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Q.1.
The General Linear Regression Model with normal disturbances is written





y = X( + u
u ~ N(0,σ2I)






where y is n x 1, X is n x p non-stochastic and of rank p, ( is p x 1 and u is n x 1. 

(a) Show that if a quantity of the form cty is to be used as an estimator of the quantity at( , then it is the Best Linear Unbiased Estimator when


c = X (XtX)-1a

(b) 
Now suppose u ~ N(0,σ2(), where ( is n x n, symmetric and positive definite. Show that the variance of cty is given by V[cty] = σ2ct(c. Hence deduce the form of the Best Linear Unbiased Estimator of at( in this case.( Hint : proceed as in the case (a) above, remembering that it is always possible to multiply by ( -1 at any stage). 

Q.2.      (a)
Starting from the facts that in the General Linear Regression model described by y = X( + u, u ~ N(0,σ2I) (as in Q.1. above), the Ordinary Least Squares estimate of ( is ( = (XtX)-1Xty and the residual vector is given by e = y - X(, show that

(i) E[e] = 0

(ii) V[e] = σ2(I - X(XtX)-1Xt)

(b) Consider the Simple Linear Regression model

Yi = ( + (Xi + ui,       E[ui] = 0, V[ui] = σ2, i = 1,.. .n,

 and E[ui uj] = 0,  i,j = 1,.. .,n,  i ( j
In the case of n being even the method of semi-average regression works as follows. The X values are ranked and then split in half into the largest and smallest observations. Split in this way, the averages of both the X's and Y's in the two groups are determined, which in turn define two points in the plane. The semi-averages regression line is the unique straight line through these points.




(i) 
Give the formula for the slope of this line.




(ii)
Is this estimate of ( a linear estimate?


Q.3.
(a)
Explain what is meant by the technique of Maximum Likelihood Estimation (MLE).



(b)
Determine the MLE's of the indicated parameters for each of the following distributions




(i)
Poisson distribution with parameter μ 
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(ii)
Normal distribution with parameters μ and σ2 
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(iii) Pareto distribution with parameter c
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Q.4.
(a) 
State and prove the Neyman-Pearson Lemma.

(b) Supose you are testing the hypothesis H0: ( = 2 against the alternative H1 : ( = 3 with a sample of size 2, X1,X2 , drawn from a Poisson population, i.e. one whose density is given by


f(x) = e-((x/x!

x = 0,1,2,3…

Sketch out the shape of the critical region you would use based on the Neyman-Pearson Lemma in the X1,X2 plane.


Q.5.
(a)  State and prove Cheybychev's Inequality



(b)  Let X be a discrete random variable which can only take on the values –1,0 and 1 with respective probabilities 1/8, 6/8 and 1/8. By consideration of this random variable show that Cheybychev’s Inequality cannot be improved upon ( in the sense of getting a tighter bound ) without further assumptions about the distribution of the random variable in question.
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