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6XPPDU\��$�VSHFLILFDWLRQ�ODQJXDJH�W\SLFDOO\�FRQWDLQV�VRSKLVWLFDWHG�GDWD�W\SHV�WKDW�DUH�H[SHQVLYH�RU�HYHQ
LPSRVVLEOH� WR� LPSOHPHQW��7KHLU� UHSODFHPHQW�ZLWK� VLPSOHU�RU�PRUH� HIILFLHQWO\� LPSOHPHQWDEOH� W\SHV�GXULQJ
WKH�SURJUDPPLQJ�SURFHVV�LV�FDOOHG�GDWD�UHILQHPHQW��:H�JLYH�D�QHZ�IRUPDO�GHILQLWLRQ�RI�GDWD�UHILQHPHQW�DQG
XVH� LW� WR� GHULYH� VRPH�EDVLF� ODZV��7KH� GHULYHG� ODZV� DUH� FRQVWUXFWLYH� LQ� WKDW� XVHG� LQ� FRQMXQFWLRQ�ZLWK� WKH
NQRZQ� ODZV�RI�SURFHGXUDO� UHILQHPHQW� WKH\� DOORZ�XV� WR� FDOFXODWH� D�QHZ� VSHFLILFDWLRQ� IURP�D�JLYHQ�RQH� LQ
ZKLFK�YDULDEOHV�DUH�WR�EH�UHSODFHG�E\�RWKHU�YDULDEOHV�RI�D�GLIIHUHQW�W\SH�

1. Introduction
:H� WDNH� WKH� YLHZ� WKDW� D� VSHFLILFDWLRQ� ODQJXDJH� LV� D� SURJUDPPLQJ� ODQJXDJH� ZLWK� DGGHG� IDQF\

FRQVWUXFWV�DQG�QRWLRQV�WKDW�DGPLW�HDVH�RI�H[SUHVVLRQ�EXW�PD\�EH�H[SHQVLYH�RU�HYHQ�LPSRVVLEOH�WR�LPSOHPHQW�
7KH�SURJUDPPLQJ�WDVN�LV�WR�PDNH�D�VSHFLILFDWLRQ�DQG�WKHQ�VWHS�E\�VWHS�HOLPLQDWH�WKH�IDQF\�FRQVWUXFWV�ZLWK
FRUUHFWQHVV�SUHVHUYLQJ�WUDQVIRUPDWLRQV��RU�UHILQHPHQWV��XQWLO��DOO�JRLQJ�ZHOO��ZH�DUULYH�DW�D�SURJUDP��$PRQJ
WKH� DGGHG� QRWLRQV� RI� VSHFLILFDWLRQ� ODQJXDJHV� DUH� D� ULFKHU� VHW� RI� GDWD� W\SHV� ±� VHWV�� EDJV�� PDSSLQJV�
XQERXQGHG�VHTXHQFHV��HWF��±�WKDQ�ZH�DUH�XVHG�WR�VHHLQJ�LQ�SURJUDPPLQJ�ODQJXDJHV��WKHLU�UHSODFHPHQW�ZLWK
VLPSOHU�W\SHV�GXULQJ�SURJUDP�GHYHORSPHQW�LV�FDOOHG��GDWD�UHILQHPHQW���7R�EH�XVHIXO��GDWD�UHILQHPHQW�PXVW
SURFHHG�SLHFHZLVH��7KDW�LV�WR�VD\��ZH�ZDQW�WR�UHILQH�WKH�FRQVWLWXHQW�SLHFHV�RI�D�VSHFLILFDWLRQ�PRUH�RU� OHVV
LQGHSHQGHQWO\�RI�RQH�DQRWKHU�VR�WKDW�WKH�UHILQHPHQW�RI� WKH�ZKROH�VSHFLILFDWLRQ� LV�QRW�PXFK�PRUH� WKDQ� WKH
FRPSRVLWLRQ�RI� LWV� UHILQHG�FRQVWLWXHQWV��:H�JLYH�D�QHZ�IRUPDO�GHILQLWLRQ�RI�GDWD� UHILQHPHQW�DQG�XVH� LW� WR
GHULYH� VRPH� EDVLF� ODZV�� 7KH� GHULYHG� ODZV� DUH� FRQVWUXFWLYH� LQ� WKDW� � WKH\� DOORZ� XV� WR� FDOFXODWH� D� QHZ
VSHFLILFDWLRQ�IURP�D�JLYHQ�RQH�LQ�ZKLFK�YDULDEOHV�DUH�WR�EH�UHSODFHG�E\�RWKHU�YDULDEOHV�RI�D�GLIIHUHQW�W\SH�

$�JUHDW�GHDO�RI�ZRUN�KDV�EHHQ�GRQH�LQ�UHFHQW�\HDUV�RQ�WKH�PDNLQJ�RI�VSHFLILFDWLRQV�>����@��EXW�WKH
EXVLQHVV�RI�IRUPDOO\�GHULYLQJ�SURJUDPV�IURP�VSHFLILFDWLRQV�XVLQJ�VRPH��SURJUDPPLQJ�FDOFXOXV��LV�OHVV�ZHOO
GHYHORSHG��:H�DUH�KHUH�FRQWULEXWLQJ�WR�WKLV�JRDO��2XU�XQGHUO\LQJ�SKLORVRSK\�LV�WKDW�QR�VHPDQWLF�GLVWLQFWLRQ
LV�WR�EH�PDGH�EHWZHHQ�VSHFLILFDWLRQV�DQG�SURJUDPV��3URJUDPV�DUH��VSHFLILFDWLRQV�±�DOEHLW�VRPHZKDW�VSHFLDO
LQ� WKDW� ZH� NQRZ� WR� H[WUDFW� DXWRPDWLFDOO\� D� FRPSXWDWLRQ� IURP� WKHP�� 7KH� SURJUDPPLQJ� ODQJXDJH� LV� WKH
LPSOHPHQWDEOH�VXEVHW�RI� WKH�VSHFLILFDWLRQ� ODQJXDJH��:H�YLHZ�SURJUDPPLQJ�DV�FRQVWUXFWLQJ�D�VHTXHQFH�RI
VSHFLILFDWLRQV�� WKH� ILUVW� RQH� EHLQJ� VXSSOLHG� E\� WKH� FXVWRPHU� DQG� WKHUHDIWHU� HDFK� RQH� EHLQJ� D� �PRUH
DOJRULWKPLF�� GHULYDWLYH� RI� LWV� SUHGHFHVVRU�� 7KH� ILQDO� PHPEHUV� RI� WKH� VHTXHQFH� DUH� SURJUDPV�� ZH� GRQ
W
QHFHVVDULO\� ILQLVK� ZKHQ� D� SURJUDP� ILUVW� HPHUJHV� IRU� ZH� PD\� ZLVK� WR� FRQWLQXH� GHYHORSPHQW� WR� VDWLVI\
HIILFLHQF\�REOLJDWLRQV��$�VSHFLILFDWLRQ�QRWDWLRQ�LV�ULFKHU�WKDQ�LWV�FRQVWLWXHQW�SURJUDPPLQJ�ODQJXDJH�LQ�WZR
UHJDUGV�� LW�KDV�PRUH�H[SUHVVLYH�VWDWHPHQWV�DQG�ULFKHU�GDWD� W\SHV��3URFHGXUDO� UHILQHPHQW� LV� WKH�EXVLQHVV�RI
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UHGXFLQJ� WKH� H[SUHVVLYH� VWDWHPHQWV� WR� H[HFXWDEOH� RQHV�� GDWD� UHILQHPHQW� LV� FRQFHUQHG�ZLWK� UHSODFLQJ� GDWD
W\SHV�ZLWK�VLPSOHU�RU�PRUH�HIILFLHQWO\�LPSOHPHQWDEOH�W\SHV��,W�LV�REYLRXVO\�KLJKO\�GHVLUDEOH�WKDW�ERWK�WKHVH
UHILQHPHQW�WHFKQLTXHV�VKRXOG�FRH[LVW�KDUPRQLRXVO\�ZLWKLQ�WKH�RQH�GHYHORSPHQWDO�IUDPHZRUN��7KH�ODZV�RI
SURFHGXUDO� UHILQHPHQW� KDYH� EHHQ� GHVFULEHG� LQ� RXWOLQH� LQ� � >��� ��� ��@�� KHUH� ZH� DUH� LQFRUSRUDWLQJ� GDWD
UHILQHPHQW�LQWR�WKH�WKHRU\��7KH�UHODWLRQVKLS�EHWZHHQ�WKH�SUHVHQW�DQG�HDUOLHU�ZRUN�LV�FRQVLGHUHG�ODWHU

2. Specifications and Refinement
:H�WDNH�DV�WKH�SURJUDPPLQJ�ODQJXDJH�WKDW�RI�JXDUGHG�FRPPDQGV�>�@�DXJPHQWHG�E\�EORFNV�RI�WKH

IRUP

|>�YDU���7���YDU���7�������VWDWHPHQW@|

7KH�VSHFLILFDWLRQ�ODQJXDJH�LV�WKH�SURJUDPPLQJ�ODQJXDJH�SOXV�IRXU�H[WHQVLRQV��)LUVWO\��RI�FRXUVH��ZH�DGPLW�D
ULFKHU�VHW�RI�GDWD�W\SHV�²�VHWV��EDJV��HWF��²�DQG�D�ULFKHU�VHW�RI�RSHUDWLRQV�RQ�GDWD��LQ�SDUWLFXODU�ZH�DOORZ
JXDUGV�WR�HPSOR\�TXDQWLILHUV���6HFRQGO\��ZH�DGPLW�WKH�QRQGHWHUPLQLVWLF�DVVLJQPHQW�VWDWHPHQW��7KLV�KDV�WKH
IRUP��[��3��IRU��[��DQ\�YDULDEOH�V��DQG��3��DQ�DVVHUWLRQ��LW�DVNV�IRU�WKH�HVWDEOLVKPHQW�RI��3��ZLWKRXW�FKDQJLQJ
WKH�YDOXHV�RI�YDULDEOHV�RWKHU�WKDQ��[��7KLUGO\��ZH�UHJDUG�DVVHUWLRQV�LQ�FKDLQ�EUDFNHWV�QRW�DV�FRPPHQWV�EXW�DV
IRUPDO� VWDWHPHQWV�� ZH� FDOO� WKHVH� �DVVHUW� VWDWHPHQWV��� )RXUWKO\� ZH� DOORZ� VLQJOH� JXDUGHG� FRPPDQGV� DV
VWDWHPHQWV����3�→�V��EHKDYHV�OLNH��V��ZKHQ��3��KROGV�DQG�RWKHUZLVH�LW�EHKDYHV��PLUDFXORXVO\��E\�ZKLFK�ZH
PHDQ� WKDW� LW� DFKLHYHV�ZKDWHYHU�JRDO�ZH�KDYH� LQ�PLQG��DQG�KHQFH�ZH�FDOO� LW� D� �PLQRU�PLUDFOH��� ,W� SOD\V� D
VRPHZKDW�VSHFLDO�UROH�LQ�WKDW�LW� LV�QRW�VR�PXFK�XVHG�WR�PDNH�VSHFLILFDWLRQV�DV� WR�SOD\�D�PHGLDWLQJ�UROH� LQ
UHILQLQJ�WKHP��ZH�ZLOO�GHVFULEH�LW�LQ�PRUH�GHWDLO�ODWHU�

