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STATISTICS YEAR 2 SEMESTER 1Course Content1. Des
riptive Statisti
s: Populations and samples. Measures of 
entraltenden
y and dispersion.2. Introdu
tion to Probability Theory: Sample spa
e. Some probabilitylaws. Conditional probability. Bayes' theorem.3. Random Variables and Expe
tation: Dis
rete and 
ontinuous randomvariables. Laws of expe
tation. Markov's and Cheby
hev's inequalities.Moment generating fun
tion. Jointly distributed random variables.4. Dis
rete Distributions: Bernouilli, hypergeometri
, binomial, geometri
and Poisson distributions. Limiting distributions of hypergeometri
and binomial. Markov property.5. Reliability.6. Sampling Inspe
tion: Single sampling s
hemes. Double sampling s
hemes.Operating Chara
teristi
. Average outgoing quality. Consumer's andprodu
er's risks.7. Continuous Distribution: Exponential and normal. Areas under thenormal 
urve. Normal approximation to the binomial.
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e Appli
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s, and Queueing Theory with Com-puter S
ien
e Appli
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s. Prenti
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s an Introdu
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s for Te
hnology, Chapman and Hall, 1983.Dalgaard, Peter (2002) Introdu
tory Statisti
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The subje
t of Statisti
s provides answers to questions su
h as:1. What data need be 
olle
ted?2. How 
an resour
es be used eÆ
iently to 
olle
t the data?3. How 
an the data be presented so as to 
onvey their salient features?4. What 
on
lusions 
an be drawn from these data and what is the degreeof 
ertainty of these 
on
lusions?5. What a
tions should be taken on the basis of the 
on
lusions drawnfrom these data?



Appli
ations of Probability and Statisti
s:1. Computing: Evaluating algorithms; evaluating queueing systems for
omputer usage; 
pu time; response time; byte
ode usage by di�erentJava 
ompilers; extra
ting information from large data sets.2. Engineering: Improving produ
t design and testing produ
t perfor-man
e; estimating reliability of 
omponents and systems.3. Quality Control: Evaluating quality through sampling; pro
ess 
ontrol.4. A
tuarial S
ien
e: Determining premium rates; designing pension plans.5. Business, A

ounting and Industry. Estimating sales; auditing.6. E
onomi
s; Measuring indi
ators su
h as trade, size of labour for
e,and standard of living; long and short range fore
asts of e
onomi
 in-di
ators.7. Health and Medi
ine: Drug testing.8. Psy
hology: IQ testing.9. Opinion Polls: Who will win the next general ele
tion?



1 WHAT IS STATISTICS?STATISTICS deals with numeri
al data, in parti
ular the:� COLLECTION
� PRESENTATION
� DESCRIPTION
� INTERPRETATION
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Figure 1: Boxplots

Table 1: Des
riptive Statisti
sN Range Minimum Maximum Mean Std. DeviationSTATS 125 89.00 .00 89.00 47.3920 18.0147SYS ANAL 121 67.00 16.00 83.00 59.2645 12.6805OPER SYS 121 70.00 15.00 85.00 48.7190 14.0465ALGORITH 121 76.00 22.00 98.00 64.6198 14.2128LOGIC 123 96.00 2.00 98.00 44.9675 18.4297HARDWARE 120 71.00 10.00 81.00 56.9167 15.1960

10



Figure 2: Histgram and Stem�and�Leaf of Statisti
s Exam

Stem and Leaf Diagram7.00 Extremes (=< 10).00 1 .4.00 1 . 55672.00 2 . 234.00 2 . 66893.00 3 . 022.00 3 .34.00 4 . 000000001111111111122222233334444416.00 4 . 555566667788999913.00 5 . 000111223344410.00 5 . 556777889912.00 6 . 0001112222339.00 6 . 5577779995.00 7 . 000223.00 7 . 5681.00 8 . 41.00 8 . 71.00 Extremes (>= 89)Stem width: 10.00 Ea
h leaf: 1 
ase(s)11
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Example:A manufa
turer of mini
omputer systems is interested in im-proving its 
ustomer support servi
es. As a �rst step its mar-keting department has been 
harged with the responsibility ofsummarizing the extent of 
ustomer problems in terms of sys-tem downtime. The twenty three most re
ent 
ustomers weresurveyed and the amount of downtime (in minutes) they hadexperien
ed during the previous month was summarised in thefollowing stem and leaf display.Freq Stem Leaf3 0 0124 1 22487 2 11345995 3 000363 4 4571 5 11. Re-
reate all the numbers in the data set.2. Cal
ulate the quartiles of the data.3. Constru
t a box-plot.
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DATA PRESENTATION AND DESCRIPTION� Summary Statisti
s:1. Measures of Central Tenden
y: These measure typi
alor 
entral points in the data. They in
lude:(a) Mean: Sum of all values divided by the number of
ases.(b) Median: Middle value. 50% of the data lies belowthis value and 50% above.(
) Mode: Most 
ommonly o

urring value or equiva-lently, the value with the highest frequen
y.2. Measures of Dispersion: These measure the spread orvariation in the data. Most 
ommonly used measuresin
lude:(a) Standard Deviation (SD): The square root of theaverage squared deviations from the mean. Thismeasures how the data values di�er from the mean.A small standard deviation implies most values arenear the average. A large standard deviation indi-
ates that values are widely spread above and belowthe average.(b) Range: Lowest and highest values.(
) Per
entiles: Values that divide 
ases below whi
h
ertain per
entages of values fall. The 50th per-
entile is the median.(d) Interquartile Range: 25th to 75th per
entiles, orequivalently the middle 50% of the data.(e) Standard Error (SE): Standard deviation of the mean.14



� Graphi
al Illustrations:1. Boxplot:This is a graphi
al summary based on the median,quartiles and extreme values. Often 
alled the Boxand Whiskers Plot, the box represents the interquartilerange whi
h 
ontains 50% of 
ases. The whiskers arelines that extend from the box to the highest and low-est values. A line a
ross the box indi
ates the median.Extreme values are 
ases more than 1.5 box lengthsfrom the upper or lower end of the box. The extreme
ases are listed on the plot.2. Stem and LeafThis is a depi
tion of the shap of the data based on thea
tual numbers observed. Then stem usually depi
tthe 10s and the leaves depi
t the units.
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Basi
 Terminology� Population:The 
omplete set of elements to be 
overed.� Sample:A subset of the population.� Parameter:A 
hara
teristi
 of the entire population.� Statisti
:A 
hara
teristi
 of the sample.

16



WHAT IS PROBABILITY?� Chan
e.
� 16th and 17th Century: Games of Chan
e.
� Toss a `fair' die.
� Pull a 
ard from a `well-shu�ed de
k'.

17



2 BASIC CONCEPTS OF PROBABILITY� Experiment is a pro
ess of observation that leads to asingle out
ome that 
annot be predi
ted with 
ertainty.Examples:1. Pull a 
ard from a de
k2. Toss a 
oin3. Response time.� Sample Spa
e: All out
omes of an experiment.Usually denoted by S.
� Event denoted by E is any subset of S1. E = Spades2. E = Head3. E = Component is fun
tioning� P(E) denotes the probability of the event E.1. P(E) = P(Spades)2. P(E) = P(Head)3. P(E) = P(Component is fun
tioning)

18



Cal
ulating Probabilities� CLASSICAL APPROACH:Assumes all out
omes of the experiment are equally likely:P (E) = number of favourable 
asesnumber of possible 
asesExample: Roll a fair die.E = even number P (E) = 36� RELATIVE FREQUENCY APPROACH:Interprets the probability as the relative frequen
y of theevent over a long series of experiment.P (E) = no. of times E o

ursno. of times experiment is repeatedExample: Roll a die a large number of times and observenumber of times an even number o

urs.
P (E) = number of observed evensnumber of times the die is rolled19



Examples:1. Toss a 
oin.What is the probability of getting a head?
2. Toss two 
oins.What is the probability of getting at least one head?
3. Sele
t a 
ard from a de
k.What is the probability that it is a diamond?
4. A group of four integrated-
ir
uit (IC) 
hips 
onsists of twogood 
hips and two defe
tive 
hips. If three 
hips are se-le
ted at random from this group, what is the probabilitythat two are defe
tive?Solution:A natural sample spa
e for this problem 
onsists of all pos-sible three-
hip sele
tions from the group of four 
hips:S = fg1g2d1; g1g2d2; g1d1d2; g2d1d2g:E = Two of the three sele
ted 
hips are defe
tive.Sin
e the two sample points g1d1d2 and g2d1d2 are favourableto the event E and sin
e the sample spa
e has four points,we 
on
lude that P (E) = 2=4 = 1=2.20



