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Q.1.
The General Linear Regression Model with normal disturbances is written





y = X( + u
u ~ N(0,σ2I)






where y is n x 1, X is n x p non-stochastic and of rank p, ( is p x 1 and u is n x 1. The Ordinary Least Squares estimate of the parameter vector ( is given by



( = (XtX)-1Xty .
(a) Show that ( is an unbiased estimate of ( and derive its variance covariance matrix, V[(].

(b)

If  e = y - X(, determine E[e] and V[e].

(c) 
Now suppose the observations in the above model are re-ordered, what will happen to the value of (? ( hint – re-ordering the observations amounts to pre-multiplying y, X and u by some permutation matrix (, say and permutation matrices are orthogonal, i.e. ( -1 =   ( t).


Q.2.
(a)
Explain what is meant by the technique of Maximum Likelihood Estimation (MLE).PRIVATE 



(b)
Determine the MLE's, based on an i.i.d. sample of size n of the indicated parameters for each of the following distributions




(i)
Geometric with parameter p 
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(ii)
Normal distribution with parameters μ and σ2 
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(c) A city contains N cars numbered 1 to N. You are allowed observe one car's number. What is the MLE of N based on this observation. ( Hint – the parameter in question is a positive integer, so the likelihood function effectively becomes a list of probabilities, one associated with each possible N).



Q.3.     (a)
Outline the assumptions underlying the technique of Analysis of  Variance



(b)
Show that if Xij i = 1,2,..  ,n ,j = 1,2.. ,m constitutes a set of n responses to each of m treatments that the total sum of squares of the Xij values about their grand mean, X, can be decomposed as
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where
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(c)
Carry out a 2-way Analysis of Variance on the following data set concerning the effects of feed type on meat yields using various breeds of cattle 

	PRIVATE 

	
	   Breed 
	

	 Feed Type
	  Variety 1
	  Variety 2
	  Variety 3

	 Type A
	6
	9
	11

	 Type B
	9
	13
	12

	 Type C
	7
	8
	10


Q.4.
(a)
Explain what is meant by the terms



(i)
Unbiasedness




(ii)
Efficiency




when referring to sample estimates of population parameters.



(b)
A random sample X1,X2,....,Xn, is drawn from a distribution with probability density function f(x;θ). Let t be an unbiased estimate of θ based on this sample. Establish the Cramer-Rao lower bound for the variance of t 
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You may assume that   
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and that  
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(c) 
Determine the bound for the case of the parameter ( in the Poisson 


density






f(x; () =  e-μ μx/x!
( > 0,   x = 0,1,2,….

Q.5.
(a)
State and prove Chebyshev's Inequality.



(b)
Suppose X is a random variable with density function


f(x) = e
-x
x > 0




then E[X] = 1 and V[1] = 1.


(i) Compute the exact probability that X takes on a value more than two standard deviations from its mean.

(ii)
Use Cheybychev’s Inequality to get an upper bound for the probability asked for in part (i) and compare.
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