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Q.1.
The General Linear Regression Model with normal disturbances is written





y = X( + u
u ~ N(0,σ2I)






where y is n x 1, X is n x p non-stochastic and of rank p, ( is p x 1 and u is n x 1. 

(a) Show that if a quantity of the form cty is to be used as an estimator of the quantity at( , then it is the Best Linear Unbiased Estimator when


c = X (XtX)-1a

(b) Consider the simple linear regression model


Yi = α + βXi + ui
where E[ui] = 0, V[ui] = σ2 , i = 1,2,…,n 





and E[ui uj] = 0 , i,j = 1,2,…,n, i ≠ j.


If Xi = i, for i = 1,2,…,n,  and β is the least squares estimate of β, what is V[β] ? (Hint : recall that 1 + 2 + 3 +  … + n = n(n + 1)/2 , and that 12 + 22 + … + n2 = n(n + 1)(2n + 1)/6).


Q.2.
(a)
Explain what you understand by the technique of Maximum Likelihood Estimation (MLE).PRIVATE 



(b)
Determine the MLE's, based on an i.i.d. sample, of the indicated parameters for each of the following distributions




(i)
Bernoulli distribution with parameter p and density
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(ii)
Exponential distribution with parameter ( and density
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(c)  Consider an independent set of Poisson random variables Y1,Y2,…,Yn, where E[Yi] = (i and these values can be written in the form  ( i = exp((Xi) where X1,X2,….,Xn are known constants. Write down the likelihood function for the sample and determine the first order conditions that the MLE of ( must satisfy.

Q.3.
(a)
Explain what is meant by the terms



(i)
Unbiasedness




(ii)
Efficiency




when referring to sample estimates of population parameters.



(b)
A random sample X1,X2,....,Xn, is drawn from a distribution with probability density function f(x;θ). Let t be an unbiased estimate of θ based on this sample. Establish the Cramer-Rao lower bound for the variance of t 
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You may assume that   
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and that  
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(c) Establish explicitly the bound for the case of the mean ( of a normal probability density function, i.e., (σ is assumed to be known)



f(x,(,() = (1/(2( ()exp(-1/2((x - ()/()2)


Q.4.
(a)
Outline the general ideas behind the formulation of Likelihood Ratio Tests.



(b)
Consider the problem of testing for the goodness of a discrete distribution’s fit to sample data. Here each observation can be classified into one of k categories and one wishes to test the hypothesis that the respective probabilities of these categories are p1,p2,...,pk given the sample frequencies n1,n2,...,nk. Show that when the likelihood ratio approach is applied to this problem the appropriate test statistic is
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where ei = npi  and n = (ni .

(d) Show that if the Likelihood Ratio approach is used to test the hypothesis H0 : λ  = 1 using a sample X1, X2,..  ., Xn from a population with density





f(x) = (e-(x
x > 0




the Likelihood Ratio statistic is a function of X. You may assume that the MLE of ( is 1/X.


Q.5.
(a)
State and prove Chebyshev's Inequality.

(b) Let X be a random variable and let ( = E[X]. If  E[(X - ()4] exists show that for any constant c > 0



P((X - ()4 ≥ c) ≤ E[(X - ()4]/c

(Hint – go about this in exactly the same way you establish Chebyshev’s inequality).
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