Permutations and Combinations:We have seen that �nding P (E) simply involves 
ounting thenumber of equally likely out
omes favourable to E. However,
ounting by hand may not be feasible when the sample spa
e islarge.Permutations:The number of ordered sequen
es where repetition is not al-lowed, i.e. no element 
an appear more than on
e in the se-quen
e.Examples:1. Three elements f1,2,3g.How many sequen
es of two elements from these three?(1,2); (1,3); (2,1); (2, 3); (3,1); (3,2).Six ordered sequen
es altogether.2. Four elements f1,2,3,4g.How many sequen
es of two elements from these four?(1,2); (1,3); (1,4) (2,1); (2, 3); (2,4);(3,1); (3,2); (3,4); (4,1); (4,2); (4,3).Twelve ordered sequen
es altogether.3. Four elements f1,2,3,4g.How many sequen
es of three elements from these four?(1,2,3); (1,3,2); (1,2,4); (1,4,2); (1,3,4); (1,4,3)(2,1,3); (2,3,1); (2,1,4); (2,4,1); (2,3,4); (2,4,3)(3,1,2); (3,2,1); (3,2,4); (3,4,2); (3,1,4); (3,4,1)(4,1,3); (4,3,1); (4,1,2); (4,2,1); (4,3,2); (4,2,3)Twenty-four ordered sequen
es.
21



Permutations:Ordered samples (sequen
es) of size k from nnPk = n(n� 1) : : : (n� k + 1) = n!(n� k)!This is also known as the number of permutations of n distin
tobje
ts taken k at a time.i.e. nPk = n(n� 1) : : : (n� k + 1) = n!(n� k)!1. 3P2 = 3 � 2 = 62. 4P2 = 4 � 3 = 123. 4P3 = 4 � 3 � 2 = 24
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ExampleFind the probability that a randomly 
hosen three-letter se-quen
e will not have any repeated letters.Let I = fa; b; : : : ; zg be the alphabet of 26 letters.Then the sample spa
e isS = f(�; �; 
) : � 2 I; � 2 I; 
 2 Igand the event of interest isE = f(�; �; 
) : � 6= �; � 6= 
; 
 6= �gThe number of 
ases favourable to E is 26P3 = 15; 600.The number of possible 
ases in S = 263 = 17; 576. ThenP (E) = 15; 60017; 576 = 0:89:

23



Combinations:The number of unordered sets of distin
t elements, i.e. repeti-tion is not allowed.Examples:1. Three elements f1,2,3g.How many sets (
ombinations) of two elements from thesethree?Re
all for permutations (ordered sequen
es) there are 6 inall:(1,2); (1,3); (2,1); (2, 3); (3,1); (3,2).For 
ombinations (1, 2) and (2,1) are equivalent.Number of unordered sets = 3:f1,2g; f1,3g; f2,3g2. Four elements f1,2,3,4g.How many 
ombinations of two elements from four?f1,2g; f1,3g; f1,4g f2,3g; f2, 4g; f3,4g;Six unordered sets altogether.3. Four elements f1,2,3,4g.How many unordered of three elements from four?f1,2,3g; f1,2,4g; f2,3,4g; f3,1,4gFour unordered sequen
es.

24



Combinations:Generally:Number of ways of sele
ting k distin
t elements from n or equiv-alently number of unordered samples of size k, without repla
e-ment from n nCk = nPkk! = n!k!(n� k)!This is the number of 
ombinations of n distin
t obje
ts takenk at a time.Alternative Notation: �nk� = nCk.For example:1. 3C2 = 3P22! = 3�22�1 = 32. 4C2 = 4P22! = 4�32�1 = 63. 4C3 = 4P33! = 4�3�23�2�1

25



Examples1. If a box 
ontains 75 good IC 
hips and 25 defe
tive 
hips,and 12 
hips are sele
ted at random, �nd the probabilitythat all 
hips are good.2. Choose a sample of ten from a 
lass of 100 
onsisting of 60females and 40 males.What is the probability of getting 10 females?3. A box with �fteen integrated 
ir
uit 
hips 
ontains �ve de-fe
tives. If a random sample of three 
hips is drawn, whatis the probability that all three are defe
tive?4. In a party of �ve persons, 
ompute the probability that atleast two have the same birthday (month/day), assuming a365 day year.

26



TYPES OF EVENTS� UNION OF TWO EVENTSE1 [E2 denotes the out
ome of E1 or E2Example: Pull a 
ard from a de
k.E1 =Spade E2 = A
eE1 SE2 = A
e or Spade
� INTERSECTION OF TWO EVENTSE1 \E2 denotes the out
ome of E1 and E2Example: Pull a 
ard from a de
k.E1 =Spade E2 = A
eE1 \E2 = A
e and SpadeP (E1 \E2) = P(A
e and Spade)

27



� MUTUALLY EXCLUSIVE EVENTSE1 and E2 are mutually ex
lusive if they 
annot o

ur to-gether.Example: Pull a 
ard from a de
k.E1 =Spade E2 = HeartE1 \E2 is impossibleE1 \E2 = ;

28



3 AXIOMS OF PROBABILITYA probability fun
tion P is de�ned on subsets of the samplespa
e S to satisfy the following axioms:1. Non-Negative Probability:P (E) � 0:2. Mutually-Ex
lusive Events:P (E1 [E2) = P (E1) + P (E2)provided E1 and E2 are mutually ex
lusive.i.e. E1 \E2 is empty.
3. The Universal Set: P (S) = 1

29



Example:Consider the following if statement in a program:if B then s1 else s2The random experiment 
onsists of \observing" two su

essiveexe
utions of the if statement. The sample spa
e 
onsists of thefour possible out
omes:S = f(s1; s1); (s1; s2); (s2; s1); (s2; s2)gAssume that on the basis of strong experimental eviden
e thefollowing probability assignment is justi�ed:P (s1; s1) = 0:34; P (s1; s2) = 0:26; P (s2; s1) = 0:26; P (s2; s2) = 0:14;Cal
ulate the probability of1. of at least one exe
ution of the statement s12. that statement s2 is exe
uted �rst.Solution:1. Let E = At least one exe
ution of the statement s1E = f(s1; s1); (s1; s2); (s2; s1)gP (E1) = P (s1; s1) + P (s1; s2) + (s2; s1) = 0:862. Let E = Statement s2 is exe
uted �rst.E = f(s2; s1); (s2; s2)gP (E) = P (s2; s1) + P (s2; s2) = 0:4030



Properties of ProbabilityTheorem 1: Complementary EventsFor ea
h E � S: P (E) = 1� P (E)Proof: S = E [ENow, E and E are mutually ex
lusive.i.e. E \E is empty.Hen
e: P (S) = P (E [E) = P (E) + P (E) (Axiom2)Also: P (S) = 1 (Axiom3)i.e. P (S) = P (E) + P (E)�! 1 = P (E) + P (E)So: P (E) = 1� P (E)31



Properties of ProbabilityTheorem 2: The Impossible Event/The Empty SetP (;) = 0 where ; is the empty setProof: S = S [ ;Now: S and ; are mutually ex
lusive.i.e. S \ ; is empty.Hen
e: P (S) = P (S [ ;) = P (S) + P (;) (Axiom2)Also: P (S) = 1 (Axiom3)i.e. 1 = 1 + P (;)i.e. P (;) = 0:32



Properties of ProbabilityTheorem 3:If E1 and E2 are subsets of S su
h that E1 � E2, thenP (E1) � P (E2)Proof: E2 = E1 [ (E1 \E2)Now, sin
e E1 and E1 \E2 are mutually ex
lusive,
P (E2) = P (E1) + P (E1 \E2)� P (E1)sin
e P (E1 \E2) � 0 from Axiom 1.

33



Properties of ProbabilityTheorem 4: Range of ProbabilityFor ea
h E � S 0 � P (E) � 1Proof:Sin
e, ; � E � S
then from Theorem 3,P (;) � P (E) � P (S)

0 � P (E) � 1

34



Theorem 5: The Addition Law of ProbabilityIf E1 and E2 are subsets of S thenP (E1 [E2) = P (E1) + P (E2)� P (E1 \E2)Proof: E1 [E2 = E1 [ (E2 \ E1)Now, sin
e E1 and E2 \E1 are mutually ex
lusive,P (E1 [E2) = P (E1) + P (E2 \E1) (1) (Axiom2)Now E2 may be written as two mutually ex
lusive events asfollows: E2 = (E2 \E1) [ (E2 \E1)So P (E2) = P (E2 \ E1) + P (E2 \E1) (Axiom2)Thus: P (E2 \E1) = P (E2)� P (E2 \E1) (2)Inserting (2) in (1), we getP (E1 [E2) = P (E1) + P (E2)� P (E1 \E2)35



Example:In a 
omputer installation, 200 programs are written ea
h week,120 in C++ and 80 in Java.60% of the programs written in C++ 
ompile on the �rst run80% of the Java programs 
ompile on the �rst run.What is the probability that a program 
hosen at random:1. is written in C++ or 
ompiles on �rst run?2. is written in Java or does not 
ompile?3. either 
ompiles or does not 
ompile?