:H�OHW�FDSLWDO�OHWWHUV�VWDQG�IRU�DVVHUWLRQV��DQG� WKH�VPDOO� OHWWHUV� �S��T�� ���� �VWDQG�IRU�VSHFLILFDWLRQV�
7\SH� QDPHV� DUH� � 7[�� 7\�� HWF�� � 7� � DQG� � )� � DUH� WKH� DVVHUWLRQV� VDWLVILHG� E\� DOO� VWDWHV� DQG� E\� QR� VWDWH�
UHVSHFWLYHO\��>;@�VWDQGV�IRU�DVVHUWLRQ��;��XQLYHUVDOO\�TXDQWLILHG�RYHU�LWV�IUHH�VSHFLILFDWLRQ�YDULDEOHV��;�[?H�
VWDQGV�IRU��;�ZLWK�HDFK�IUHH�RFFXUUHQFH�RI�YDULDEOH��[��UHSODFHG�E\�H[SUHVVLRQ��H��WKH�VDPH�QRWDWLRQ�LV�XVHG
IRU�VXEVWLWXWLRQ�LQ�H[SUHVVLRQV��%\�VXFK�SKUDVHV�DV��[��RFFXUV�LQ��3��DQG��3�FRQWDLQV��[��ZH�PHDQ�WKDW� �[
RFFXUV� IUHH� LQ� � 3�� $Q� LQIL[� SHULRG� LV� XVHG� IRU� IXQFWLRQ� DSSOLFDWLRQ�� :H� GR� QRW� GLVWLQJXLVK� QRWDWLRQDOO\
EHWZHHQ�VSHFLILFDWLRQV�DV�V\QWDFWLF�DQG�VHPDQWLF�REMHFWV��SUHIHUULQJ�WR�ZULWH�WKH�PRUH�FRPSDFW��V�;��LQVWHDG
RI� WKH� IDPLOLDU� � ZS�V�;�� � WR� GHQRWH� WKH� ZHDNHVW� SUHFRQGLWLRQ� IRU� � V� � WR� HVWDEOLVK� � ;�� 7KH� SUHGLFDWH
WUDQVIRUPHU�VHPDQWLFV�RI�VSHFLILFDWLRQV�LV�JLYHQ�LQ�)LJXUH����DQG�H[SODQDWRU\

V�;�� 
��V�LV�VNLS����;
��V�LV�[�� H����;�[?H�
��V�LV��[��3�����$[��3⇒;�
��V�LV�^3`����3�A�;
��V�LV��S�T����S��T�;�
��V�LV�|>�[�7[��\�7\��«�W�@|�����$[�\�[∈7[��\∈7\�«���W�;�
��V�LV���3�→ W�����3�⇒�W�;
��V�LV�LI��>@�3L�→ WL���IL�����(L��3L��A��$L��3L�⇒�WL�;�
��V�LV�GR�3�→�W�RG�����<���3�A�W�<��∨��¤3�A�;��
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��������)LJXUH�����VHPDQWLFV�RI�VSHFLILFDWLRQV

FRPPHQWV�IROORZ���$��DQG��(��GHQRWH�XQLYHUVDO�DQG�H[LVWHQWLDO�TXDQWLILFDWLRQ��UHVSHFWLYHO\��:H�KDYH�PDGH
VRPH�VLPSOLI\LQJ�DVVXPSWLRQV�LQ�WKH�VHPDQWLF�UXOHV��DV�IROORZV��,Q�DSSO\LQJ�WKH�UXOH�IRU�EORFNV�LW�LV�DVVXPHG
WKDW�WKH�QDPHV�RI�YDULDEOHV�GHFODUHG�LQ�WKH�EORFN�DUH�V\VWHPDWLFDOO\�FKDQJHG�LI�RWKHUZLVH�WKH\�ZRXOG�FODVK
ZLWK�QDPHV�RFFXUULQJ� LQ� WKH�SRVWFRQGLWLRQ��7\SHV�DUH�DVVXPHG� WR�EH�QRQ�HPSW\��:H�DOVR�GRQ
W� ERWKHU� WR
VSHFLI\� WKH�QXPEHU�RI�JXDUGHG�FRPPDQGV� LQ�DQ� LI�VWDWHPHQW��ZULWLQJ� � LI� �>@�3L�→ WL� ��IL� � UDWKHU� WKDQ� LI�3�
→ W�� >@�3��→ W�� >@�«�>@�3Q���→ WQ��� IL�� DQG� � �(L�3L�� � LQVWHDG�RI� � �(L���L�Q��3L�� �ZKHUH� � Q� � GHQRWHV� WKH
QXPEHU�RI�JXDUGHG�FRPPDQGV��1HLWKHU�KDYH�ZH�VSHFLILHG�LQ�WKH�UXOHV�WKDW�H[SUHVVLRQV�PXVW�EH�ZHOO�GHILQHG
LQ�WKH�FRQWH[W�RI�WKHLU�XVH��:H�PDNH�WKHVH�VLPSOLILFDWLRQV�IRU�WKH�VDNH�RI�VKRUWHQLQJ�IRUPXODH�D� OLWWOH�� WKH
WKHRU\� ZH� ZLOO� GHYHORS� GRHV� QRW� GHSHQG� RQ� WKHP�� )ROORZLQJ� FRQYHQWLRQ� ZH� PD\� RPLW� WKH� FRQQHFWLQJ
VHPLFRORQ�EHIRUH�RU�DIWHU��^3`�����<�I�<���GHQRWHV�WKH�OHDVW�IL[SRLQW�RI�IXQFWLRQ��I��DQG�ZLOO�EH�HODERUDWHG�RQ
ODWHU��$VVHUW� VWDWHPHQWV� DQG�PLQRU�PLUDFOHV� DUH� IXUWKHU� H[SODLQHG�EHORZ��:H�DGG� WKDW�RXU�QRWDWLRQ� LV� QRW
LQWHQGHG�WR�EH�D�JHQHUDO�VSHFLILFDWLRQ�ODQJXDJH��EXW�UDWKHU�RQH�VXLWHG�WR�WKH�SXUSRVH�DW�KDQG�

7KH�RSHUDWRUV�XVHG��JURXSHG�LQ�RUGHU�RI�GHFUHDVLQJ�SUHFHGHQFH��DUH�����¤���∧, ∨;��⇒�� �

6SHFLILFDWLRQV�DUH�PRQRWRQLF�LQ�WKH�IROORZLQJ�VHQVH�

>;�⇒�<@��⇒��>V�;�⇒�V�<@

IRU�DOO��V���;���<��WKH�SURRI��ZKLFK�ZH�RPLW��LV�E\�VWUXFWXUDO�LQGXFWLRQ�RQ��V�

:H� EULHIO\� UHYLHZ� SURFHGXUDO� UHILQHPHQW�� 3URJUDPPLQJ� FRQVLVWV� LQ� PDNLQJ� D� VHTXHQFH� RI
VSHFLILFDWLRQV�VWDUWLQJ�IURP�DQ�LQLWLDOO\�JLYHQ�VSHFLILFDWLRQ��$W�HDFK�VWHS�ZH�PDNH�WKH�FXUUHQW�VSHFLILFDWLRQ��V
�PRUH� DOJRULWKPLF�� ±� IRU� H[DPSOH� E\� UHSODFLQJ� D� QRQGHWHUPLQLVWLF� DVVLJQPHQW� E\� D� VHTXHQFH� RI� VLPSOHU
DVVLJQPHQWV� ±� SURGXFLQJ� D� QHZ� VSHFLILFDWLRQ� � W� � WKDW� ZLOO� EH� WKH� VXEMHFW� RI� WKH� QH[W� VWHS�:H� VD\� WKDW
VSHFLILFDWLRQ��W��LV�D��UHILQHPHQW��RI�VSHFLILFDWLRQ��V��DQG�GHQRWH�WKH�UHODWLRQVKLS�E\��V���W��GHILQHG

V���W�� ���$;��>V�;�⇒�W�;@�

3URFHGXUDO� UHILQHPHQW� LV� WKH� SURFHVV� RI� HOLPLQDWLQJ�� LQ� VXFK� VPDOO� VWHSV�� WKH� XQLPSOHPHQWHG� RSHUDWRUV�
PLQRU� PLUDFOHV�� DQG� QRQGHWHUPLQLVWLF� DVVLJQPHQW� VWDWHPHQWV�6WHSZLVH� SURFHGXUDO� UHILQHPHQW� LV� SRVVLEOH
EHFDXVH�RI�WZR�SURSHUWLHV�RI�����7KH�ILUVW�LV�WKDW�RI�PRQRWRQLF�UHSODFHPHQW�

X���Y��⇒��V�Z?X����V�Z?Y�

IRU�DOO�VSHFLILFDWLRQV��X��Y��V��ZKHUH�V�Z?X��GHQRWHV��V��ZLWK�HDFK�RFFXUUHQFH�RI�FRPSRQHQW��Z��LQ��V��UHSODFHG
E\��X��DQG�VLPLODUO\�IRU�V�Z?Y���0RQRWRQLF�UHSODFHPHQW�SHUPLWV�UHILQHPHQW�RI�D�VSHFLILFDWLRQ�E\�UHILQHPHQW
RI�RQH�RI�LWV�FRPSRQHQWV��6HFRQGO\������LV�WUDQVLWLYH��7RJHWKHU�ZLWK�PRQRWRQLF�UHSODFHPHQW�WKH�WUDQVLWLYLW\
RI� � �� � DOORZV� XV� WR� UHILQH� D� VSHFLILFDWLRQ� LQ� VPDOO� VWHSV� VXFK� WKDW� WKH� GHULYHG� VSHFLILFDWLRQ� LV� DOZD\V� D
UHILQHPHQW�RI�WKH�RULJLQDO��6HH�>��������@�IRU�D�GLVFXVVLRQ�DQG�SURRIV�RI�WKHVH�SURSHUWLHV��DQG�IRU�WKH�ODZV�RI
VWHSZLVH�SURFHGXUDO�UHILQHPHQW�LQ�JHQHUDO�

7KH�SULPDU\�UROH�RI�WKH�DVVHUW�VWDWHPHQW�LV�WR�VXSSO\�WKH�FRQWH[W�IRU�D�UHILQHPHQW�VWHS�
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^*`V��� W� � DPRXQWV� WR� VD\LQJ� WKDW� � W� �PD\� UHSODFH� � V� � LQ�D�FRQWH[W� LQ�ZKLFK� �*� �KROGV�EXW� QRW� QHFHVVDULO\
RWKHUZLVH��VXFK�D��*��LV�FDOOHG�WKH�FRQWH[W�RI��V��DQG�E\�H[WHQVLRQ�WKH�FRQWH[W�RI�WKH�UHILQHPHQW��5HILQHPHQWV
DOZD\V�WDNH�SODFH�LQ�VRPH�FRQWH[W�ZKLFK�PD\�MXVW�EH�WKH�FRQWH[W��7��EXW�ZLOO�XVXDOO\�EH�VRPHWKLQJ�VWURQJHU�
7KH�VWURQJHU� WKH�FRQWH[W� WKH�HDVLHU� LV� WKH� UHILQHPHQW�²�LQ� WKH�H[WUHPH� �^)`V��� W� � IRU�DOO� � W��1RWH� WKDW�DQ
LPSOHPHQWDWLRQ�FDQ�LJQRUH�DVVHUW�VWDWHPHQWV�EHFDXVH��DV�LV�HDVLO\�VHHQ��^;`���VNLS�IRU�DQ\�DVVHUWLRQ��;��7KH
FRQVWUXFW� �^*`[��3�²�FDOOHG�D��SUHVFULSWLRQ��²�LV�D�SDUWLFXODUO\� LPSRUWDQW�VSHFLILFDWLRQ�GHYLFH�EHLQJ� WKH
PHFKDQLVP�WKURXJK�ZKLFK�PDQ\�VPDOO�FRPSRQHQWV�DUH�VSHFLILHG��,W�VD\V��JLYHQ�DQ�LQLWLDO�VWDWH�VDWLVI\LQJ��*
HVWDEOLVK�WKH�SRVWFRQGLWLRQ��3��ZKLOH�FKDQJLQJ�DW�PRVW�WKH�YDOXH�RI��[��,WV�VHPDQWLFV��GHULYHG�IURP�)LJXUH���
LV�

