FM2/MS2)

Autumn Repeat 2001


DUBLIN CITY UNIVERSITY   

AUTUMN REPEAT EXAMINATION 2001

COURSE: 
Financial and Actuarial Mathematics/Mathematical Science



YEAR:


2




MODULE:

CA252 – Mathematical Statistics II

EXAMINERS:

Mr. G. Keogh





Dr. R. Verrall




TIME ALLOWED:
2 Hours

INSTRUCTIONS:

Answer 3 questions.

 PLEASE DO NOT TURN OVER THIS PAGE UNTIL YOU ARE TOLD TO DO SO

This booklet contains 6 pages, including cover sheet.





Q.1.
The General Linear Regression Model with normal disturbances is written





y = X( + u
u ~ N(0,σ2I)








where y is n x 1, X is n x p non-stochastic and of rank p, ( is p x 1 and u is n x 1. 

(a) Show that the Ordinary Least Squares estimate of the parameter vector ( is given by 




( = (XtX)-1Xty
(b) Show that ( ~ N((,(2(XtX)-1)

(c)
Now consider the extremely simple case of p = 2 and the matrix X being given by 
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where there are r 0's and s 1’s in the first column and ( so n = r + s ). Note ( is now simply the 2-vector





( =  
(1





(2
Determine the Ordinary Least Squares estimate of (1 and (2  and determine Cov((1,(2).

Q.2.
(a)
Consider the General Linear Regression model described by 




y = X( + u, 
u ~ N(0,σ2I) 



(as in Q.1. above). The Ordinary Least Squares estimate of the parameter vector ( is ( = (XtX)-1Xty and the residual vector is given by e = y - X(, show that

(i) E[e] = 0

(ii) V[e] = σ2(I - X(XtX)-1Xt)

(iii) E[ete] = (n – p) σ2 
(b)
Consider the (very) simple linear regression model where p = 1 so the matrix X is comprised of a single column i.e. X = (x1,x2,….,xn)t. In this case ( is just a scalar. Let



b = (1/n)((yi/xi)


where the yi , i = 1,…n values are the elements of the vector y.

(i) Is b is a linear estimator of  (?

(ii) Is b an unbiased estimator of  (?

(iii) Determine V[b]


Q.3.
(a)
Explain what is meant by the technique of Maximum Likelihood Estimation (MLE).



(b)
Determine the MLE's of the indicated parameters for each of the following distributions

(i) The exponential distribution with parameter ( 


f(x) = (e-(x
( > 0, x > 0

(ii) Pareto distribution with parameter c


f(x) = cx-(c+1)
c > 0, x > 1
(c) A random variable, X, is said to have a Rayleigh distribution with parameter b if it’s density function has the form 



f(x) = (2x/b2)exp(-(x/b)2)
b > 0, x > 0


Determine the MLE of b.

Q.4.
(a)
Explain what is meant by the terms




(i)
Unbiasedness




(ii)
Efficiency




when referring to sample estimates of population parameters.



(b)
A random sample X1,X2,....,Xn, is drawn from a distribution with probability density function f(x;θ). Let t be an unbiased estimate of θ based on this sample. Establish the Cramer-Rao lower bound for the variance of t 
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You may assume that   
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and that  
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(c) Establish explicitly the bound for the case of the mean ( of a normal probability density function, i.e.,



f(x,(,() = (1/(2( ()exp(-1/2((x - ()/()2)


Q.5.
(a)  
State and prove Cheybychev's Inequality.



(b)
Supose X is a random variable with density function


f(x) = e
-x
x > 0




then E[X] = 1 and V[1] = 1.

(i) Compute the exact probability that X takes on a value more than two standard deviations from its mean.

(ii) Use Cheybychev’s Inequality to get an upper bound for the probability asked for in part (i).
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