36



4 CONDITIONAL PROBABILITYExample:In a 
omputer installation, 200 programs are written ea
h week,120 in C++ and 80 in Java. 60% of the programs written in C++
ompile on the �rst run and 80% of the Java programs 
ompileon the �rst run. Compiles Does not 
ompileon �rst run on �rst runC++ 72 48 120Java 64 16 80136 64 200What is the probability that a program 
hosen at random:1. 
ompiles in the �rst run?2. is written in C++ and 
ompiles on �rst run?3. 
ompiles on the �rst run if we know it has been written inC++?

37



Conditional ProbabilityDEFN: The 
onditional probability of B given A isP (BjA) = P (A \B)P (A)Terminology:� Joint Probability: P (A \ B)� Marginal Probability: P (A), P(B)� Conditional Probability: P (AjB) or P (BjA)A rearrangement of the above de�nition yields the following:Multipli
ation Law of Probability:Two events P (A)P (BjA)P (A \B) = P (B)P (AjB)More than two events:P (E1 \ E2 \E3 � � � \Ek) =P (E1)P (E2jE1)P (E3jE1 \E2) � � �P (EkjE1 \E2 � � � \Ek�1)
38



Examples:1. Consider four 
omputer �rms A, B, C, D bidding for a
ertain 
ontra
t. A survey of past bidding su

ess of these�rms show the following probabilities of winning:P (A) = 0:35; P (B) = 0:15; P (C) = 0:3; P (D) = 0:2Before the de
ision is made to award the 
ontra
t, �rm Bwithdraws the bid. Find the new probabilities of winningthe bid for A, C and D.2. Pull three 
ards from a de
k without repla
ement. What isthe probability that all are bla
k?

39



Independent EventsDEFN: Independent EventsA and B are said to be independent ifP (AjB) = P (A)
Multipli
ation LawTwo Independent EventsP (A \ B) = P (A)P (B)
More than Two Independent EventsP (E1 \E2 \E3 � � �Ek) = P (E1)P (E2) � � �P (Ek)Example: Draw 10 
ards from a de
k with repla
ement. Whatis the probability that all are bla
k?

40



Intel ChipsIn O
tober 1994, a 
aw was dis
overed in the Pentium 
hip in-stalled in many new personal 
omputers. The 
hip produ
ed anin
orre
t result when dividing two numbers. Intel, the manu-fa
turer of the Pentium 
hip, initially announ
ed that su
h anerror would o

ur on
e in 9 billion divides, or \on
e in 27,000years" for a typi
al user; 
onsequently it did not immediatelyo�er to repla
e the 
hip.(a) For a division performed using the 
awed 
hip, what isthe probability that no error will o

ur?(b) Consider two su

essive divisions performed using the
awed 
hip. What is the probability that neither resultwill be in error? (Assume that any one division has noimpa
t on any other division.)(
) Depending on the pro
edure, statisti
al software pa
k-ages may perform an extremely large number of divi-sions to produ
e the required output. For heavy usersof the software, one billion divisions over a short timeframe is not unusual. Cal
ulate the probability that1 billion divisions performed using the 
awed Pentium
hip will result in no errors.(d) Compute the probability that at least one error o

ursin the 1 billion divisions.Note: Two months after the 
aw was dis
overed, Intel agreedto repla
e all Pentium 
hips free of 
harge.
41



5 RELIABILITYSystems ReliabilityA system 
onsists of 
omponents whi
h determine whether ornot it will work. There are various types of 
on�gurations ofthe 
omponents in di�erent systems.� Series SystemThis is a system in whi
h all the 
omponents are in seriesand they all have to work for the system to work. If one
omponent fails, the system fails.
� Parallel SystemThis is a system that will fail only if they all fail.
� Series-Parallel SystemThis is a system where some of the 
omponents in seriesare repli
ated in parallel.

42



The Reliability of a SystemThe reliability of a system is the probability that it is fun
tioningproperly. This depends on (i) the reliability of the 
omponentsand (ii) on the type of system.Examples:1. A system 
onsists of 5 
omponents in series ea
h having areliability of 0.97. What is the reliability of the system?2. A system 
onsists of 5 
omponents in parallel. Ea
h 
om-ponent has a reliability of 0.97. The system works if atleast one of the 
omponents works. What is its reliability?Reliability with series systemsThe problem with series systems is that reliability qui
kly de-
reases as the number of 
omponents in
reases.Reliability with Parallel SystemsThe problem with parallel systems is that the `law of diminish-ing returns' operates. The rate of in
rease in reliability withea
h additional 
omponent de
reases as the number of 
ompo-nents in
reases.Most systems are 
ombinations of series and parallel systems
43



Example: A series parallel system:Consider a system with 5 
omponents.The reliability of1. 
omponent 1 is 0.95,2. 
omponent 2 is 0.95,3. 
omponent 3 is 0.7,4. 
omponent 4 is 0.755. 
omponent 5 is 0.90.Be
ause of the low reliability of the third and fourth 
ompo-nents, they are repli
ated; the third 
omponent is repli
ated 3times and the 4th 
omponent is repli
ated twi
e. Cal
ulate theoverall reliability of the system.

44



6 BAYES THEOREMLaw of Total ProbabilityIf a sample spa
e 
an be partitioned into k mutually ex
lusiveand exhaustive events: A1; A2; A3; � � �Aki.e. S = A1 [A2 [A3 � � � [AkThen for any event E:P (E) = P (A1)P (EjA1) + P (A2)(PEjA2) � � �P (Ak)P (EjAK)Proof: E = E \ S= E \ (A1 [A2 [ � � � [Ak)= (E \A1) [ (E \A2) [ � � � (E \Ak)Sin
e these are mutually ex
lusiveP (E) = P (E \A1) + P (E \A2) + � � �P (E \Ak)= P (A1)P (EjA1) + P (A2)P (EjA2) + � � �P (Ak)P (EjAk)
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Examples:1. In a 
omputer installation, 60% of programs are writtenin C++ and 40% in Java. 60% of the programs written inC++ 
ompile on the �rst run and 80% of the Java programs
ompile on the �rst run.(a) What is the overall proportion of programs that 
om-pile on �rst run?(b) If a randomly sele
ted program 
ompiles on the �rstrun what is the probability that it was written in C++?2. In a 
ertain 
ompany50% of do
uments are written in WORD; 30% in LATEX;20% in HTML.From past experien
e it is know that :40% of the WORD do
uments ex
eed 10 pages20% of the LATEX do
uments ex
eed 10 pages20% of the HTML ex
eed 10 pages(a) What is the overall proportion of do
uments 
ontainingmore than 10 pages?(b) A do
ument is 
hosen at random and found to to havemore than 10 pages. What is the probability that ithas been written in LATEX?
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Examples:3. Enquiries to an on-line 
omputer system arrive on 5 
ommuni
ationlines. The per
entage of messages re
eived through ea
h line are:Line 1 2 3 4 5% re
eived 20 30 10 15 25From past experien
e, it is known that the per
entage of messages ex-
eeding 100 
hara
ters on the di�erent lines are:Line 1 2 3 4 5% ex
eeding100 
hara
ters 40 60 20 80 90(a) Cal
ulate the overall proportion of messages ex
eeding 100 
har-a
ters.(b) If a message 
hosen at random is found to ex
eed 100 
hara
ters,what is the probability that it 
ame through line 5?Tree Diagram
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Examples:4. A binary 
ommuni
ation 
hannel 
arries data as one of two sets of sig-nals denoted by 0 and 1. Owing to noise, a transmitted 0 is sometimesre
eived as a 1, and a transmitted 1 is sometimes re
eived as a 0. Fora given 
hannel, it 
an be assumed that a transmitted 0 is 
orre
tlyre
eived with probability 0:95 and a transmitted 1 is 
orre
tly re
eivedwith probability 0.75. Also, 60% of all messages are transmitted as a0. If a signal is sent, determine the probability that:(a) a 1 was re
eived;(b) a 0 was re
eived;(
) a 1 was transmitted given than a 1 was re
eived;(d) a 0 was transmitted given that a 0 was re
eived;(e) an error o

urred.
Tree Diagram
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Bayes' TheoremIf a sample spa
e 
an be partitioned into k mutually ex
lusiveand exhaustive events: A1; A2; A3; � � �AkS = A1 [A2 [A3 � � � [AkThen for any event E,:P (E) = P (A1)P (EjA1) + P (A2)P (EjA2) � � �P (Ak)P (EjAk)
P (AijE) = P (Ai)P (EjAi)P (E)

Proof: For any i; 1 � i � kE \Ai = Ai \EP (E)P (AijE) = P (Ai)P (EjAi)P (AijE) = P (Ai)P (EjAi)P (E)P (AijE) is 
alled the POSTERIOR PROBABILITY
49