�^*`[��3��;�� ��*�A��$[��3�⇒�;��

7KH� VWDWHPHQW� � [��)� � LV� FDOOHG�PLUDFOH� DQG� VDWLVILHV� >PLUDFOH�;�  � 7@� IRU� DOO� � ;�� LW� LV� VR� FDOOHG
EHFDXVH��V���PLUDFOH��IRU�DOO��V��%HFDXVH��PLUDFOH���V��LII��V��LV�PLUDFOH�ZH�FDQ�QHYHU�GHULYH�D�SURJUDP�WKDW�LV
D�UHILQHPHQW�RI�PLUDFOH��1HYHUWKHOHVV��PLUDFOHV�SOD\�D�XVHIXO�VLPSOLI\LQJ�UROH�LQ�WKH�WKHRU\�RI�SURJUDPPLQJ
DV�ZH� VKDOO� VHH��2I� FRXUVH� D� VWDWHPHQW�PD\�EH�PLUDFXORXV�RYHU� MXVW� SDUW� RI� LWV� GRPDLQ�� IRU� H[DPSOH� � [��
�[ ∈ QDW�A�[���Q����ZKHUH�WKH�YDOXHV�RI�W\SH�QDW�DUH�WKH�QDWXUDO�QXPEHUV��LV�PLUDFXORXV�MXVW�IRU�WKRVH�YDOXHV
RI��Q��VDWLVI\LQJ��Q������7KH�SUHGLFDWH�FKDUDFWHULVLQJ�WKH�PLUDFXORXV�GRPDLQ�RI�VWDWHPHQW��V��LV��V�)�

7KH�PLQRU�PLUDFOH���3�→�V���ZKLFK�LV�HTXLYDOHQW�WR�LI�3�→�V�>@�¤3 →�PLUDFOH�IL��FDQ�SOD\�D�XVHIXO
LQWHUPHGLDU\�UROH�LQ�SURJUDPPLQJ��)RU�H[DPSOH�ZH�PD\�XVH�LW�WR�VWUHQJWKHQ�D�FRQWH[W��IRU�LW�LV�HDV\�WR�VKRZ
WKDW��V�����3�→�^3`V���IRU�DOO��3��DQG��V��DQG�ZH�WKHQ�SURFHHG�WR�UHILQH��^3`V��8OWLPDWHO\�ZH�KDYH�WR�JHW�ULG�RI
DQ\�PLQRU�PLUDFOHV� DQG� WKHUH� DUH�YDULRXV� WHFKQLTXHV� IRU� GRLQJ� VR��:H� VKDOO� RQO\� QHHG� WKH� ODZ��ZKLFK� LV
HDVLO\�SURYHG��WKDW��^*`�3�→�V����V��LI��>*�⇒�3@��2EYLRXVO\�WKH�ZHDNHU�WKH�JXDUG��3��WKH�PRUH�OLNHO\�LW�LV
WKDW�ZH�FDQ�UHSODFH��3�→�V���ZLWK��V��2QH�PD\�HDVLO\�VKRZ�WKDW� �V����3�→� W�� LV�HTXLYDOHQW�WR��^3`V���W��,W
IROORZV� WKDW�PLQRU�PLUDFOHV�DUH�D�GHYLFH� IRU�DVVRFLDWLQJ�FRQWH[W�ZLWK� WKH� UHILQHG�VSHFLILFDWLRQ� UDWKHU� WKDQ
ZLWK�WKH�VRXUFH�VSHFLILFDWLRQ��7KLV�ZLOO�EH�XVHIXO�LQ�GDWD�UHILQHPHQW�

3. Data Refinement
,Q� WKH� FRQWH[W� VHW� RXW� DERYH� GDWD� UHILQHPHQW� LV� D� VSHFLDO� LQVWDQFH� RI� UHILQLQJ� D� EORFN�� 0RUH

VSHFLILFDOO\��JLYHQ��|>�E�7E���V�@| �ZH�DUH�WR�SURGXFH��|>�Y�7Y���W�@|��VXFK�WKDW��|>�E�7E���V�@|���
|>�Y�7Y���W�@|. ,Q�DSSO\LQJ�WKH�WKHRU\�RI�GDWD�UHILQHPHQW�LW�LV�PRUH�FRQYHQLHQW�WR�PDNH�WKH�LQLWLDOL]DWLRQ��RI��E
H[SOLFLW��GHQRWLQJ�WKH�LQLWLDOL]DWLRQ�E\��E��4��WKH�SUREOHP�LV�WKHQ�WKDW�RI FRQVWUXFWLQJ |>�Y�7Y���W�@| �VDWLVI\LQJ
|>�E�7E��E��4��V�@|  ���|>�Y�7Y���W�@|. ,Q�HVVHQFH��ZH�DUH�WR�UHSODFH�YDULDEOH��E��DQG�RSHUDWLRQV�RQ�LW�ZLWK�YDULDEOH
Y� � DQG� FRUUHVSRQGLQJ� RSHUDWLRQV� RQ� � Y�� 7KH� JLYHQ� EORFN� LV� FDOOHG� WKH� �DEVWUDFW� VSHFLILFDWLRQ�� � DQG� WKH
GHULYHG� EORFN� LV� FDOOHG� WKH� �FRQFUHWH� VSHFLILFDWLRQ��� %\� H[WHQVLRQ� ZH� WDON� RI� �DEVWUDFW� VWDWHPHQWV�� DQG
�FRQFUHWH�VWDWHPHQWV���DQG�VR�RQ�� �E��LV�WKH��DEVWUDFW�YDULDEOH��DQG� �Y� � WKH��FRQFUHWH�YDULDEOH��� ,Q�JHQHUDO
WKHUH�PD\�EH�PRUH�WKDQ�RQH�DEVWUDFW�DQG�PRUH�WKDQ�RQH�FRQFUHWH�YDULDEOH�EXW�ZH�QHHG�QRW�PDNH�WKLV�H[SOLFLW
MXVW�\HW��9DULDEOHV�RWKHU�WKDQ��E��DQG��Y��DUH�FDOOHG�WKH��FRPPRQ�YDULDEOHV��

:H�LQWHQG�WR�FRQVWUXFW�WKH�FRQFUHWH�VSHFLILFDWLRQ�VR� WKDW� LW�KDV� WKH�VDPH�VWUXFWXUH�DV� WKH�DEVWUDFW
VSHFLILFDWLRQ�DQG�VR�WKDW�HDFK�SULPLWLYH�FRQFUHWH�VWDWHPHQW�LV�WKH�WUDQVODWLRQ�RI�WKH�FRUUHVSRQGLQJ�DEVWUDFW
VWDWHPHQW��DFFRUGLQJ�WR�D�XQLIRUP�UXOH��&HQWUDO�WR�WKLV�VWUDWHJ\�LV�WKH�LQWURGXFWLRQ�RI�D�UHODWLRQVKLS�EHWZHHQ
WKH�FRQFUHWH�DQG�DEVWUDFW�YDULDEOHV�YLD�D�VR�FDOOHG��DEVWUDFWLRQ�LQYDULDQW��>�@��7KURXJKRXW���,��ZLOO�VWDQG�IRU
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WKH�DEVWUDFWLRQ� LQYDULDQW�� �E� � �RI� W\SH� �7E��IRU� WKH�DEVWUDFW�YDULDEOH��DQG� �Y� � �RI� W\SH�7Y��IRU� WKH�FRQFUHWH
YDULDEOH��:H� UHTXLUH� WKDW� � ,� � GRHV� QRW� FRQWDLQ� FRPPRQ�YDULDEOHV� WKDW� DSSHDU� RQ� WKH� OHIW� KDQG� VLGH� RI� DQ
DVVLJQPHQW�RU�QRQGHWHUPLQLVWLF�DVVLJQPHQW�VWDWHPHQW�LQ��WKH�DEVWUDFW�VSHFLILFDWLRQ��XVXDOO\�RQO\��E��DQG��Y
ZLOO� RFFXU� LQ� � ,�� KRZHYHU�� ,Q� FKRRVLQJ� FRQFUHWH� YDULDEOHV� DQG� DQ� DEVWUDFWLRQ� LQYDULDQW�ZH�PXVW� WDNH� LQWR
DFFRXQW� KRZ� WKH� DEVWUDFW� YDULDEOH� KDV� EHHQ� XVHG�� WZR� DEVWUDFW� YDULDEOHV� RI� WKH� VDPH� W\SH� LQ� GLIIHUHQW
SURJUDPV� PD\� UHTXLUH� GLIIHUHQW� FRQFUHWH� W\SHV� DQG�RU� GLIIHUHQW� DEVWUDFWLRQ� LQYDULDQWV� IRU� D� VXFFHVVIXO
WUDQVODWLRQ� WR� FRQFUHWH� IRUP� LQ� HDFK� FDVH�� 7KHUH� DUH� QR� IRUPDO� UHTXLUHPHQWV� LPSRVHG� RQ� WKH� DEVWUDFWLRQ
LQYDULDQW�H[FHSW�WKDW�LW�GRHV�QRW�FRQWDLQ�FRPPRQ�YDULDEOHV�WKDW�DUH�DVVLJQHG�WR��EXW�RQH�PXVW�EH�VHQVLEOH�LQ
RQH
V�FKRLFH��,W�ZLOO�WXUQ�RXW�WKDW�IRU�DQ�LQDSSURSULDWH�FKRLFH�RI��,�²�VD\�LI�ZH�WDNH��)��IRU��,�²�WKH�FRQFUHWH
VSHFLILFDWLRQ�FDQ�QHYHU�EH�UHILQHG�WR�D�SURJUDP�EHFDXVH�LW�LV�PLUDFXORXV�RYHU�VRPH�SDUW�RI�LWV�GRPDLQ�

:H� GHQRWH� �VWDWHPHQW� � V� � RQ� DEVWUDFW� YDULDEOH� � E� � LV� GDWD� UHILQHG� E\� VWDWHPHQW� � W� � RQ� FRQFUHWH
YDULDEOH��Y��XQGHU�WKH�DEVWUDFWLRQ�LQYDULDQW��,��E\��V�©,�E�Y�W��WKH�VXEVFULSW��,�E�Y��LV�IL[HG�IRU�RXU�SUHVHQWDWLRQ
DQG�VR�ZH�RPLW�LW�KHUHDIWHU��:H�SURSRVH�WKH�GHILQLWLRQ

V�©�W�� ��>�(E��,�A�V�;��⇒�W��(E��,�A�;�@��IRU�DOO��;��QRW�FRQWDLQLQJ��Y�

7R�EH�VWULFW�WKH�SUHFHGLQJ�GHILQLWLRQ�VKRXOG�LQFOXGH��DQG��V��GRHV�QRW�UHIHU�WR��Y��QRU��W��WR��E���EXW�ZH�WDNH
WKLV�DV�XQGHUVWRRG��7KLV�GHILQLWLRQ�LV�FKRVHQ�IRU�WZR�UHDVRQV��)LUVWO\��LW�LV�HIIHFWLYH�LQ�WKDW�LI�ZH�FRQVWUXFW�D��W
VDWLVI\LQJ��V�©�W��WKHQ�ZH�KDYH�HVVHQWLDOO\�FRQVWUXFWHG�D�UHILQHPHQW�RI
|>�E�7E��E��4�� V� @|�� VHH�7KHRUHP����6HFRQGO\�ZH�FDQ�XVH� LW� WR� IRUPXODWH� D�ERG\�RI� ODZV� WKDW� DOORZV�XV� WR
FRQVWUXFW�IRUPDOO\�D��W��VDWLVI\LQJ��V�©�W��IRU�DQ\��V��1RWH�WKDW�LI��[��GRHV�QRW�RFFXU�LQ��V��RU��;�WKHQ�LW�GRHV�QRW
RFFXU�LQ��V�;��IRU�DOO��V���;��ZH�ZLOO�EH�DSSHDOLQJ�WR�WKLV�LQ�SURRIV�:H�SUHIHU�WR�DSSO\�WKH�HSLWKHW��SLHFHZLVH��
UDWKHU�WKDQ��VWHSZLVH���WR�GDWD�UHILQHPHQW�EHFDXVH�WKH�VWHSV�LQ�GDWD�UHILQHPHQW�SURFHHG�PRUH�LQ�SDUDOOHO�WKDQ
LQ�VHULHV��IRUPDOO\���©��GRHV�QRW�HQMR\�WKH�WUDQVLWLYLW\�DQG�PRQRWRQLF�UHSODFHPHQW�SURSHUWLHV�RI����

