CA252 Mathematical Statistics II (FM2/MS2) 
Semester 2 Repeat 2005/2006 


DUBLIN CITY UNIVERSITY

AUTUMN REPEAT EXAMINATIONS 2006

MODULE:

CA252


Mathematical Statistics 2

COURSE:

B.Sc. in Mathematical Sciences




B.Sc. in Financial and Actuarial Mathematics

YEAR:

2

EXAMINERS:
Mr. Gary Keogh
Ext: 5449




Mr. Roger Gray

TIME ALLOWED:
2 Hours

INSTRUCTIONS:
Please answer any 3 questions: All questions carry equal 



marks

	Requirements for this paper
	X
	Log Table

	Please tick (X) as appropriate
	
	Graph Paper

	
	
	Attached Answer Sheet

	
	X
	Statistical Tables

	
	
	Floppy Disk

	
	
	Actuarial Tables



THE USE OF  PROGRAMMABLE OR TEXT STORING CALCULATORS IS EXPRESSLY FORBIDDEN

PLEASE DO NOT TURN OVER THIS PAGE UNTIL YOU ARE INSTRUCTED TO DO SO

Please note that where a candidate answers more than the required number of questions, the examiner will mark all questions attempted and then select the highest scoring ones.







Q.1.
The General Linear Regression Model with normal disturbances is written





y = X( + u
u ~ N(0,σ2I)






where y is n x 1, X is n x p non-stochastic and of rank p, ( is p x 1 and u is n x 1. 

(a) Show that the Ordinary Least Squares estimate of the parameter vector ( is given by 




( = (XtX)-1Xty
(b) Show that ( ~ N((,(2(XtX)-1)

(c) If Ordinary Least Squares is used to estimate (1 and (2 in the model

Yi = (1 +  (2 (1/Xi) + ui ,
ui ~ N(0, σ2),  E[ui uj] = 0  i ≠ j, i,j = 1,. .,n
what is V[(2] ?
Q.2.
(a)  
Starting from the facts that in the General Linear Regression model 

described by y = X( + u, u ~ N(0,σ2I) (as in Q.1. above), the ordinary Least Squares estimate of ( is ( = (XtX)-1Xty and the residual vector is given by e = y - X(, show that


(i)
e  ~ N(0, σ2(I - X(XtX)-1Xt))

(ii)
E[ete] = (n – p) σ2
(iii) (n – p) s2/ σ2 ~ χ2(n-p) , where s2 = ete/(n – p)

(b) Now suppose that u ~ N(0,σ2V) , where V is a positive definite matrix.

(i) Will β still be an unbiased estimate of β ?




(ii)
What will the variance-covariance matrix of β be ?

Q.3.
(a)
Explain what is meant by the technique of Maximum Likelihood Estimation (MLE).



(b)
Determine the MLE's of the indicated parameters for each of the following distributions




(i)
Poisson distribution with parameter μ 
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(ii)
Normal distribution with parameters μ and σ2 
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(iii) Pareto distribution with parameter c



[image: image3.wmf]0

,

)

1

(

>

+

-

c

cx

 

=

 

f(x)

c



Q.4.
(a)
Explain what are meant by  the terms




(i)
Unbiasedness




(ii)
Efficiency




when referring to sample estimates of population parameters.



(b)
A random sample X1,X2,....,Xn, is drawn from a distribution with probability density function f(x;θ). Let t be an unbiased estimate of θ based on this sample. Establish the Cramer-Rao lower bound for the variance of t, namely
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You may assume that   
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and that  
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(c) Establish explicitly the bound for the case of the mean ( of a normal probability density function, i.e.,



f(x,(,() = (1/(2( ()exp(-1/2((x - ()/()2)


4

where (  is assumed to be known


Q.5.
(a)
State and prove Chebyshev's Inequality.

(b) Let X be a random variable and let ( = E[X]. If  E[(X - ()4] exists show that for any constant c > 0



P((X - ()4 ≥ c) ≤ E[(X - ()4]/c

(Hint – go about this in exactly the same way you establish Chebyshev’s inequality).
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