Example:A software 
ompany surveyed oÆ
e managers to determine theprobability that they would buy a new graphi
s pa
kage. Eightyper
ent of the oÆ
e managers 
laimed that they would buy thepa
kage. Of those managers who would buy the graphi
s pa
k-age, 40% were also interested in upgrading their 
omputer hard-ware. Of those managers who were not interested in pur
hasingthe graphi
s pa
kage, only 10% were interested in upgradingtheir 
omputer hardware.(a) What is the probability that an oÆ
e manager who isinterested in upgrading her 
omputer hardware is alsointerested in pur
hasing the graphi
s pa
kage?
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7 RANDOM VARIABLESDefn: A random variable is a rule whi
h assigns a numeri
alvalue to ea
h possible out
ome of an experimentExample: Toss a 
oin: S = H, TCall a head 1 and a tail 0S = f 1, 0 gRandom variables are DISCRETE or CONTINUOUS� Dis
rete Random Variable:A random variable is dis
rete if its values 
an assume iso-lated points on the number line.Examples:number of telephone 
alls in an hournumber of jobs arriving for servi
e� Continuous Random Variable:A random variable is 
ontinuous if its values 
an assume allpoints in a parti
ular interval.Examples:Heights, Weights;Lifetime of a 
omponent;
pu time;response time
51



Probability Distributions:Defn: The probability distribution 
onsists of all possible val-ues of a variable and its asso
iated probabilities.Examples:1. Toss a 
oin: X = x 0 1P(X = x) 0.5 0.52. Toss a 
oin twi
e(X = x; Y = y) (0,0) (0, 1) (1,0) (1,1)P(X = x \ Y = y) 0.25 0.25 0.25 0.25
3. Roll a die:X = x 1 2 3 4 5 6P(X = x) 1/6 1/6 1/6 1/6 1/6 1/64. The number of hardware failures of a 
omputer system ina week has the following probabilities:No.of Failures 0 1 2 3 4 5 6Probability .18 .28 .25 .18 .06 .04 .01
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Probability DistributionsProbability Density Fun
tion (PDF) satis�es� P (X = x) � 0� Px P (X = x) = 1Cumulative Distribution Fun
tion (CDF):F (x) = P (X � x)
Example: Hardware FailuresNo.of Failures 0 1 2 3 4 5 6PDF P(X=x) .18 .28 .25 .18 .06 .04 .01CDF P(X � x) .18 .46 .71 .89 .95 .99 1.00
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Figure 3: Probability Density Fun
tion

No.of Failures 0 1 2 3 4 5 6PDF P(X=x) .18 .28 .25 .18 .06 .04 .01
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Figure 4: Cumulative Distribution Fun
tion

No.of Failures 0 1 2 3 4 5 6CDF P(X � x) .18 .46 .71 .89 .95 .99 1.00
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8 GEOMETRIC DISTRIBUTIONEXAMPLES:1. Toss a 
oin repeatedly.Let X = number of tosses to �rst head2. It is known that 20% of produ
ts on a produ
tion line aredefe
tive. Produ
ts are inspe
ted until �rst defe
tive is en-
ountered.Let X = number of inspe
tions to obtain �rst defe
tive
3. Observing single births until a girl.Let X = number of observations to �rst girl.4. Terminals on an on-line 
omputer system are atta
hed toa 
ommuni
ation line to the 
entral 
omputer system. Theprobability that any terminal is ready to transmit is 0.95.Let X = number of terminals polled until the �rst readyterminal is lo
ated.
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GEOMETRIC DISTRIBUTIONConditions:1. An experiment 
onsists of repeating trials until �rst su

ess.2. Ea
h trial has two possible out
omes;(a) A su

ess with probability p(b) A failure with probability q = 1� p.3. Repeated trials are independent.X = number of trials to �rst su

essX is a GEOMETRIC RANDOM VARIABLE.PDF: P (X = x) = qx�1p; x = 1; 2; 3; � � �CDF:P (X � x) = P (X = 1) + P (X = 2) � � �P (X = x)= p+ qp+ q2p � � �+ qx�1p= p[1� qx℄=(1� q)= 1� qx
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Figure 5: Probability to First Head

First Head 1 2 3 4 5 6 7 8 9 10 � � �Probability .5 .25 .125 .0625 .0313 .0156 .0078 .0039 .0020 .0010 � � �
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Figure 6: Cumulative Distribution Fun
tion

First Defe
tive 1 2 3 4 5 6 7 8 9 10 � � �Probability .5 .75 .875 .09375 .9688 .9844 .9922 .9961 .9980.9999 � � �
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Figure 7: Probability to First Defe
tive

First Defe
tive 1 2 3 4 5 6 7 8 9 10 � � �Probability .2 .16 .128 .1024 .0819 .0655 .0524 .0419 .0338 .0269 � � �
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Figure 8: Probability to First Defe
tive

First Defe
tive 1 2 3 4 5 6 7 8 9 10 � � �P(X � x) .2 .36 .488 .5904 .6723 .7379 .7903 .8322 .8685 .8926 � � �
61



Example:Produ
ts produ
ed by a ma
hine has a 3% defe
tive rate.� What is the probability that the �rst defe
tive o

urs inthe �fth item inspe
ted?P (X = 5) = P (1st 4 non-defe
tive )P ( 5th defe
tive)
= �0:974� (0:03)

� What is the probability that the �rst defe
tive o

urs inthe �rst �ve inspe
tions?
P (X � 5) = 1� P (First 5 non-defe
tive)= 1� 0:975
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The Markov Property:If the probability of events happening in the future is indepen-dent of what went before, then the random variable is said tohave the Markov property.i.e P (X = n+ xjX > n) = P (X = x)MARKOV PROPERTY=) MEMORYLESS PROPERTY
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Example: Markov PropertyProdu
ts are inspe
ted until �rst defe
tive is found. X is ageometri
 random variable with parameter p. The �rst 10 trialshave been found to be free of defe
tives. What is the probabilitythat the �rst defe
tive will o

ur in the 15th trial?Let E1 be the event that �rst ten trials are free of defe
tives.Let E2 be the event that that �rst defe
tive will o

ur on the15th trial.P (X = 15jX > 10) = P (E2jE1)= P (E1 \E2)P (E1)= P (X = 15 \X > 10)P (X > 10)= P (X = 15)P (X > 10)= q14pq10= q4p= P (X = 5)
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MARKOV PROPERTYGenerally, the Markov property states:P (X = x+ njX > n) = P (X = x)Proof:Let E1 = fX > ngE2 = fX = x+ ngThen we may writeP (X = x+ njX > n) = P (E2jE1)But P (E2jE1) = P (E1 \E2)P (E1)Now P (E1 \E2) = P (X = x+ n) = qx+n�1pAnd P (E1) = P (X > n) = qnThus P (E2jE1) = qx+n�1pqn= qx�1pBut P (X = x) = qx�1pHen
e P (X = x+ nj(X > n) = P (X = x)65



9 BINOMIAL DISTRIBUTIONExamples:1. Toss a 
oin 6 timesLet X = number of heads2. A produ
tion line is known to produ
e 10% defe
tive.Choose 10 produ
ts for inspe
tionLet X = number of defe
tives3. A fair die is rolled 5 times.Let X = number of `twos'4. A player s
ores on 75% of frees.Let X = number of s
ores in four frees.5. A printer in a 
omputer lab. works 60% of the time.Let X = number of times the printer is working in 10 visits.6. Five terminals on an on-line 
omputer system are atta
hedto a 
ommuni
ation line to the 
entral 
omputer system.The probability that any terminal is busy is .1.Let X = number of busy terminals.
66



BINOMIAL CONDITIONS1. An experiment 
onsists of n repeated trials.2. Ea
h trial has two possible out
omes: su

ess or failure.3. The probability of a su

ess p is 
onstant from trial to trial.4. Repeated trials are independent.Let X = number of su

esses in n trialsX is a BINOMIAL random variable.General Binomial Distributionn = no of trialsp = probability of su

essq = 1� p = probability of failureX = no of su

esses in n trialsP (X = x) = 0� nx 1A pxqn�x
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Example: Busy terminals n = 5, p = .1, q= .9X 0 1 2 3 4 5PDF 0.591 0.328 0.073 0.008 0.001 0.000CDF 0.591 0.919 0.992 0.999 1.000 1.000Figure 9: Probability Density Fun
tion

Figure 10: Cumulative Distribution Fun
tion
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Example: Defe
tives n = 10, p = .1, q= .9X 0 1 2 3 4 5 6PDF 0.3486 .3874 .1937 .057 .0112 .0015 .0001CDF 0.3486 .7361 .9298 .9872 .9984 .9999 1.000Figure 11: Probability Density Fun
tion

Figure 12: Cumulative Distribution Fun
tion
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EXAMPLE :Based on past experien
e, a printer in a laboratory is oper-ating 60% of the time. Throughout a parti
ular day, 8 visitsare made and the number of times, X, that the printer isoperating is observed.1. Write the PDF and CDF of X2. What is the probability that the printer is operating:(a) exa
tly 4 times?(b) at least 4 times?(
) at most 4 times?(d) more than 4 times?(e) fewer than 4 times?
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10 SAMPLINGWITHOUT REPLACEMENTExample:A box 
ontains 20 items of whi
h 10% are defe
tive.A sample of 10 is drawn at random.What is the probability that the sample will 
ontain 2 defe
-tives?Solution:1. Sampling with Repla
ement =) BinomialBinomial with n = 10 and p = 0:1; Bino(10, 0.1)P ( 2 defe
tives) = 0� 102 1A :12:98 = 0:1937
2. Sampling without Repla
ement2 18Defe
tives Non-defe
tives