,I�LQ�UHILQLQJ��|>�E�7E��E��4���V�@|��ZLWK�FRQFUHWH�YDULDEOH��Y��ZH�FRQVWUXFW��W��VDWLVI\LQJ��V�©�W��WKHQ�
DSDUW�IURP�D�UHTXLUHPHQW�WR�LQLWLDOLVH��Y���ZH�ZLOO�KDYH�VROYHG�WKH�RULJLQDO�SUREOHP�

7KHRUHP�����,I��V�©�W��WKHQ��|>�E�7E��E��4���V�@|�����|>�Y�7Y���Y���(E�,�A�4����W�@|
3URRI���6HH�WKH�QRWH�RQ�SURRIV�EHORZ��

�|>�E�7E���E��4���V�@|�������|>�Y�7Y���Y���(E�,�A�4����W�@|
 �;��DUELWUDU\��

>�|>�E�7E���E��4���V�@|�;���⇒��|>�Y�7Y���Y���(E�,�A�4����W�@|�;�@ ���
:H�LGHQWLI\�WZR�FDVHV�
�L��;�GRHV�QRW�FRQWDLQ��E��Y�

���
 �VHPDQWLFV�

>�$E�E∈7E���$E�4�⇒�V�;���⇒��$Y�Y∈7Y����$Y���(E�,A4��⇒�W�;��@
 �FDOFXOXV��W\SHV�QRW�HPSW\�

>�$E�4�⇒�V�;��⇒��$Y���(E�,A4��⇒�W�;�@
 �DEVRUSWLRQ�±�Y��QRW�LQ�DQWHFHGHQW�

>�$E�4�⇒�V�;��⇒���(E�,A4��⇒�W�;�@
 �LPSRUWDWLRQ�

>�$E�4�⇒�V�;��A��(E�,A4��⇒�W�;@
⇐�FDOFXOXV�
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>�(E�,A4AV�;��⇒�W�;@
⇐�FDOFXOXV�

>�(E�,AV�;��⇒�W�;@
⇐�W�PRQRWRQLF�

>�(E�,AV�;��⇒�W���(E�,�A;�@
⇐�;�GRHV�QRW�FRQWDLQ�E�

>�(E�,AV�;��⇒�W��(E�,A;�@
⇐�;�GRHV�QRW�FRQWDLQ�Y�

V�©�W
 �JLYHQ�

WUXH
�LL��;�FRQWDLQV��E��RU��Y�
:H�XVH�WKH�IROORZLQJ�VXEVWLWXWLRQ�UXOH��S�;� ��S��;�[?\����\?[���IRU��S��DQ\�VWDWHPHQW���[�DQ\�VSHFLILFDWLRQ
YDULDEOH�QRW�RFFXUULQJ�LQ��S��H[FHSW�SHUKDSV�ORFDOO\�GHFODUHG�LQ��S���DQG��\��D�IUHVK�YDULDEOH��0RUH�JHQHUDOO\
[� �DQG� �\� �PD\�VWDQG� IRU� OLVWV�RI� VXFK�YDULDEOHV��:H� WDNH� WKLV� UXOH�DV�HYLGHQW� �� MXVW� QRWLQJ� WKDW� LW�PD\�EH
SURYHG�E\�VWUXFWXUDO�LQGXFWLRQ�RQ��S��7KH�UXOH�DOORZV�XV�WR�UHQDPH��E��DQG��Y��LQ��;�ZLWK�IUHVK�YDULDEOHV��DQG
VR�WKH�WUXWK�RI�����IROORZV�E\�DOPRVW�WKH�VDPH�DUJXPHQW�DV�LQ��L���WKH�GHWDLOV�DUH�URXWLQH�DQG�DUH�OHIW�WR�WKH
UHDGHU� �(QG�

1RWH�RQ�SURRIV��+LQWV� IRU� WKH� MXVWLILFDWLRQ�RI�SURRI� VWHSV�DUH�ZULWWHQ�ZLWKLQ�GRXEOH�TXRWHV��3URRIV�XVXDOO\
SURFHHG�E\�UHGXFLQJ�WKH�GHPRQVWUDQGXP�WR�
WUXH
��VRPH�VWHSV�XVLQJ��⇐��SURQRXQFHG�
IROORZV�IURP
��$�⇐�%
LV�WKH�VDPH�DV�%�⇒�$��7KHVH�VWHSV�RIWHQ�DSSHDO�WR�WKH�UXOH

>$�⇒ '@��⇐ ��>$�⇒�%@�A�>%�⇒�'@
)RU�H[DPSOH�

>$�⇒ '@
⇐�KLQW�ZK\��>$�⇒�%@�

>%�⇒�'@
⇐�KLQW�ZK\��>&�⇒�'@�

>%�⇒�&@
 �KLQW�ZK\��>%�⇒�&@�

WUXH�

6RPH�UXOHV�DUH�VSHFLILFDOO\�QDPHG�LQ�SURRIV��YL]�

LPSRUWDWLRQ�H[SRUWDWLRQ� >�$�A�%�⇒�&�� ��$��⇒ (Β ⇒ &))]

DEVRUSWLRQ���IRU��[��D��VSHFLILFDWLRQ�YDULDEOH��DQG��4��QRW�FRQWDLQLQJ��[
>3@�� ��>$[�3@�
>3�⇒�4@�� ��>�([�3��⇒�4@
>4�⇒�3@�� ��>4�⇒��$[�3�@

��SRLQW >�([��[� �\�A�3��� ��3�[?\�@
>�$[��[� �\�⇒�3��� ��3�[?\�@�

:H�IUHTXHQWO\�XVH >�([�3��A��$[�4���⇒���([�3�A�4�@�
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7KH� KLQW� � �FDOFXOXV�� UHFRUGV� DQ� DSSHDO� WR� UXOHV� RI� SUHGLFDWH� FDOFXOXV� WKDW� DUH� SUHVXPHG� WR� EH� IDPLOLDU�
�VXEVWLWXWLRQ��KLQWV�DW�WKH�HOHPHQWDU\�ODZV�RI�VXEVWLWXWLRQ�RI�YDULDEOHV��DQG��VHPDQWLFV��KLQWV�DW�WKH�SUHGLFDWH
WUDQVIRUPHU�VHPDQWLFV�RI�VSHFLILFDWLRQV� �(QG�

7KHRUHP���LV�WKH�ILUVW�IRUPDO�LQGLFDWRU�WKDW�WKH�FKRLFH�RI��,��LV�LPSRUWDQW��,I�ZH�FKRRVH��)��IRU��,��IRU
H[DPSOH��WKHQ�LQ�WKH�VXEVHTXHQW�SURFHGXUDO�UHILQHPHQW�RI�WKH�FRQFUHWH�VSHFLILFDWLRQ�ZH�ZLOO�EH�IDFHG�ZLWK
WKH�PLUDFXORXV�DQG�WKHUHIRUH�XQLPSOHPHQWDEOH��Y��)�

7KH�UHODWLRQV�©�DQG���VKDUH�LQ�D�NLQG�RI�WUDQVLWLYLW\��YL]�

V�©�W�A�W���X��⇒��V�©�X DQG
V���W�A�W�©�X��⇒��V�©�X

7KH�SURRIV�DUH�HDV\�DQG�DUH�OHIW�WR�WKH�UHDGHU�

4. Data Refinement of Compositions
:H�SURFHHG� WR� VKRZ� WKDW� WKH� VWUXFWXUH� RI� WKH� DEVWUDFW� VSHFLILFDWLRQ� FDUULHV� RYHU� WR� WKH� FRQFUHWH

VSHFLILFDWLRQ��7R�EHJLQ�ZLWK��GDWD�UHILQHPHQW�GLVWULEXWHV�RYHU�VHTXHQWLDO�FRPSRVLWLRQ�

7KHRUHP�����S�T�©�V�W���IROORZV�IURP��S�©�V��DQG��T�©�W�
3URRI���:H�DUH�JLYHQ��IRU�DQ\��;��QRW�FRQWDLQLQJ��Y

>�(E��,�A�S�;���⇒��V��(E��,�A�;�@ �L�
>�(E��,�A�T�;���⇒��W��(E��,�A�;�@ �LL�

7KH�SURRI�LV
S�T��©��V�W

=�©��;�DUELWUDU\�QRW�FRQWDLQLQJ�Y��VHPDQWLFV�
>�(E��,�A�S��T�;����⇒��V��W��(E��,�A�;��@

⇐��LL���PRQRWRQLFLW\�RI��V�
>�(E��,�A�S��T�;����⇒��V��(E��,�A�T�;�@

=��L��ZLWK��;� �T�;��T�;�GRHV�QRW�FRQWDLQ�Y�
WUXH� �(QG�

/RFDO�EORFNV�PD\�EH�FDUULHG�RYHU�WR�WKH�FRQFUHWH�VSHFLILFDWLRQ�

7KHRUHP�����|>�N�7N���V�@|��©��|>�N�7N���W�@|����IROORZV�IURP��V��©��W�
3URRI���([HUFLVH� �(QG�

,Q� WUDQVODWLQJ� JXDUGHG� FRPPDQGV� LW� WXUQV� RXW� WKDW� D� JRRG� WUDQVODWLRQ� RI� DEVWUDFW� JXDUG� � 3� � WR
FRQFUHWH�JXDUG��4��LV�WR�WDNH���$E��,�⇒�3���IRU��4��7KH�UHVXOWLQJ�WUDQVODWLRQV�JLYHV�ULVH�WR�PLQRU�PLUDFOHV
�ZKLFK�XOWLPDWHO\�PXVW�EH�UHPRYHG��LI�SRVVLEOH��E\�SURFHGXUDO�UHILQHPHQW��

7KHRUHP������LI��>@�3L�→�VL��IL��©����(L�4L��→ LI��>@�4L�→�WL��IL��IROORZV�IURP���VL��©��WL���IRU�HDFK��L����ZKHUH
4L��VWDQGV�IRU���$E��,��⇒�3L���IRU�HDFK��L�
3URRI�

LI��>@�3L�→�VL��IL��©����(L�4L��→ LI��>@�4L�→�WL��IL
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 �©��;�DUELWUDU\�QRW�FRQWDLQLQJ�Y��VHPDQWLFV�
>�(E�,�A��(L�3L��A��$L�3L�⇒�VL�;���⇒���(L�4L��⇒��(L�4L��A��$L�4L�⇒�WL��(E�,�A�;���@

