Quadratic Form Optimization

We are concerned with the maxima and minima of quadratic forms subject to linear constraints. We will work with minimization, the maximization problem is similar.

Min xtc + ½xtAx
subject to Rtx = d

Here x and c are nx1, A is nxn, R is nxm and d is mx1 with m < n.  The ½ in the quadratic form is simply to get rid of the 2 that arises on differentiation, and the constraints are written in terms of Rt (rather than R) for convenience.

Lagrange Multiplier Approach

The Lagrangian can be written as

L(x,λ) = xtc + ½xtAx + (xtR – dt)λ

where λ is an mx1 vector of Lagrange multipliers and the first order conditions for extrema (max or min) are

∂L/∂x = c +Ax + R λ = 0

∂L/∂ λ = Rtx = d

Giving on rearrangement (1)

Ax + R λ = -c

Rtx + O λ = d (note here O is the zero matrix, put in just for emphasis)

Or in block matrix form (2)
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We can solve in either of two ways, either solve the pair of simultaneous eqns (1) or use the formula for inverting a block (partioned) matrix as in (2). Two solve the pair note

The first equation gives

x = -A-1(R λ – c) = A-1c - A-1 R λ

Substituting for x in the second equation gives

Rt(A-1c - A-1 R λ) = d

or

Rt A-1 R λ = RtA-1c – d

So we can now get λ as

λ = (Rt A-1 R)-1(RtA-1c – d)

Now that we know λ entirely in terms of the constants of the problem (c, A, R and d) we can re-substitute into the first equation again to get

Ax = c - R λ = c - R(Rt A-1 R)-1(RtA-1c – d) 

to finally get x in terms of the problem constants as

x =  A-1c - A-1 R(Rt A-1 R)-1(RtA-1c – d)

The block matrix approach is to simply write
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and use the general formula for inverting a partitioned matrix. See, e.g., http://www.cs.nthu.edu.tw/~jang/book/addenda/matinv/matinv/
Substitution Approach

The Lagrange multiplier approach is not strictly necessary, as m < n we can write the constraints as
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where Rt has been partitioned as
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i.e.,
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the first matrix being mxm (i.e. square and potentially invertible) and the second being of order mx(n-m). (n.b. the subscripts have been transposed ( (i,j) becomes (j,i) ) since we are dealing with the transpose of R) . The x vector has also been split into 2 compatible sub-vectors, xA = (x1,x2,…   ..,xm) and xB = (xm+1,xm+2,…  ..,xm). So, provided RA is invertible, we can now solve for xA in terms of xB as (3)
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Finally we can now, if we wish, go on to replace xA (using the last eqn.(3)) in the original objective function (xtc + ½xtAx), which in terms of the sub-vectors (and with suitable compatible partitioning of c and A) is
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and maximise this entirely in terms of xB.(without any constraints) and then calculate xA from the formula above. Note this is quite messy, but it will produce the same result.

Example

n = 4, p = 2, i.e. 4 variables, 2 constraints the Lagrangian is
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from which it’s easy to see why matrix notation becomes indispensable when there may be thousands of variables and constraints. (Note as a12 = a21 etc… we can use 2a12x1x2 instead of a12x1x2 + a21x1x2 and so on in the above formulation to cut down on the length of the thing.)

The solution to this problem is to solve the full 6x6 (=(4+2)x(4+2)) system (see eqn(2) above).
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