P (2 defe
tives) = 0� 22 1A0� 188 1A0� 2010 1A = 0:2368
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Hypergeometri
 DistributionA �nite population of size N 
onsists ofM elements 
alled su

essesL elements 
alled failuresA sample of n elements are sele
ted at randomwithout repla
ement.X = number of su

essesP (X = x) = 0� Mx 1A0� Ln� x 1A0� Nn 1AX is said to have a hypergeometri
 distributionExample:Draw 6 
ards from a de
k without repla
ement.What is the probability of getting two hearts?Solution:Here M = 13 number of heartsL = 39 number of non-heartsN = 52 totalP (2 hearts) = 0� 132 1A0� 394 1A0� 526 1A = :31513
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Example: Lotto42 balls are numbered 1 - 42.You sele
t six numbers between 1 and 42. (The ones you writeon your lotto 
ard)Number of possible ways to draw six mumbers in the range[ 1, 42 ℄ = 0� 426 1AWhat is the probability that they 
ontain(i) mat
h 6?(ii) mat
h 5?(ii) mat
h 4?(iii) mat
h 3?Solution:Total = 42; Favourable = 6; Non-Favourable = 36.Sample size n = 6.
P (mat
h 4) = 0� 64 1A0� 362 1A0� 426 1A = :0018

ODDS OF ABOUT 1 in 50073



Binomial or Hypergeometri
?Boxes 
ontain 20 items of whi
h 10% are defe
tive.Find the probability that no more than 2 defe
tives will be ob-tained in a sample of size 10.Let X = no of defe
tives.P (X � 2) = P (X = 0) + P (X = 1) + P (X = 2)With Repla
ement SamplingP (X = 0) = :910 = :3487P (X = 1) = 0� 101 1A :11:99 = :3874P (X = 2) = 0� 102 1A :12:98 = :1937Without Repla
ement SamplingP (X = 0) = 0� 1810 1A0� 2010 1A = :2368
P (X = 1) = 0� 21 1A0� 189 1A0� 2010 1A = :5263
P (X = 2) = 0� 22 1A0� 188 1A0� 2010 1A = :2368
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Binomial or Hypergeometri
?Boxes 
ontain 200 items of whi
h 10% are defe
tive.Find the probability that no more than 2 defe
tives will be ob-tained in a sample of size 10.Let X = no of defe
tives.P (X � 2) = P (X = 0) + P (X = 1) + P (X = 2)With Repla
ement SamplingP (X = 0) = :910 = :3487P (X = 1) = 0� 101 1A :11:99 = :3874P (X = 2) = 0� 102 1A :12:98 = :1937Without Repla
ement SamplingP (X = 0) = 0� 18010 1A0� 20010 1A = :3398
P (X = 1) = 0� 201 1A0� 1809 1A0� 20010 1A = :3974
P (X = 2) = 0� 202 1A0� 1808 1A0� 20010 1A = :1975

75



Binomial or Hypergeometri
?Boxes 
ontain 2000 items of whi
h 10% are defe
tive.Find the probability that no more than 2 defe
tives will be ob-tained in a sample of size 10.Let X = no of defe
tives.P (X � 2) = P (X = 0) + P (X = 1) + P (X = 2)With Repla
ement SamplingP (X = 0) = :910 = :3487P (X = 1) = 0� 101 1A :11:99 = :3874P (X = 2) = 0� 102 1A :12:98 = :1937Without Repla
ement SamplingP (X = 0) = 0� 180010 1A0� 200010 1A = :3476
P (X = 1) = 0� 2001 1A0� 18009 1A0� 200010 1A = :3881
P (X = 2) = 0� 2002 1A0� 18008 1A0� 200010 1A = :1939
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Binomial or Hypergeometri
?What is the probability of getting no more than 2 defe
tives in arandom sample drawn without repla
ement from a bat
h whi
hhas 10% defe
tives?
Bat
h Size 20 200 2000 Bin. ApproxP(X=0) .2368 .3398 .3476 .3487P(X=1) .5263 .3974 .3881 .3874P(X=2) .2368 .1975 .1939 .1937P(X� 2) .999 .9347 .9296 .9298
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Theorem: As N ! 1, the hypergeometri
 distribution 
on-verges to the binomial.Proof: Population Size = NProportion of su

esses = pNumber of su

esses in N = NpNumber of failures = N(1� p)Let X = number of su

esses in s sample of size n drawn with-out repla
ement from N Np N(1-p)Su

esses FailuresWe will show that for the hypergeometri
P (X = x) = 0� Npx 1A0� N(1� p)n� x 1A0� Nx 1A! 0� nx 1A pxqn�x as N !1
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Proof:P (X = x) = 0� Npx 1A0� Nqn� x 1A0� Nn 1A
= 0� (Np)!x!(Np� x)!1A0� (Nq)!(n� x)! (Nq � (n� x))!1AN !n!(N � n)!= n!x!(n� x)! 24 (Np)!(Np� x)! (Nq)!(Nq � (n� x))! (N � n)!N ! 35
! 0� nx 1A pxqn�x as N !1
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(Np)!(Np� x)! = Np(Np� 1)(Np� 2) � � � (Np� x+ 1)= Nxp(p� 1N )(p� 2N ) � � � (p� x� 1N )
Nq(Nq � (n� x))! = (Nq)(Nq � 1) � � � (Nq � (n� x) + 1)= Nn�xq(q � 1N ) � � � (q � n� x+ 1N )

(N � n)!N ! = 1N(N � 1)(N � 2) � � � (N � n+ 1)= 1=  Nn(1� 1N )(1� 2N ) � � � (1� n� 1N )!
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11 EXPECTATIONSThe Mean of a SampleExample 1:Salaries of 6 re
ent 
omputer s
ien
e graduates ($000s).20:3; 14:9; 18:9; 21:7; 16:3; 17:7The average of the sample isx = 20:3 + 14:9 + 18:9 + 21:7 + 16:3 + 17:76 = 18:3
Generally, if x1; x2; � � �xn in a sample of size n,Then the sample average isx = x1 + x2 + � � � xnnIt may be written as x = Pni=1 xin
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Example 2: AveragesOne hundred appli
ants for a 
ertain degree program had thefollwing age distribution.Age No. of appli
ants18 919 4020 1821 1822 823 424 3The mean is obtained as follows:x = (18 � 9) + (19 � 40) + (20 � 18) + (21 � 18) + (22 � 8) + (23 � 4) + (24 � 3)100 = 20x = (18�:09)+(19�:40)+(20�:18)+(21�:18)+(22�:08)(23�:04)(24�:03) = 20Xxp(x)
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Mean of a Random VariableDe�nition: The mean of a dis
rete random variable is de�nedas the weighted average of all possible values. The weights arethe probabilities of respe
tive values of the random variableE(X) = Xx xp(x)The mean or expe
ted value of a random variable X is oftendenoted by �xExamples:1. The number of hardware failures of a 
omputer system ina week of operation has the following pdf:No. of Failures (X) 0 1 2 3 4 5 6Probability (P(X=x)) .18 .28 .25 .18 .06 .04 .01Cal
ulate the expe
ted number of failures in a week.2. A quarter of the sour
e programs submitted by a 
ertainprogrammer 
ompile su

essfully. Ea
h day the program-mer writes �ve programs. The 
ompiling probabilities are:No. that 
ompiles 0 1 2 3 4 5Probability .237 .396 264 .088 .014 .001Cal
ulate the average number of programs that 
ompile ina day. 83



Some Derivations:� Mean of binomial distributionPDF : p(x) = 0�nx1Apxqn�x x = 0; 1; : : : ; nMEAN :E(X) = Xx xp(x)= nXx=0x0�nx1Apxqn�x= nXx=1x0�nx1Apxqn�x= nXx=1n0�n� 1x� 11Apxqn�x= np n�1Xx�1=00�n� 1x� 11Apx�1q(n�1)�(x�1)= np [p+ q℄n�1= np
84



� Mean of geometri
 distribution:Example: Terminals on an on-line 
omputer system areatta
hed to a 
ommuni
ation line to the 
entral 
omputersystem. The probability that any terminal is ready to trans-mit is 0.95.
E(X) = 1Xx=1xqx�1p= p 1Xx=1xqx�1= p 1Xx=1 dqxdq= pdP1x=1 qxdq= pd(q=(1� q)dq= p [(1� q) + q℄(1� q)2= pp2 = 1p
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12 VARIANCESVarian
e of Sample:Spread of individual values from the mean.Example 1:Salaries of 6 re
ent 
omputer s
ien
e graduates ($000)20:3; 14:9; 18:9; 21:7; 16:3; 17:7Re
all x = 18.3.Cal
ulation of s2:s2 = h(20:3� 18:3)2 + (18:9� 18:3)2 + : : :i5Generally, if x1; x2; � � �xn is a sample of size n,s2 = Pni=1(xi � x)2n� 1
s2 = h(20:3� 18:3)2 + (18:9� 18:3)2 + : : :i5 = 6:368Standard Deviation:s = p6:368 = 2:52386