⇐�FDOFXOXV�
>�(E�,�A��$L�3L�⇒�VL�;���⇒��$L�4L�⇒�WL��(E�,�A�;��@

⇐�FDOFXOXV�
>�$L��(E�,�A��3L�⇒�VL�;����⇒��$L�4L�⇒�WL��(E�,�A�;��@

⇐�FDOFXOXV��JHQHUDOLVDWLRQ�RYHU�L�
>�(E�,�A��3L�⇒�VL�;���⇒��4L�⇒�WL��(E�,�A�;��@

 �LPSRUWDWLRQ��4L�
>�(E�,�A��3L�⇒�VL�;���A��$E�,�⇒�3L��⇒�WL��(E�,�A�;��@

⇐�FDOFXOXV�
>�(E�,�A��3L�⇒�VL�;��A��,�⇒�3L���⇒�WL��(E�,�A�;��@

⇐�FDOFXOXV�
>�(E�,�AVL�;���⇒�WL��(E�,�A�;��@

⇐�©��;�GRHV�QRW�FRQWDLQ�Y�
VL�©�WL

 �JLYHQ�
WUXH �(QG�

:H�FDQ�H[SORLW�WKH�FRQWH[W�RI�WKH�DEVWUDFW��LI«IL�WR�FRQVWUXFW�ZHDNHU�JXDUGV�IRU�WKH�FRQFUHWH�LI«IL��DQG�VR
UHGXFH�WKH�GRPDLQ�RI�PLUDFXORXV�EHKDYLRXU��DV�IROORZV��%\�WKH�ODZV�RI�SURFHGXUDO�UHILQHPHQW�ZH�NQRZ�WKDW
^*`LI��>@3L�→ VL��IL�LV�HTXLYDOHQW�WR�^*`LI��>@�*⇒3L��→�VL��IL��DQG�WKHQ�WKH�FRUUHVSRQGLQJ�FRQFUHWH�JXDUGV
4L��DUH�E\�7KHRUHP�����$E�,�⇒ �*�⇒ 3L����RU�HTXLYDOHQWO\���$E��,�A�*�⇒�3L���0RUHRYHU��EHFDXVH�LI��>@3L
→ VL��IL�LV�HTXLYDOHQW�WR�^�(L�3L�`LI��>@3L�→ VL��IL�ZH�FDQ�LQ�IDFW�WDNH���$E��,�A��(L�3L��⇒�3L���DV�WKH�FRQFUHWH
JXDUG�FRUUHVSRQGLQJ�WR�WKH�DEVWUDFW��3L��ZLWKRXW�IXUWKHU�NQRZOHGJH�RI�WKH�FRQWH[W�

:H�JLYH�DQ�H[DPSOH�RI�DSSO\LQJ�7KHRUHP���ZLWK�DQ� LQDSSURSULDWH� DEVWUDFWLRQ� LQYDULDQW��/HW� WKH
DEVWUDFW�YDULDEOH��E��DQG�WKH�FRQFUHWH�YDULDEOH��Y��EH�RI�W\SH�QDW��DQG�OHW�WKH�DEVWUDFWLRQ�LQYDULDQW�EH��E�GLY��
 �Y��6XSSRVH�ZH�ZLVK�WR�WUDQVODWH�LI�E� ���→�V�>@�E�����→�W�IL�WR�FRQFUHWH�IRUP��7KH�WUDQVODWLRQ�RI�WKH�ILUVW
JXDUG�LV���$E���E�GLY��� �Y��⇒��E� ������ZKLFK�FDQ�HDVLO\�EH�VKRZQ�WR�EH�IDOVH��7KH�WUDQVODWLRQ�RI�WKH�VHFRQG
JXDUG� LV� � �$E�� �E�GLY��� �Y��⇒� �E�������ZKLFK� UHGXFHV� WR�Y������%HFDXVH�ZH�PD\�RPLW� IURP�DQ� LI«IL� D
JXDUGHG�FRPPDQG�ZKRVH�JXDUG�LV�XQLYHUVDOO\�IDOVH��7KHRUHP���\LHOGV�WKH�FRQFUHWH���Y�����→ LI�Y�����→�W

IL��ZKHUH�W�©�W
��ZKLFK�LV�HTXLYDOHQW�WR��Y�����→ �W
���7KLV�LV�RQO\�RI�XVH�LQ�WKH�FRQWH[W��Y������IRU�ZKLFK�ZH
ZRXOG� QHHG� WKH� DEVWUDFW� FRQWH[W� � E� !� ��� DQG� SUHVXPDEO\� ZH� GRQ
W� KDYH� WKLV�� (VVHQWLDOO\�� WKH� FKRVHQ
DEVWUDFWLRQ�LQYDULDQW�FDUULHV�WRR�OLWWOH�LQIRUPDWLRQ�IRU�WKH�WUDQVODWLRQ�WR�\LHOG�D�SURJUDP�

7KHRUHP�����^*`GR�3�→�V^*`�RG��©��GR�4�→�W�RG��IROORZV�IURP��V��©��W��DQG��>�(E��,�A�*��⇒�4�∨�4×�@�
ZKHUH��4� ��$E��,�A�*�⇒�3���DQG��4×� ��$E��,�A�*�⇒�¤3�������6HH�FRPPHQW�EHORZ��
3URRI���6LPLODU�WR�WKDW�RI�7KHRUHP����EHORZ� �(QG�

7R�VHH�KRZ�WKH�WHUP��4�∨�4×��DULVHV�LQ�WKH�SUHFHGLQJ�WKHRUHP�REVHUYH�WKDW

^*`GR�3�→�V^*`�RG

LV�HTXLYDOHQW�WR�'2�ZKHUH�'2�LV�WKH�UHFXUVLYH�URXWLQH
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'2��^*`LI�3�→�V��'2�>@�¤3�→�VNLS�IL�

:LWK�7KHRUHPV������DQG����EHORZ��LQ�PLQG��7KHRUHP���FDQ�EH�YLHZHG�DV�D�VSHFLDO�FDVH�RI�D�PRUH�JHQHUDO
WKHRUHP�WKDW�VD\V�WKDW�GDWD�UHILQHPHQW�GLVWULEXWHV�WKURXJK�UHFXUVLRQ�

7R�VXPPDULVH� WKLV�VHFWLRQ�� WKH�VWUXFWXUH�RI� WKH�DEVWUDFW�VSHFLILFDWLRQ�FDUULHV�RYHU� WR� WKH�FRQFUHWH
VSHFLILFDWLRQ��EXW�IRU�VRPH�FKRLFHV�RI�WKH�DEVWUDFWLRQ�LQYDULDQW�WKH�FRQFUHWH�VSHFLILFDWLRQ�PD\�EH�PLUDFXORXV
ZLWKRXW�WKH�SRVVLELOLW\�RI�IXUWKHU�UHILQHPHQW�WR�D�SURJUDP��'DWD�UHILQHPHQW�LV�QRZ�UHGXFHG�WR�UHILQLQJ�WKH
SULPLWLYH�DEVWUDFW�VWDWHPHQWV�

5. Data Refinement of Primitives
)LUVW� ZH� VKRZ� WKDW� WKH� GDWD� UHILQHPHQW� RI� VWDWHPHQWV� WKDW� GR� QRW� UHIHU� WR� DEVWUDFW� YDULDEOHV� LV

LPPHGLDWH�

7KHRUHP�����,I��V��UHIHUV�WR�QR�DEVWUDFW�YDULDEOHV�WKHQ��V�©�V�
3URRI���%\�D�URXWLQH�VWUXFWXUDO�LQGXFWLRQ�OHIW�WR�WKH�UHDGHU� �(QG�

7KHRUHP�����^3`�©�^�(E��,�A�3�`
3URRI���([HUFLVH� �(QG�

:H� VKDOO� QHHG� VRPH� QRWDWLRQ� DQG� UHVXOWV� IURP� WKH� WKHRU\� RI� SURFHGXUDO� UHILQHPHQW�� )RU� DQ\
H[SUHVVLRQ� �H� �DQG�VWDWHPHQW� �V� �ZH�GHILQH� �V�〈H〉  ��$L�L H���V�7�⇒� V��L H���� URXJKO\�� � V�〈H〉  LV�D�SUHGLFDWH
FKDUDFWHUL]LQJ�WKH�LQLWLDO�VWDWHV�VXFK�WKDW�WHUPLQDWLQJ�H[HFXWLRQV�RI��V��OHDYH�WKH�YDOXH�RI��H��XQFKDQJHG�IURP
LWV�LQLWLDO�YDOXH��1RWH�WKDW�LI��V�FRQWDLQV�QR�DVVLJQPHQWV�WR�IUHH�YDULDEOHV�LQ��H��WKHQ�>V�7�⇒�V�〈H〉@��WKLV�FDQ�EH
VKRZQ�E\�DQ�HDV\�VWUXFWXUDO�LQGXFWLRQ��:H�VWDWH�WKH�IROORZLQJ�UHVXOWV�ZLWKRXW�SURRI�

/HPPD�����/HWWLQJ��\��VWDQG�IRU�D�OLVW�FRQWDLQLQJ�WKH�SURJUDP�YDULDEOHV�LQ�DVVHUWLRQ��3�
>W�4�A�W�〈\〉 A�3�⇒�W�5@�IROORZV�IURP�>4�A��3 ⇒�5@�IRU�DOO��3��4��5��W� �(QG�

/HPPD�����^*`[��4�����V��� ��>*�⇒�V�4�A�V�〈\〉]  ZKHUH��\��VWDQGV�IRU�D�OLVW�RI�WKH�SURJUDP�YDULDEOHV�RWKHU
WKDQ��[� �(QG�

7KH�PDLQ�WKHRUHP�IRU�WKH�WUDQVODWLRQ�RI�SUHVFULSWLRQV�IROORZV�

7KHRUHP���� �/HW� �F� � VWDQG� IRU� VRPH� �RU�DOO��DEVWUDFW�YDULDEOHV�DQG� �P� � VWDQG� IRU� VRPH� �RU�DOO�� FRPPRQ
YDULDEOHV��7KHQ�IRU�DOO��W��WKDW�GR�QRW�UHIHU�WR�DEVWUDFW�YDULDEOHV
^*`F�P��4��©��W���IROORZV�IURP���^,�A�*`�Y�P���(F��,�A�4������W
��6HH�FRPPHQW�IROORZLQJ�SURRI��
3URRI���/HW��G�EH�D�OLVW�RI�WKH�DEVWUDFW�YDULDEOHV�RWKHU�WKDQ�F�²�LQ�RWKHU�ZRUGV�ZH�FDQ�WDNH�LW�WKDW��E��LV��F�G�
/HW��Q��EH�D�OLVW�RI�WKH�FRPPRQ�YDULDEOHV�RWKHU�WKDQ��P��%\�/HPPD��

^,�A�*`�Y�P���(F��,�A�4������W
 >,�A�*�⇒�W��(F��,�A�4��A�W�〈E�Q〉@ �L�
7KH�SURRI�RI�WKH�WKHRUHP�LV�QRZ�

^*`F�P��4��©��W
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 �©��;�DUELWUDU\�QRW�FRQWDLQLQJ�Y��VHPDQWLFV�
>�(F�G��,�A�*�A��$F�P��4�⇒ ;���⇒�W��(F�G��,�A�;�@

 �OHW��=� ��(F�G��,�A�;���
>�(F�G��,�A�*�A��$F�P��4�⇒ ;���⇒�W�=@

 �DEVRUSWLRQ�±�FRQVHTXHQW�GRHV�QRW�FRQWDLQ��F��G�
>,�A�*�A��$F�P��4�⇒ ;��⇒�W�=@

⇐��L��
>W��(F��,�A�4��A�W�〈E�Q〉�A��$F�P��4�⇒ ;��⇒�W�=@

⇐�/HPPD����ZLWK�4� ��(F��,�A�4���\� �E�Q���3� ��$F�P��4�⇒ ;���5� �=�
>�(F��,�A�4��A��$F�P��4�⇒ ;��⇒�=@

⇐�FDOFXOXV�
>�(F��,�A�4�A��$P��4�⇒ ;���⇒�=@

⇐�FDOFXOXV�
>�(F��,�A�4�A��4�⇒ ;���⇒�=@

 �FDOFXOXV�
>�(F��,�A�4�A�;��⇒�=@

 �=��FDOFXOXV�
WUXH �(QG�

7KH�DERYH�WKHRUHP�HVVHQWLDOO\�VD\V�WKDW�WR�GDWD�UHILQH��^*`F�P��4��ZH�QHHG�RQO\�SURFHGXUDOO\�UHILQH��^,�A
*`Y�P���(F��,�A�4���$OWKRXJK�DEVWUDFW�YDULDEOHV�DSSHDU�LQ�WKLV�FRQFUHWH�VSHFLILFDWLRQ�WKH\�DFW�DV���GXPP\�
YDULDEOHV�²�WKHLU�UROH�LV�VLPLODU�WR�WKDW�RI��[���LQ��^[� �[�`[���[�!�[����ZKHUH��[���MXVW�GHQRWHV�WKH�LQLWLDO
YDOXH�RI��[��,Q�VXEVHTXHQW��SURFHGXUDO��UHILQHPHQWV�WKH�GXPP\�DEVWUDFW�YDULDEOHV�PXVW�EH�UHILQHG�RXW�

,I��P��4��ZKHUH��P��LV�D�FRPPRQ�YDULDEOH��LV�VXFK�WKDW��4��GRHV�QRW�FRQWDLQ�DEVWUDFW�YDULDEOHV�WKHQ
E\�7KHRUHP���LW�FDUULHV�RYHU�ZLWKRXW�FKDQJH�WR�WKH�FRQFUHWH�VSHFLILFDWLRQ��RWKHUZLVH�ZH�FDQ�DSSO\�HLWKHU�RI
WKH�IROORZLQJ�WZR�WKHRUHPV�

7KHRUHP���� �/HW� �P� �VWDQG�IRU�VRPH� �RU�DOO��FRPPRQ�YDULDEOHV�� �7KHQ� IRU�DOO� � W� � FRQWDLQLQJ�QR�DEVWUDFW
YDULDEOHV�^*`P��4�©�W���IROORZV�IURP���^,�A�*`P���,�A�4����W
3URRI���/HW��F��EH�HPSW\�LQ�7KHRUHP��� �(QG�

7KHRUHP������/HWWLQJ��P��VWDQG�IRU�VRPH��RU�DOO��FRPPRQ�YDULDEOHV
^*`P��4��©��^�(E��,�A�*�`P���$E��,�⇒�4��
3URRI���([HUFLVH� �(QG�

)RU�VLPSOH�DVVLJQPHQWV�WR�DEVWUDFW�YDULDEOHV�ZH�KDYH

7KHRUHP������)RU�DOO��W��FRQWDLQLQJ�QR�UHIHUHQFHV�WR�DEVWUDFW�YDULDEOHV��DQG�DQ\�H[SUHVVLRQ��H
^*`F� �H��©��W����IROORZV�IURP���^,�A�*`Y��,�F?H������W
3URRI����/HW��<
�VWDQG�IRU�<�F?H��IRU�DOO�<��/HW��O��VWDQG�IRU�D�OLVW�RI�DOO�WKH�FRPPRQ�YDULDEOHV��2EVHUYH�WKDW�E\
/HPPD��

^,�A�*`Y��,�F?H������W
 >,�A�*�⇒�W�,
�A�W�〈E�O〉] �L�
7KH�SURRI�RI�WKH�WKHRUHP�LV�WKHQ

^*`F� �H�©�W
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 �©��;�DUELWUDU\�QRW�FRQWDLQLQJ�Y��VHPDQWLFV�
>�(E��,�A�*�A�;
��⇒�W��(E��,�A�;�@

 �=� ��(E��,�A�;��
>�(E��,�A�*�A�;
��⇒�W�=@

 �DEVRUSWLRQ���FRQVHTXHQW�GRHV�QRW�FRQWDLQ�E�
>,�A�*�A�;
�⇒�W�=@

⇐��L��
>W�,
�A�W�〈E�O〉�A�;
��⇒�W�=@

⇐�/HPPD���ZLWK�4� �,
��\� �E�O��3� �;
��5� �=�
>,
�A�;
�⇒�=@

 �=�
WUXH �(QG�

:H�JLYH� DQ� H[DPSOH� WR� VKRZ� WKDW� LW� LV� QRW� DOZD\V� SRVVLEOH� WR� �UHILQH� RXW�� WKH� GXPP\� � DEVWUDFW
YDULDEOHV��:LWK�DEVWUDFW�YDULDEOH��E��DQG�FRQFUHWH�YDULDEOH��Y��ERWK�RI�W\SH�QDW��DQG�DEVWUDFWLRQ�LQYDULDQW��E
GLY��� �Y�� WKH�GDWD�UHILQHPHQW�RI� �E� �E���LV�E\�7KHRUHP����DQ\��SURFHGXUDO�� UHILQHPHQW�RI� �^E�GLY��� 
Y`Y����E����GLY��� �Y���WKDW�KDV�QR�UHIHUHQFHV�WR��E��%\�WKH�ODZV�RI�SURFHGXUDO�UHILQHPHQW��VHH�/HPPD����ZH
NQRZ� WKDW� VXFK� D� UHILQHPHQW�PXVW� EH� DQ� DVVLJQPHQW� WR� � Y� � RQO\�²� VD\� LW� LV� � Y� � L� � IRU� VRPH� � L�� %\� DQ
DSSOLFDWLRQ�RI�/HPPD���DQG�VRPH�HOHPHQWDU\�FDOFXOXV�ZH�ILQG�^E�GLY��� �Y`Y����E����GLY��� �Y������Y� �L
LPSOLHV��>L Y�A�L Y��@��ZKLFK�LV�IDOVH��+HQFH�ZH�ILQG�D�VHFRQG�REVWDFOH�²�PLUDFOHV�EHLQJ�WKH�ILUVW�²�LQ�WKH
ZD\�RI�DWWHPSWV� WR�XVH� WKH� WKHRU\� WR�GDWD� UHILQH�ZLWK� LQDSSURSULDWH� LQYDULDQWV��7KLV�REVHUYDWLRQ� LV�GXH� WR
&DUUROO�0RUJDQ�

,I��P� H��ZKHUH��P��LV�D�FRPPRQ�YDULDEOH��LV�VXFK�WKDW��H��GRHV�QRW�FRQWDLQ�DEVWUDFW�YDULDEOHV�WKHQ
E\� 7KHRUHP� �� LW� FDUULHV� RYHU� ZLWKRXW� FKDQJH� WR� WKH� FRQFUHWH� VSHFLILFDWLRQ�� RWKHUZLVH� ZH� FDQ� DSSO\� WKH
IROORZLQJ�WKHRUHP�

7KHRUHP�����/HW��P��VWDQG�IRU�VRPH��RU�DOO��FRPPRQ�YDULDEOHV��P
��EH�D�IUHVK�YDULDEOH��DQG�H�GHQRWH�DQ
H[SUHVVLRQ��7KHQ� IRU�DOO� VSHFLILFDWLRQV� � W� � WKDW�GR�QRW� UHIHU� WR� � DEVWUDFW� YDULDEOHV�RU� �P
� ^*`P� �H� � ©� � W
IROORZV�IURP���^,�A�*�A�P P
`�P���,�A�P H
������W��ZKHUH��H
�VWDQGV�IRU�H�P?P
��
3URRI���([HUFLVH� �(QG�

6. Functional Invariants
:KHQ� WKH� DEVWUDFW� YDULDEOH�V�� � E� � DQG� FRQFUHWH� YDULDEOH�V�� � Y� � DUH� UHODWHG� E\� � E� � H� � IRU� � H� � DQ

H[SUHVVLRQ� QRW� FRQWDLQLQJ� � E�� WKHQ� OLIH� LV� VLPSOHU� EHFDXVH� GDWD� UHILQHPHQW� EHFRPHV� QRW�PXFK�PRUH� WKDQ
VXEVWLWXWLRQ��:KHQ�WKLV�LV�WKH�FDVH�ZH�VD\�WKDW�WKH�DEVWUDFW�YDULDEOHV�DUH�IXQFWLRQDO�LQ��Y��7KLV�LV�FRPPRQO\
WKH�FDVH���,Q�WKLV�VHFWLRQ��H��ZLOO�DOZD\V�VWDQG�IRU�DQ�H[SUHVVLRQ�LQ�ZKLFK��E��GRHV�QRW�RFFXU��7KH�UHTXLUHPHQW
IRU�IXQFWLRQDOLW\�LV�>,�⇒�E� �H@�

7KH�ILUVW�VLPSOLILFDWLRQ�DWWHQGLQJ�IXQFWLRQDO�LQYDULDQWV�LV�LQ�WKH�KDQGOLQJ�RI�JXDUGHG�FRPPDQGV�

7KHRUHP������LI��>@�3L�→�VL��IL��©��LI��>@�3L�E?H��→�WL��IL��IROORZV�IURP��VL�©�WL��IRU�HDFK��L��DQG
�>,�⇒�E� �H@�
3URRI���6LPLODU�WR�WKDW�RI�7KHRUHP��� �(QG�
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7KHRUHP������GR�3 →�V�RG��©��GR�3�E?H� →�W�RG��IROORZV�IURP��V�©�W���DQG��>,�⇒�E� �H@�
3URRI�
:H�LQWURGXFH�VRPH�DEEUHYLDWLRQV�

3
�VWDQGV�IRU��3�E?H�
I�;�<�� ���3�A�V�<��∨��¤3�A�;�
J�;�<�� ��3
�A�W�<��∨��¤3
�A�;�
,W� LV� VKRZQ� LQ� >��@� WKDW� DVVHUWLRQV� SDUWLDOO\� RUGHUHG� E\� � >«⇒«@� � DUH� HPEHGGHG� LQ� D� FRPSOHWH

ODWWLFH��DQG�DV� � I�;�<� �DQG� �J�;�<� �DUH�HDVLO\� VKRZQ� WR�EH�PRQRWRQLF� LQ� �<� � LW� IROORZV� WKDW� WKH� WZR� OHDVW
IL[SRLQWV���<�I�;�<��DQG���<�J�;�<��H[LVW�IRU�DOO��;��>��@��:H�ZLOO�EH�XVLQJ�WKH�OHDVW
IL[SRLQW�UXOH�

>K�;�⇒�;@��⇒��>��<�K�<��⇒�;@���IRU�DOO�PRQRWRQLF��K��DQG�DOO��;�
1RZ GR�3�→�V�RG��©��GR�3
�→�W�RG
 �©��VHPDQWLFV��;�DUELWUDU\�QRW�FRQWDLQLQJ��Y��GHILQLWLRQV�RI�I�DQG�J�

>�(E��,�A���<�I�;�<���⇒���<�J��(E�,A;��<�@
 ��DEVRUSWLRQ���E�QRW�LQ�FRQVHTXHQW��=� ����<�J��(E�,A;��<��

>�,�A���<�I�;�<��⇒�=@
 �H[SRUWDWLRQ�

>��<�I�;�<��⇒��,�⇒�=�@
 �DEVRUSWLRQ�±�Y�QRW�LQ�DQWHFHGHQW�

>��<�I�;�<��⇒��$Y��,�⇒�=�@
⇐�OHDVW�IL[SRLQW�SURSHUW\�

>I�;��$Y��,�⇒�=��⇒ �$Y��,�⇒�=�@
 �DEVRUSWLRQ���DQWHFHGHQW�GRHV�QRW�FRQWDLQ�Y��LPSRUWDWLRQ�

>,�A�I�;��$Y��,�⇒�=��⇒�=@
 �=��D�IL[SRLQW�

>,�A�I�;��$Y��,�⇒�=��⇒�J��(E�,A;��=@
 �I��J�

>,�A���3�A�V��$Y��,�⇒�=���∨��¤3�A�;���⇒��3
�A�W�=��∨��¤3
�A��(E�,A;��@
⇐�FDOFXOXV�

>,�A�3�A�V��$Y��,�⇒�=��⇒�3
�A�W�=@�A�>,�A�¤3�A�;�⇒�¤3
�A��(E�,A;�@
 �>,�⇒�E H@�

>,�A�V��$Y��,�⇒�=��⇒�W�=@�A�>,�A�;�⇒��(E�,A;�@
 �DEVRUSWLRQ���QHLWKHU�FRQVHTXHQW�FRQWDLQV�Y�

>�(E�,�A�V��$Y��,�⇒�=���⇒�W�=@�A�>�(E�,�A�;��⇒��(E�,A;�@
⇐�V�©�W���$Y��,�⇒�=��GRHV�QRW�FRQWDLQ�Y�

>W��(E�,�A��$Y��,�⇒�=���⇒�W�=@
⇐�W�PRQRWRQLF�

>�(E�,�A��$Y��,�⇒�=���⇒�=@
 �DEVRUSWLRQ���=�GRHV�QRW�FRQWDLQ�E��H[SRUWDWLRQ�

>�$Y��,�⇒�=��⇒ (,�⇒�=� @
 �FDOFXOXV�

WUXH �(QG�

$VVLJQPHQWV� WR� FRPPRQ�YDULDEOHV� �ZKHQ� WKH� ULJKWKDQG� VLGH� RI� WKH� DVVLJQPHQW� FRQWDLQV� DEVWUDFW
YDULDEOHV��DUH�HDVLO\�WUDQVODWHG�ZLWK�IXQFWLRQDO�LQYDULDQWV�
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7KHRUHP�����/HW��P��VWDQG�IRU�VRPH��RU�DOO��FRPPRQ�YDULDEOHV�DQG�J��GHQRWH�DQ�H[SUHVVLRQ��7KHQ
�P� �J��©��P� �J
��LI�>,�⇒�E� �H@�DQG��J
��GHQRWHV��J�E?H��
3URRI�

P� �J��©��P� �J

 �©��VHPDQWLFV��;�DUELWUDU\�QRW�FRQWDLQLQJ�Y��VXEVWLWXWLRQ�

>�(E��,�A�;�P?J����⇒���(E��,�A�;�P?J
��@
 �OHW��=� ��(E��,�A�;�P?J
����

>�(E��,�A�;�P?J����⇒��=@
⇐�>,��⇒�E� �H@��

>�(E��E �H�A�,�A�;�P?J����⇒��=@
���SRLQW�

>�,�A�;�P?J���E?H���⇒��=@
 �VXEVWLWXWLRQ�±�H��GRHV�QRW�FRQWDLQ��E�

>�,�A�;�P?J
���E?H���⇒��=@
 �=�

WUXH �(QG�

7KHRUHP�������,I��>,��⇒�E� �H@��WKHQ�IRU�DQ\�FRPPRQ�YDULDEOH�V���P��P��4��©��^,�E?H�`P��4�E?H��
3URRI���%\�D�URXWLQH�DSSOLFDWLRQ�RI�7KHRUHP��� �(QG�

)LQDOO\�ZH� JLYH� D� GDWD� UHILQHPHQW� DSSOLFDEOH� WR� DQ\� DEVWUDFW� VWDWHPHQW� ZKHQ� WKH� DEVWUDFWLRQ� LQYDULDQW� LV
IXQFWLRQDO�

7KHRUHP��������,I�>,�⇒�E� �H@�WKHQ���V��©��|>�E�7E��E��,��V��Y��,�@|.
3URRI���7KH�SURRI�LV�URXWLQH�XVLQJ�WKH�IDFW�WKDW�ZKHQ�>,��⇒�E� �H@��>�(E��,�A�;��⇒��$E��,�⇒�;�@��IRU�DOO�;�
ZH�OHDYH�WKH�GHWDLOV�WR�WKH�UHDGHU� �(QG�

$V�LW�VWDQGV�7KHRUHP����LV�QRW�YHU\�XVHIXO��EXW�LW�VKRZV�WKDW�ZLWK�IXQFWLRQDO�LQYDULDQWV�ZH�DUH�QHYHU�IDFHG
ZLWK� GXPP\� DEVWUDFW� YDULDEOHV� WKDW� FDQQRW� EH� UHILQHG� RXW�� EHFDXVH� WKH� �IRUPHUO\�� DEVWUDFW� YDULDEOHV� QRZ
DSSHDU� DV� YDULDEOHV� ORFDO� WR� WKH� FRQFUHWH� VSHFLILFDWLRQ�� +RZHYHU� WKH� FRQFUHWH� VSHFLILFDWLRQ� PD\� VWLOO� EH
PLUDFXORXV��&RQVLGHU�WKH�IROORZLQJ�H[DPSOH��6XSSRVH�ZH�HOHFW�WR�UHSODFH�DEVWUDFW�YDULDEOH� �E� �RI� W\SH� LQW
ZLWK�FRQFUHWH�YDULDEOH��Y��RI�W\SH�VPDOO�LQW�ZKRVH�YDOXHV�DUH�LQWHJHUV�LQ�WKH�UDQJH���WR�����VD\��:H�FKRRVH
WKH�DEVWUDFWLRQ�LQYDULDQW��,��ZKHUH��,��LV������Y�������A�E� �Y��1RZ�E\�7KHRUHP����WKH�GDWD�UHILQHPHQW�RI��E� 
E����LV

|>�E�LQW��E��,��E� �E����Y��,�@| 

ZKRVH�QRQ�PLUDFXORXV�GRPDLQ�LV

¤�|>�E�LQW��E��,��E� �E����Y��,�@|�)�

DQG�E\�D�URXWLQH�FDOFXODWLRQ�WKLV�WXUQV�RXW�WR�EH����Y�����7KLV��RI�FRXUVH��LV�DV�ZH�VKRXOG�H[SHFW�

:H�FRXOG�XVH�7KHRUHP����WR�IRUPXODWH�UXOHV�RI�GDWD�UHILQHPHQW�IRU�SDUWLFXODU�VWDWHPHQWV�ZKHQ�WKH
DEVWUDFWLRQ�LQYDULDQW�LV�IXQFWLRQDO��)XUWKHU�VSHFLDOL]HG�UXOHV�FRXOG�EH�GHULYHG�IRU�FRPPRQO\�RFFXUULQJ�IRUPV
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RI��E� �H��IRU�H[DPSOH�ZKHQ��E� �H��LV���F�G�� ��I�J���L�H��F I�A�G J��ZKHUH�H[SUHVVLRQ��I��VD\��KDV�QR�YDULDEOHV
RFFXUULQJ�LQ�H[SUHVVLRQ��J��:H�GR�QRW�SXUVXH�WKLV�

7. Example
:H�SUHVHQW�D�VPDOO�H[DPSOH�WR�LOOXVWUDWH�WKH�DSSOLFDWLRQ�RI�WKH�IRUHJRLQJ�WKHRUHPV��LW�LV�EDVHG�RQ

DQ�H[DPSOH�LQ�>�@��8VLQJ�VRPH�QRWDWLRQ�H[SODLQHG�EHORZ��DQG�ZLWK�JOREDO�YDULDEOHV��P��RI�W\SH�VHTXHQFH�RI
LQW�DQG��Q��RI�W\SH�LQW��WKH�VSHFLILFDWLRQ�RI�)LJXUH���DVVLJQV�WR��Q��WKH�VXP�RI�WKH�HOHPHQWV�LQ��P���,W�PD\�ZHOO
EH�WKH�FDVH�WKDW�LQ�WKH�SURJUDP�RI�)LJXUH���SURFHGXUDO�UHILQHPHQW�KDV�UXQ�WRR�IDU�DKHDG�RI�GDWD�UHILQHPHQW�
EXW�WKDW�GRHV�QRW�PDWWHU�IRU�WKH�SXUSRVHV�RI�WKH�H[DPSOH���7KH�W\SH�FRQVWUXFWRUV� 
EDJ�RI
�DQG� 
VHTXHQFH�RI

KDYH�WKHLU�REYLRXV�PHDQLQJ��7KH�H[HUFLVH�ZLOO�EH� WR�UHSODFH� �YDULDEOH� �E� � LQ�)LJXUH���� LQWURGXFLQJ�IRU� WKH
SXUSRVH�WKH�FRQFUHWH�YDULDEOH��Y��RI�W\SH�LQW�

|>� E��EDJ�RI�LQW�
E� �∅���Q� ���
GR��E���EDJ�P��→
|> �L��LQW�

^E���EDJ�P`�L���L�∈�EDJ�P���E��
^E���EDJ�P`�E� �E���½L¾�
Q� �Q���L

@|
RG

@|
)LJXUH������DEVWUDFW�VSHFLILFDWLRQ

7KH�IROORZLQJ�QRWDWLRQ�IRU�EDJV�DQG�VHTXHQFHV�LV�XVHG�

�P ��OHQJWK�RI�VHTXHQFH��P
P�Y ��HOHPHQW��Y��RI�VHTXHQFH��P������Y����P
EDJ�P ��WKH�EDJ�FRQWDLQLQJ�SUHFLVHO\�WKH�HOHPHQWV�RI�VHTXHQFH��P
P↓Y ��WKH�LQLWLDO�VHJPHQW�RI�OHQJWK��Y��RI�VHTXHQFH�P������Y����P
∅ ��WKH�HPSW\�EDJ
½L¾ ��WKH�EDJ�FRQWDLQLQJ�LQWHJHU��L��RQO\
���� ��EDJ�XQLRQ�DQG�GLIIHUHQFH
∈ ��EDJ�PHPEHUVKLS

7KH� SUHFHGHQFH� RI� RSHUDWRUV� LV� QRZ� ��� ��� ���↓��∈� � IROORZHG� E\� WKDW� RI� WKH� SUHYLRXVO\� JLYHQ� RSHUDWRUV� DV
EHIRUH��:H�ZLOO�DSSHDO�WR�WKH�IROORZLQJ�ODZV�RI��EDJ�WKHRU\��

%��� �EDJ��P↓Y�� �∅��� ���Y� ���
%�� �EDJ��P↓Y�� �EDJ�P��� ���Y� ��P�
%�� ����Y����P��⇒��P�Y�∈�EDJ�P���EDJ��P↓Y�
%�� ����Y����P��⇒���EDJ��P↓Y����½P�Y¾� �EDJ��P↓Y����

7KH�DEVWUDFWLRQ�LQYDULDQW�ZH�SURSRVH�WR�XVH�LV
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,��������Y����P��A��E� �EDJ��P↓Y�

2EVHUYH�WKDW��VRPHZKDW�XQXVXDOO\��WKH�DEVWUDFWLRQ�LQYDULDQW�FRQWDLQV�FRPPRQ�YDULDEOHV�:H�VXPPDUL]H�WKH
YDULDEOHV

DEVWUDFW�YDULDEOH E��EDJ�RI�LQW
FRQFUHWH�YDULDEOH Y��LQW
FRPPRQ�JOREDO�YDULDEOHV� P��VHTXHQFH�RI�LQW���Q��LQW
FRPPRQ�ORFDO�YDULDEOH L��LQW

:H�UHILQH�WKH�VWDWHPHQWV�LQ�WXUQ��LQ�HDFK�FDVH��WKH�GDWD�UHILQHPHQW�EHLQJ�IROORZHG�E\�SURFHGXUDO
UHILQHPHQW�RI�WKH�UHVXOWLQJ�VSHFLILFDWLRQ��:H�ZLOO�QRW�GHVFULEH�WKH�ODZV�RI�SURFHGXUDO� UHILQHPHQW��EXW�ZLOO
XVH�WKHP�WR�WKH�H[WHQW�WKDW�WKH�UHDGHU�VKRXOG�ILQG�LQWXLWLYHO\�UHDVRQDEOH�

� %\�7KHRUHP���WKH�DEVWUDFW�LQLWLDOL]DWLRQ��E� �∅��LV�GDWD�UHILQHG�E\
Y���(E��,�A�E� �∅)

=���SRLQW�
Y��,�E?�∅�

 �VXEVWLWXWLRQ�
Y�������Y����P�A�∅� �EDJ��P↓Y��

��SURFHGXUDO�UHILQHPHQW�
Y���Y� ���A�∅� �EDJ��P↓���

 �%��
Y���Y� ���

 �SURFHGXUDO�UHILQHPHQW�
Y� ��

� ^E���EDJ�P`�L���L�∈�EDJ�P���E�
©�7KHRUHP����

^�(E��,�A�E���EDJ�P�`�L���$E��,�⇒�L�∈�EDJ�P���E�
 �,����SRLQW�

^����Y����P�A�EDJ��P↓Y����EDJ�P`�L�������Y����P�⇒ L�∈�EDJ�P − EDJ��P↓Y��
=�SURFHGXUDO�UHILQHPHQW�

^����Y����P�A�EDJ��P↓Y����EDJ�P`�L���L�∈�EDJ�P − EDJ��P↓Y��
 �%��

^����Y����P`�L���L�∈�EDJ�P − EDJ��P↓Y��
 �SURFHGXUDO�UHILQHPHQW�

^����Y����P`�L�������Y����P�A�L�∈�EDJ�P − EDJ��P↓Y��
��%���SURFHGXUDO�UHILQHPHQW�

^����Y����P`L���L� �P�Y�
 �SURFHGXUDO�UHILQHPHQW�

L� �P�Y

� ^E���EDJ�P`�E� �E���½L¾
©�7KHRUHP����SURYLGHG�ZH�UHILQH�RXW�E�
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^,�A�E���EDJ�P`�Y��,�E?�E���½L¾�
 �,�

^����Y����P�A�E� �EDJ��P↓Y��A�E���EDJ�P`�Y�������Y����P�A�E���½L¾� �EDJ��P↓Y��
��%��

^����Y����P�A�E� �EDJ��P↓Y�`�Y�������Y����P�A�E���½L¾� �EDJ��P↓Y��
��GHYHORSPHQW�VWHSV�RPLWWHG�²�YHULI\�XVLQJ�/HPPD���DQG�%��

�L� �P�Y�→�Y� �Y�����

� )RU�WKH�WUDQVODWLRQ�RI�WKH�ORRS�ZH�ZLOO�XVH�7KHRUHP�����WKH�JXDUG�LV
�E���EDJ�P��E?EDJ��P↓Y��

 �VXEVWLWXWLRQ�
EDJ��P↓Y����EDJ�P

 �%��
Y����P

7KH�DVVHPEOHG�FRQFUHWH�VSHFLILFDWLRQ�LV�JLYHQ�LQ�)LJXUH����ZKHUH�ZH�LPSOLFLWO\�DSSHDO�WR�YDULRXV�WKHRUHPV
WKDW� DOORZ� XV� WR� FDUU\� RYHU� WKH� DEVWUDFW� VWUXFWXUH� DQG� VWDWHPHQWV� QRW� FRQWDLQLQJ� � E� � WR� WKH� FRQFUHWH
VSHFLILFDWLRQ�� 7KH� FRQWH[W� RI� WKH� PLQRU� PLUDFOH� LQ� )LJXUH� �� FOHDUO\� LQFOXGHV� � L�  � P�Y� � DQG� VR� WKH� ILQDO
SURJUDP�LV�WKDW�RI�)LJXUH���ZLWK���L� �P�Y�→�Y� �Y�������UHSODFHG�E\��Y� �Y�����

|>� Y��LQW�
Y� �����Q� ���
GR��Y����P��→
|> L��LQW�

�L� �P�Y�
�L� �P�Y��→��Y� �Y������
Q� �Q���L

@|
RG

@|
)LJXUH������FRQFUHWH�VSHFLILFDWLRQ

8. Conclusion
$OWKRXJK�GDWD�UHILQHPHQW�LV�D�ZHOO�HVWDEOLVKHG�WHFKQLTXH�±�LW�ZDV�SRSXODULVHG�LQ�>�@�DQG�KDV�EHHQ

FHQWUDO� WR�9'0� >�@� ±� WKHUH� KDV� EHHQ� UHQHZHG� LQWHUHVW� LQ� LW� UHFHQWO\� >��� ��� �@� VWHPPLQJ� IURP� RXU� EHWWHU
XQGHUVWDQGLQJ�RI�WKH�PDWKHPDWLFV�RI�SURJUDPPLQJ��7KH�HDUOLHVW�WUHDWPHQW�EDVHG�RQ�SUHGLFDWH�WUDQVIRUPHUV
LV� WKDW� RI� %DFN� >�@� �ZKLFK� LV� D� GHYHORSPHQW� RI� KLV� HDUOLHU� 3K�� '�� WKHVLV��� %DFN� FRQVLGHUV� DEVWUDFWLRQ
LQYDULDQWV�RI�WKH�VKDSH��4�A�E� �H��ZKHUH��4��DQG��H��FRQWDLQ�FRQFUHWH�YDULDEOHV�RQO\��,Q�WKLV�VSHFLDO�FDVH
%DFN
V�GHILQLWLRQ�RI�GDWD�UHILQHPHQW�FDQ�EH�VKRZQ�WR�EH�HVVHQWLDOO\� WKH�VDPH�DV� WKDW�RI� WKH�SUHVHQW�SDSHU�
2XU�ILUVW�H[WHQVLRQ�LV�WR�SODFH�QR�UHVWULFWLRQV�RQ�WKH�DEVWUDFWLRQ�LQYDULDQW�RWKHU�WKDQ�WKDW�LW�VKRXOG�QRW�UHIHU
WR�FRPPRQ�YDULDEOHV�WKDW�DUH�DVVLJQHG�WR�LQ�WKH�DEVWUDFW�VSHFLILFDWLRQ��7KDW�DEVWUDFWLRQ�LQYDULDQWV�FRQWDLQLQJ
FRPPRQ�YDULDEOHV�DULVH�LQ�SUDFWLFH�KDV�EHHQ�VKRZQ�LQ�WKH�H[DPSOH�RI�6HFWLRQ����WKH�QHHG�IRU�QRQ�IXQFWLRQDO
LQYDULDQWV� LV� VKRZQ� LQ� >�@�� %DFN� VKRZV� WKDW� IRU� KLV� FKRLFHV� RI� DEVWUDFWLRQ� LQYDULDQW� GDWD� UHILQHPHQW
GLVWULEXWHV� WKURXJK� WKH� VWUXFWXUH�RI� WKH� VSHFLILFDWLRQ��EXW� KH�GRHV�QRW� VXSSO\� UXOHV� IRU� WUDQVODWLQJ� DEVWUDFW



/DZV�RI�'DWD�5HILQHPHQW ��

SULPLWLYHV�VXFK�DV�SUHVFULSWLRQV�DQG�DVVLJQPHQWV�WR�FRQFUHWH�IRUP�²�LQVWHDG�RQH�JXHVVHV�WKH�WUDQVODWLRQ�DQG
WKHQ� YHULILHV� LW� XVLQJ� ZHDNHVW� SUHFRQGLWLRQV�� 7KH� SUHVHQW� ZRUN� JRHV� IXUWKHU� LQ� WKDW� ZH� GHYHORS� D
FRPSUHKHQVLYH� VHW� RI� ODZV� IRU� FDOFXODWLQJ� � FRQFUHWH� VSHFLILFDWLRQV�� 7KH� ODZV� UHTXLUH� QR� NQRZOHGJH� RI
ZHDNHVW� SUHFRQGLWLRQV� ZKLFK� DUH� RQO\� XVHG� WR� HVWDEOLVK� WKH� YDOLGLW\� RI� WKH� ODZV�� 1HLWKHU� GRHV� >�@� XVH
PLUDFOHV� ZKLFK�� ZH� IHHO�� OHDGV� WR� D� VLPSOHU� WKHRU\�� 1HYHUWKHOHVV� >�@� LV� D� FRPSUHKHQVLYH� WUHDWPHQW� RI
SURFHGXUDO� DQG� GDWD� UHILQHPHQW� DQG� ZH� FRPPHQG� LW� WR� WKH� UHDGHU�� $� PRUH� UHFHQW� WUHDWPHQW� EDVHG� RQ
SUHGLFDWH�WUDQVIRUPHUV�LV�>�@��WKLV�WDNHV��>,�A�V�7�⇒�W��¤V��¤,��@��IRU�WKH�GHILQLWLRQ�RI��V�©�W��DV�GRHV�>�@��:H
KDYH�QRW�SURFHHGHG�IURP�WKLV�GHILQLWLRQ�IRU�WZR�UHDVRQV��7KH�ILUVW�LV�WKDW�LW�GRHV�QRW�DSSHDU�WR�DFFRPPRGDWH
FRPIRUWDEO\�YDULDEOHV�FRPPRQ�WR�WKH�DEVWUDFW�DQG�FRPPRQ�GRPDLQV��$�QDLYH�DSSOLFDWLRQ�RI�WKH�GHILQLWLRQ�
IRU�H[DPSOH��ZRXOG�VXJJHVW�WKDW���P� ����LV�GDWD�UHILQHG�E\��P� ����ZKHUH��P��LV�D�FRPPRQ�YDULDEOH��>�@�XVHV
D�UHQDPLQJ�GHYLFH�WR�RYHUFRPH�WKLV�GLIILFXOW\��7KH�VHFRQG�UHDVRQ�LV�WKDW�WKH�GHILQLWLRQ�RI�>�@�GRHV�QRW�VHHP
WR�OHQG�LWVHOI�DV�UHDGLO\�WR�IRUPDO�PDQLSXODWLRQ��>�@�GRHV�QRW�PDNH�D�IRUPDO� MXVWLILFDWLRQ�RI� WKH�GHILQLWLRQ�
QRU�VXSSO\�ODZV�RI�WUDQVODWLRQ��1RQH�RI�WKLV�LV�WR�TXHVWLRQ�WKH�OHJLWLPDF\�RI�WKH�GHILQLWLRQ�LQ�>�@��7KH�SUHVHQW
WKHRU\�LV�D�GHYHORSPHQW�RI�DQ��HDUOLHU�ZRUN�>��@��WKH�PDLQ�LPSURYHPHQWV�EHLQJ�WKH�DGPLVVLRQ�RI�FRPPRQ
YDULDEOHV�WR�DEVWUDFWLRQ�LQYDULDQWV�DQG�WKH�ZKROO\�FDOFXODWLRQDO�PHWKRGRORJ\�QRZ�HPSOR\HG�

,Q�VXPPDU\��ZH�KDYH�SURSRVHG�D�QHZ�GHILQLWLRQ�RI�GDWD�UHILQHPHQW�DQG�KDYH�XVHG�LW�WR�GHYHORS�D
VHW�RI� ODZV�DOORZLQJ�XV� WR�FRQVWUXFW�VSHFLILFDWLRQV�IURP�WKHLU�DEVWUDFW� IRUP��:H�KDYH�GRQH�VR� LQ�D�VHWWLQJ
WKDW� SODFHV� GDWD� UHILQHPHQW� VTXDUHO\� EHVLGH� SURFHGXUDO� UHILQHPHQW� LQ� WKH� RQH� VSHFLILFDWLRQ� DQG
GHYHORSPHQWDO�IUDPHZRUN�
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