Example 2: Varian
eOne hundred appli
ants for a 
ertain degree program had thefollwing age distribution.Age No. of appli
ants18 919 4020 1821 1822 823 424 3
s2 = Pni=1(xi � x)2fiPi fiThe varian
e is obtained as follows:x = (18�20)2�:09+(19�20)2�:40+(20�20)2�:18+(21�20)2�:18+(22� 20)2 � :08 + (23� 20)2 � :04 + (24� 20)2 � :03
X(x� 20)2p(x)Che
k s2 = 2:187



The varian
e of a dis
rete random variableDe�nition: The varian
e is de�ned as the weighted averageof the squared di�eren
es between ea
h possible out
ome andits mean ... the weights being the probability of the respe
tiveout
omes V (X) = Xx (x� �x)2p(x)Or equivalently V (X) = E (X � (E(X))2The varian
e is often denoted by �2x.�2x � E(X � �x)2The standard deviation is denoted by �x.�x = q(E(X � �x)2)
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Examples:1. A quarter of the sour
e programs submitted by a 
ertainprogrammer 
ompile su

essfully. Ea
h day the program-mer writes �ve programs. The 
ompiling probabilities are:No. that 
ompiles 0 1 2 3 4 5Probability .237 .396 .264 .088 .014 .001Cal
ulate:(a) The expe
ted number of programs that will 
ompileper dayE(X) = (0�:237)+(1�:396)+(2�:264)+(3�:088)+(4�:014)+(5�:001)= 1:25
(b) The varian
e.X 0 1 2 3 4 5P(X=x) .237 .396 .264 .088 .014 .001(x� 1:25)2 1.5625 .0625 .5625 3.0625 7.5625 14.0625(x� 1:25)2p(x) .3703 .0247 .1485 .2695 .1059 .0140V (X) = Xx (x� �x)2p(x) = :933
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Some Derivations:Varian
e of a binomial distributionV (X) = E(X � �x)2 = Xx (x� �x)2p(x)Re
all: the pdf of the binomial distribution:p(x) = 0�nx1Apxqn�x; x = 0; 1; : : : ; n�x = npShow V (X) = npqProof: V (X) = nXx=0(x� np)20�nx1Apxqn�x= nXx=0 hx2 � 2npx+ (np)2i 0�nx1Apxqn�xV (X) = nXx=0x20�nx1Apxqn�x � 2np nXx=0x0�nx1Apxqn�x + n2p2 nXx=00�nx1Apxqn�x= (n2p2 � np2 + np)� 2n2p2 + n2p2= np� np2= np(1� p)
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nXx=0x20�nx1Apxqn�x = nXx=0x(x� 1)0�nx1Apxqn�x + nXx=0x0�nx1Apxqn�x= nXx=2x(x� 1)0�nx1Apxqn�x + np= nXx=2n(n� 1)0�n� 2x� 21Apxqn�x + np= n(n� 1)p2 n�2Xx�2=00�n� 2x� 21Apx�2q(n�2)�(x�2) + np= n(n� 1)p2 [p+ q℄n�2 + np= n2p2 � np2 + np
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13 PROPERTIES OF EXPECTATIONSRECALLE(X) = Xx xp(x) when X is dis
rete
ExampleThe average salary of employees in a 
omputer �rm is$27,500. After negotiations with the trade union, it wasagreed that employees would get a rise of $100 in addi-tion to 10 per
ent in
rease on their basi
 salaries. Whatis the new average salary?Let X = old salary; Y = new salary.

Y = 100 + 1:1XIf E(X) = $27,500, what is E(Y)?
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Properties of Expe
ted Values1. E(X+
 ) = E(X) + 
E(X + 
) = Xx (x + 
)p(x)= Xx xp(x) + 
Xx p(x)= = E(X) + 
:
2. E(
X)= 
E(X) E(
X) = Xx 
xp(x)= 
Xx xp(x)= 
E(X):
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3. V(X+
) = V(X)V (X + 
) = E[X + 
� E(X + 
)℄2= E[X �E(X)℄2= V (X)4. V (
X) = 
2V (X)V (
X) = E[
X � E(
X)℄2= E[
X � 
E(X)℄2= E[
(X �E(X))℄2= 
2E[X � E(X)℄2= 
2V (X)
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14 POISSON DISTRIBUTIONExamples1. Number of telephone 
alls in a 15-minute interval.2. Number of people arriving at a 
he
kout in an hour.3. Number of jobs arriving for servi
e in a day.GenerallyX = number of events, distributed independently in time, o
-
urring in a �xed time interval.X is a Poisson variable with pdf:P (X = x) = e���xx! ; x = 0; 1; : : : ;1where � is the average.Example:Consider a 
omputer system with Poisson job-arrival stream atan average of 2 per minute. Determine the probability that inany one-minute interval there will be (i) 0 jobs; (ii) exa
tly 2jobs; (iii) more than 3 arrivals.
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Figure 13: Poisson PDF � = 2

Figure 14: Binomial PDF n = 100 and p = :02
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Derivations of Some Properties of Poisson1. Clearly e���xx! > 0 sin
e � > 0Also 1Xx=0 e���xx! = 1sin
e e� = 1 + �+ �22! + �33! + � � �i.e. 1Xx=0 �xx! = e�
2. E(X) = � E(X) = 1Xx=0xe���xx!= e�� 1Xx=1x�xx!= e�� 1Xx=1 �x(x� 1)!= e��� 24 1Xx=1 �x�1(x� 1)!35= e��� 241 + �1! + �22! + : : :35= e���e� = �97



15 APPLICATIONS OF THE POISSONThe Poisson distribution arises in two ways:1. As an approximation to the binomial when p is smalland n is largeExample:When examining the number defe
tives in a large bat
h. p,the defe
tive rate, is usually small.
2. Events distributed independently of one another intime:X = the number of events o

urring in a �xed time intervalhas a Poisson distribution.Example: X = the number of telephone 
alls in an hour.

PDF : p(x) = e���xx! ; x = 0; 1; 2; � � � ;� > 0
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Examples:
1. The manufa
turer of the disk drives in one of the well-known brands of mi
ro
omputers expe
ts 2% of the diskdrives to malfun
tion during the mi
ro

omputer's war-ranty period. Cal
ulate the probability that in a sampleof 100 disk drives, that not more than three will malfun
-tion.No. of disk drives Binomial Poissonmalfun
tioning Approximationk �100k �:02k:98100�k e�22k=k!0 0.13262 0.135341 0.27065 0.270672 0.27341 0.270673 0.18228 0.18045Total 0.85890 0.857132. The average rate of job submissions in a busy 
omputer
entre is 4 per minute. If it 
an be assumed that the numberof submissions per minute interval is Poisson distributed,
al
ulate the probability that(a) at least 2 jobs will be submitted in any minute.(b) no job will be submitted in any minute.(
) no more than one job will be submitted in any one-minute interval.
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Poisson as an approximation to the binomialwhen n is large p is smallRe
all:� mean of binomial = np� mean of Poisson = �PDF of BinomialP (x) = 0�nx1Apx(1� p)n�x; p = �n= 0�nx1A �n!x  1� �n!n�x= n!x!(n� x)!�xnx (1� �n)n�1� �n�x ! �xx! e��
Now (1� �n)n ! e�� as n!1(1� �n)x ! 1 as n!1n!(n� x)!nx = n(n� 1) : : : (n� (x� 1))nx= 1(1� 1n)(1� 2n) : : : (1� x� 1n )! 1
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Events Distributed Independently in Time1. Probability that an event o

urs in a very small time inter-val, of length 4t, is �4t: i.e. P1(4t) = �4t.2. Probability of more than one o

urren
e in the small timeinterval is negligible. P>1(4t) = 0: =) P0(4t) = 1� �4t.3. O

urren
es are independent in di�erent time intervalsX = number of events o

urring in a time interval of length tWe will show that the probability of x events in tPx(t) = e��t(�t)x=x!NoteP0(t+4t) = P0(t)P0(4t) = P0(t)(1� �4t)Px(t+4t) = Px(t)P0(4t) + Px�1(t)P1(4t)= Px(t)(1� �4t) + Px�1(t)�4t; x = 1; 2; 3; : : :
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First show P0(t) = e��tProof: P0(t+4t) = P0(t)P0(4t) = P0(t)(1� �4t)Thus P0(t+4t)� P0(t) = ��4tP0(t)and P0(t+4t)� P0(t)4t = ��P0(t)Let 4t! 0 dP0(t)dt = ��P0(t)Z 1P0(t)dP0(t) = Z ��dt
logP0(t) = ��t+ 
 =) P0(t) = e��t+
Now 
 = 0, sin
e P0(0) = 1 (the probability of 0 o

urren
es ina zero time interval)So P0(t) = e��t
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Next show P1(t) = e��t�tProof:Look at P1(t+4t) = P1(t)P0(4t) + P0(t)P1(4t)= P1(t)(1� �4t) + e��t�4tSo P1(t+4t)� P1(t)4t = ��P1(t) + e��t�Now as 4t! 0 we havedP1(t)dt + �P1(t) = �e��tMultiply both sides by the integrating fa
tor e�te�t 24dP1(t)dt + �P1(t)35 = �=) de�tP1(t)dt = �=) e�tP1(t) = �t+ 
 (
he
k 
 = 0)Thus P1(t) = e��t�t
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16 SAMPLING INSPECTIONA method of de
iding if a bat
h of 
omponents is to be a

eptedor reje
ted, on the basis of the number of defe
tives found in arandom sample taken from the bat
hExample:Samples of size 10 are taken from a series of large bat
hes in anindustrial pro
ess. The bat
h is a

epted if the sample 
ontainsno defe
tives, otherwise it is reje
tedThis is 
alled a Single Sampling S
heme sin
e the de
isionon ea
h bat
h is based on an inspe
tion of a single sampleThe probability (P ) of a

epting bat
hes 
an be 
al
ulated forvarious proportions defe
tive.A

eptan
e Rule P = P (0 defe
tives) = q10p .00 .02 .04 .08 .10 .15 .20 .30P 1.00 .817 .667 .434 .348 .197 .108 .028A plot of P against p is 
alledthe Operating Chara
teristi
 Curve
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Figure 15: The OC Curve
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Ideal OC 
urveSuppose bat
hes of up to but not ex
eeding 1% are a

eptable,the OC 
urve should look like this1 ��������A

eptan
e .01 Proportion Defe
tivesThis 
an only be a
hieved by 100% inspe
tion.
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Design of Sampling S
hemeA sampling s
heme 
onsists of1. sample size2. allowable number of defe
tivesIt is 
hosen usually after spe
ifying the risks of the 
onsumerand produ
erRisks:� Consumer's Risk:A

ept lots whi
h should be reje
ted� Produ
er's Risk:Reje
t lots whi
h should be a

epted
The probability of a

eptan
e (P) depends on:1. unknown proportion of defe
tives in the bat
h2. sampling s
heme.
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Small Bat
hesExample: A 
ertain item is pa
ked twenty to a box, and thefollowing single sampling plan is used: a sample of 2 items isdrawn and the box is a

epted if both items are good, otherwisethe box is reje
ted.Constru
t the OC 
urveSolution: N = 20 n = 2Sampling is done without repla
ement �! use hypergeometri
distribution.p = proportion defe
tiveq = 1� p = proportion non - defe
tiveHen
e bat
h looks like Np NqGenerally with 
= allowable number of defe
tives:P (a

ept) = P = 
Xx=00�Npx 1A0� Nqn� x1A=0�Nn1AIn the above example:P = 0�20p0 1A0�20q2 1A=0�202 1ACal
ulate P for p = :1 :2 :3 :4 :5 and plot P against p
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Average Outgoing Quality (AOQ) of Re
tifying S
hemeDefn: Re
tifying S
heme:A re
tifying s
heme is where lots are inspe
ted and the defe
-tives are repla
ed.Defn: AOQ = average quality of outgoing produ
ts in
luding1. a

epted lots2. reje
ted lots after the reje
ted lots have been 100% in-spe
ted and repla
ed by non-defe
tivesExample: Lot size = NSample size = nThis lot breaks down as follows :1. sample of size n2. N � n items whi
h are either(a) inspe
ted 100%(b) a

epted without further inspe
tionIn (1) all defe
tives are repla
edIn (2a) all defe
tives are repla
edBut in (2b) the defe
tives are not repla
ed
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Average Outgoing Quality (AOQ)Suppose p = proportion defe
tivethen p(N � n) = number defe
tive in the lot after a sample ofsize n has been drawn.If P = probability of a

epting lotsThen, in the long run, on the average, the expe
ted numberof defe
tives in the lot isPp(N � n)defe
tive itemsThe AOQ is the average number of defe
tives expressed as aproportion of the lot sizeAOQ = Expe
ted no. of defe
tives per bat
hBat
h Size= Pp(N � n)N� Pp when N is large
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Example:Lot Size: N = 10; 000Sampling Plan:Allow up to two defe
tives in a sample of size 100.OC Tablep 0 .01 .02 .03 .04 .05 .06 .07P 1 .92 .67 .42 .24 .13 .06 .03P [a

eptan
e℄ = P (0) + P (1) + P (2)= e�� + e���+ e���22! where� = 100p
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Figure 16: OC Curve
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Figure 17: AOQ

Example:Lot Size: N = 10; 000Sampling Plan:Allow up to two defe
tives in a sample of size 100.Average Outgoing Qualityp 0 .01 .02 .03 .04 .05 .06 .07Pp 0 .009 .014 .013 .010 .006 .005 .002AOQL = Average Outgoing Quality Limit= Worst Possible Quality113



17 DOUBLE SAMPLING SCHEMESFirst sample 
an lead to one of three de
isions1. a

ept lot2. take a se
ond sample3. reje
t lot
Example 1Stage 1: Take a sample of size 101. if 0 defe
tives o

urs - a

ept lot2. if 1,2 or 3 defe
tives o

ur - take a se
ond sample3. if 4 or more defe
tives o

ur - reje
t lotStage 2: If 1, 2, 3 defe
tives o

ur in �rst sample take a se
ondsample of size 10 and reje
t lot if the total number of defe
tivesin the 
ombined sample is 4 or more
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Example 11. If 0 defe
tives o

ur - a

ept lot2. If 1,2 or 3 defe
tives o

ur - take a se
ond sample3. If 4 or more defe
tives o

ur - reje
t lotStage 2:1. If � 4 in 
ombined sample reje
t.2. If < 4 a

ept.The OC CurveLet E = event of a

epting bat
hA = a

ept bat
h at �rst stageB = a

ept bat
h at se
ond stageThen P (E) = P (A [B) = P (A) + P (B)P (A) = P (0 defe
t) = (1� p)10P (B) = P (1 defe
t in 1st sample)P (� 2 defe
ts in 2nd sample)+ P (2 defe
ts in 1st sample)P (� 1 defe
t in 2nd sample)+ P (3 defe
ts in 1st sample)P (0 defe
t in 2nd sample)Cal
ulate P (A)+P (B) for various values of p to obtain the OC
urve
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The average sample sizen = 10 + 10 � P (taking a 2nd sample)Now: P (taking a 2nd sample)= P (1; 2 or 3 defe
tives in �rst stage)= 0B�101 1CA(1� p)9p + 0B�102 1CA(1� p)8p2 + 0B�103 1CA(1� p)7p3
n is 
al
ulated for various values of p

p .00 .05 .10 .15 .20 .25 .30n 10.0 14.0 16.4 17.5 17.7 17.2 16.2
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Figure 18: Average Sample Size
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18 CONTINUOUS DISTRIBUTIONSThe PDF of a 
ontinuous distribution1. the total area under the PDF is 12. the area under the PDF between two points a and b is theprobability that the random variable lies between a and b3. PDF is positive or zero - it is zero in any range where therandom variable never fallsNotation:� Probability Density Fun
tion (PDF):The PDF of a 
ontinuous variable X is usually denoted byf(x)
� Cumulative Distribution Fun
tion (CDF)As in the dis
rete 
ase, the CDF is de�ned as the proba-bility that the random variable X is less than or equal tosome spe
i�ed x:The CDF of a 
ontinuous variable X is usually denoted byF (x) and de�ned byF (x) = P (X � x) = Z x�1 f(X)dX
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The Exponential Distribution
� The PDF: f(t) = �e��t; t > 0= 0 otherwise
� The CDF: P (T � t) = F (t) = Z t0 �e��TdT= h�e��T itT=0= �e��t + 1i.e. F (t) = 1� e��t; t > 0= 0 otherwise.
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Generally the exponential distribution des
ribes waiting timebetween Poisson o

urren
esProof:Let T = time that elapses after a Poisson event.P (T > t) = probability that no event o

urred in the timeinterval of length t.The probability that no Poisson event o

urred in the time in-terval [0; t℄: P (0; t) = e��t:where � is the average Poisson o

urren
e rate in a unit timeinterval.So: P (T > t) = e��t;Hen
e the CDF is:F (t) = P (T � t) = 1� e��tand, working ba
kwards, the PDF isf(t) = F 0(t) = �e��t
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The Exponential Distribution:Examples:1. Time between telephone 
alls
2. Time between ma
hine breakdowns
3. Time between su

essive job arrivals at a 
omputing 
entre

121



ExampleA

idents o

ur with a Poisson distribution at an average of 4per week. i.e. � = 41. Cal
ulate the probability of more than 5 a

idents in anyone week2. What is the probability that at least two weeks will elapsebetween a

ident?
Solution1. Poisson: P (X > 5) = 1� P (X � 5)
2. Exponential: P (Time between o

urren
es > 2)= Z 12 �e��TdT= h�e��T i1T=2 = e�8 = :00034
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The Markov Property of ExponentialExamples:
1. The distribution of the remaining life does not depend onhow long the 
omponent has been operating.i.e.the 
omponent does not `age' - its breakdown is a result ofsome sudden failure not a gradual deterioration
2. Time between telephone 
allsWaiting time for a 
all is independent of how long we havebeen waiting
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Appli
ations of the ExponentialEmpiri
al investigation has shown that the following experi-ments have exponential distributions
1. length of telephone 
alls2. servi
e time at a server in the queueing network.
3. lifetime of 
omponents
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The Markov propertyShow: P (T � x+ tjT > t) = P (T � x)Proof: E1 = T � x+ t; and E2 = T > tThen: P (E1jE2) = P (E1 \E2)P (E2)Now P (E1 \ E2) = P (t < T � x+ t)= Z x+tt �e��TdT= e��t[1� e��x℄and P (E2) = Z 1t �e��TdT = e��tthus P (E1jE2) = e��t[1� e��x℄e��t = 1� e��xnow 1� e��x = F (x) = P (T � x)
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Examples1. Calls arrive at an average rate of 12 per hour. Find theprobability that a 
all will o

ur in the next 5 minutesgiven that you have already waited 10 minutes for a 
alli.e. Find P (T � 15jT > 10)From the Markov propertyP (T � 15jT > 10) = P (T � 5)So: P (T � 5) = 1� e�5�The average rate of telephone 
alls is � = �2 in a minute,then P (T � 5) = 1� e�(5)(�2)= 1� e�12. The average rate of job submissions in a busy 
omputer
entre is 4 per minute. If it 
an be assumed that the numberof submissions per minute interval is Poisson distributed,
al
ulate the probability that:(a) at least 15 se
onds will elapse between any two jobs.(b) less than 1 minutes will elapse between jobs.(
) If no jobs have arrived in the last 30 se
onds, whatis the probability that a job will arrive in the next 30se
onds.
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19 EXPECTATIONOF CONTINUOUS VARI-ABLESRe
all, when X is dis
reteE(X) = Xx xp(x)Similarly, when X is 
ontinuousE(X) = Zx xf(x)dxIt 
an be easily be shown1. E(X+
 ) = E(X) + 
E(X + 
) = Zx(x+ 
)f(x)dx= Zx xf(x)dx+ 
 Zx f(x)dx= E(X) + 
:2. E(
X)= 
E(X) E(
X) = Zx 
xf(x)dx= 
 Zx xf(x)dx= 
E(X):127



3. V(X+
) = V(X)V (X + 
) = E[X + 
�E(X + 
)℄2= E[X � E(X)℄2= V (X)4. V (
X) = 
2V (X)V (
X) = E[
X � E(
X)℄2= E[
X � 
E(X)℄2= E[
(X �E(X))℄2= 
2E[X �E(X)℄2= 
2V (X)
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The exponential distributionf(t) = �e��t; t > 0= 0 otherwise.Show that E(T ) = Z �0 e��TdT = 1�Example:average number of telephone 
alls re
eived in an hour = 4=) average waiting time between telephone 
alls is14 hours or 15 minutes
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20 THE NORMAL DISTRIBUTIONThe normal distribution measures 
ontinuous variables su
h asheights, weights.The PDF isf(X) = 1p2��exp0��(X � �)22�2 1A �1 < X <1It 
an be shown that E(X) = �V (X) = �2X is said to be normally distributed with a mean of � and avarian
e of �2.i.e. X � N (�; �)
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THE STANDARD NORMAL DISTRIBUTIONf(Z) = 1p2�exp0��Z22 1A �1 < Z <1It this 
ase E(Z) = 0V (Z) = 1Z is said to be normally distributed with a mean of 0 and avarian
e of 1.i.e. Z � N (0; 1)Clearly if X � N (�; �) ;then Z = X � �� � N (0; 1)The PDF and the CDF of the standard normal variable aretabulated.
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Reading Standard Normal Tables1. P (Z > 0)2. P (Z > 1)3. P (Z > �1)4. P (�1 < Z < 1)
5. P (�1:96 < Z < 1:96)
6. P (Z < 2:58)Choose k so that1. P (�k < Z < k) = :95
2. P (�k < Z < k) = :99
3. P (�k < Z < k) = :68
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21 APPLICATIONS OF NORMAL DISTRI-BUTIONExamples:Exam results are normally distributed the mean � = 46 and thestandard deviation � = 4 what per
entage of students obtain amark1. larger than 46?2. larger than 50?3. larger than 40?4. less than 38?5. less than 49?6. between 45 and 49?7. between 50 and 54?8. larger than 56 or less than 40?9. within 1.5 standard deviations from the mean?10. outside of 2.3 standard deviation from the mean?
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Example:Assume the s
ores on an aptitude are normally distributed withmean � = 500 and standard deviation � = 100:1. What is the top 5% 
ut o� point?
2. What is the middle 40%?
3. If 1000 new students are to take the exam, predi
t the num-ber who will s
ore more than 65%.
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Conditional ProbabilitiesExample:The lifetime of a transistor is normally distributed with mean� = 200 and a standard deviation � = 9.What is the probability that a transistor1. will last more than 220 hours?
2. will last between 210 and 220 hours?
3. whi
h lasts 210 hours will last at least 220 hours?
4. whi
h lasts 210 hours will fail within 10 hours. (i.e. willfail before 220 hours)

135



22 INEQUALITIESMarkov InequalityLet X be a random variable with expe
ted value E(X) knownand su
h that P (X < 0) = 0 then, for any k > 0,P (X � k) � E(X)=kExample:An online 
omputer system is proposed for whi
h it is estimatedthat the mean response time is:E(T ) = 10 se
ondsEstimate the probability that the response time will be morethan 20 se
onds.
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Proof of Markov's InequalityDis
rete Case:E(X) = Xx xp(x)= Xx�k xp(x) + Xx<k xp(x)� Xx�k xp(x) sin
e x is non negative� Xx�k kp(x)� k Xx�k p(x)= kP (x � k)
i.e. E(X) � kP (x � k)
i.e. P (X � k) � E(X)=k
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Proof of Markov's InequalityContinuous CaseE(X) = Zx xf(x)d(x)= Zx�k xf(x)dx+ Zx<k xf(x)dx� Zx�k xf(x)dx� Zx�k kf(x)dx= kP (x � k)
i.e. P (X � k) � E(X)=k
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T
heby
hev's InequalityIf X is a random variable with mean � and varian
e � thenfor any k P (jX � �j � k�) � 1k2ExampleAn on-line 
omputer system is proposed for whi
h it is estimatedthat the mean response time� = E(t) = 10 se
ondsand the varian
e �2 = 4 se
onds.Estimate the probability that the response will be between 4and 16 se
onds.
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Proof of T
heby
hev's InequalityDis
rete 
ase�2 = E(X � �)2= Xx (x� �)2p(x)= Xjx��j�k�(x� �)2p(x) + Xjx��j<k�(x� �)2p(x)� Xjx��j�k�(x� �)2p(x)� Xjx��j�k�(k�)2p(x)� k2�2 Xjx��j�k� p(x)= k2�2P (jx� �j � k�)i.e. P (jX � �j � k�) � 1k2
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Proof of T
heby
hev's InequalityContinuous Case
�2 = E(X � �)2= Zx(x� �)2f(x)dx= Zjx��j�k�(x� �)2f(x)dx+ Zjx��j<k�(x� �)2f(x)dx� Zjx��j�k�(x� �)2f(x)dx� Zjx��j�k�(k�)2f(x)dx� k2�2 Zjx��j�k� f(x)dx= k2�2P (jX � �j � k�)�.e P (jX � �j � k�) � 1k2
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Examples1. A model of an on-line 
omputer system gives a mean timeto retrieve a re
ord from a dire
t a

ess storage systemdevi
e of 200 millise
onds with a standard deviation of 58millise
onds. The design 
riterion requires that at least90% of all retrieval times must not di�er from the mean bymore that 75 millise
onds.(a) Use T
heby
hev's inequality to establish whether thedesign 
riterion is satis�ed.(b) Would the design 
riterion be satis�ed if it were knownthat the retrieval time is normally distributed with amean of 200 millise
onds and a standard deviation of58 millise
onds?2. A model of an on-line 
omputer system gives a mean time toretrieve a re
ord from a dire
t a

ess storage system devi
eof 100 millise
onds. If a re
ord is retrieved, 
al
ulate theprobability that its retrieval time will be:(a) at least 150 millise
onds;(b) between 150 and 200 millise
onds.
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