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Notation

E3 supports undefined. E, F, G, ..., and t to stand for terms of arbitrary type. T, U, ... stand for arbitrary
types (including the booleans). P, Q, and R stand for formulae (i.e. terms of type B).

Equivalence and nonequivalence

=-refl: E=E

=-symm: (E=F=(F=E)

=-trans. (E=RPOF=06)0 (E=G)
=-truth: (E=F)=True)=(E=F)
=-non-truth; (E=F) £True)=(E£F)
=-Fasity: (E=F) =Fdse) = (E£F)
#-defn: EzF=-(E=F)
#-symm: (ExF)=(F=#E)

strong=: (E=F) O (E£F)

=-truth: A(E=F) andA(E#F)

Boolean equivalence and nonequivalence

establishment: (B True)= AP OP

=-unit: (P=True)=P if AP

establishment: (B False)= AP O-P

=-- (P = False)= -P if AP

AB: (P= True)= P)= AP

=-assoc: (PEFQ)=R)=(P=(Q=R)) if AP, AQ, AR

#-assoc: (PEQ=R)=(P£(Q%R)) if AP, AQ, AR

=-#-assoc (PEQ=R)=(P£(Q=R)) if AP, AQ, AR

=-#-assocC (EFQ#R)=(P=(Q=%R)) if AP, AQ, AR

=-B: (P=Q) = (PI+Q) O (-PQ) if AP, AQ

=-B: (P=Q) = (PIQ) O (-PL-Q) if AP, AQ

truth cases: (BQ) = ((P=True) = (Q=True))d ((P=False)= (Q=False))
Substitution

Leibniz: (E= F) O (G[x:=E] = G[x:=F])

CFsubst: (E= F)OP[x=E] = (E = F)OP[x=F]

[(Fsubst: (Ex F) OP[x=E] = (E % F)OP[x=F]

O -subst: (E= F)O P[x=E] = (E=F)O P[x=F]

[(Fsubst: (P= True)OQ[x:=E] = (P=True)UQ[x:=F]ifPO (E=F)

O -subst: PO Q[x=E] = PO Qx=FlifPO (E=F)
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Q[x:=P] = (P OQ[x:=True]) O (=P O Q[x:=False])

Negation
(-P=Q)=(-Q=P)
False -True and -False True

(-P=Q)=(P=-Q

-—-P=P

P=Q)= (-P=-Q)

P%-P

~(P=Q)=(-P=Q)

Disjunction
POQ=QOP
A1(QOR)= (POQ)OIR
POP=P

POTrue= True and TruélP = True
POFalse= P and FalseélP=P
POQUR)=(POUQ)U(POR)
(PUQ=R))=((PLQ)= (PUR))
(POQ= True)= (P= True)O(Q = True)
(POQ = False)= (P = False)d (Q = False)
(POQ # True)= (P # True)O(Q # True)
(POQ # False)= (P = False)d (Q # False)
(P1-P) £ False

Conjunction

(POQ)=(QUP)
RI(QUOR)= (POQ)OR
POP=P
PO False= False and Faldé P = False
POTrue= P and TruelP=P
POQUR)=(POQ)I(PUR)
(POQ=R))=((POQ) % (POR))
(POQ=True) = (P= True) O(Q = True)
(POQ = False)= (P = False)d (Q = False)
(POQ % True)= (P # True)O(Q £ True)
(POQ % False)= (P % False)d (Q % False)
A(P=Q)=POQ

Disjunction and conjunction

=(A0Q) = (-PU-Q) and ~(AJQ) = (-PU-Q)
PO(QOR)= (POQ)O(POR)

PO(QOR)= (POQ)O(POR)

RI(-POQ)= POQ

ifAP

if AP
if AP, AQ

if AP

if AP

if AP, AQ

if AP
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absorption:
= -defn:

PO-POQ)=POQ
RIPOQ=P
RPoOQ=P
(PQ=P)=(POQ=0Q)

Boolean values

True
-False

False, True, ang are distinct from one another

(=True) 0 (P=False) (P=[g)

Implication

PO P

AJ True

Falsel P

(PO QOO RO (PO R)
(P=Q)0O(QUO RO (PO R)

(PO QU@Q=R)0O (PO R)

(PO QUEO P)=(P=Q)

(R QLEO P)

Truedl P=P

PO True= True

(PO Q=True) = PO (Q= True)
(PO Q= True) = (P= True)d (Q= True)
Pl Q=-Q0O -P

(F=Q0 (PO Q)

(P=True) Q=P0O Q

Implication and disjunction

PO Q= (P True)JQ
PO Q=-APO-POQ
PO Q= (POQ=Q)
I POQ

Implication and conjunction

PO Q=(PUQ=P)
QO P

POQU R=PO (QO R)
B((PO QO Q

RI(PO Q)= (POQ)
P-Q=(PO QUQU P)

if AP

if AP, AQ

if AP, AQ

if AP, AQ

if AP, AQ

if AP
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Implication and distribution

PO QR=(PO QUOMPOR)

PO QR=(POQUOMPOR)

PO QOR=POQO(MPOR)

PO Q=R =(POQ=P0OR)

PO (Q=R) = (P=True) UQ = (P=True) OR)
PO Q=R =(PUOQ=P0OR)

POQO R=(PORDOIWQOR)

POQO R=(PO ROMQOR)

Implication and monotonicity

POQU (RO PO RO Q)
PO QU ((QRERD (PO R)
(PO Q O(RO 90O (PORDO QUS)
(PO Q O(RO SO (PORDO QOS)
(PO QO (PORD QOR)

(PO QO (ROPO ROQ)

(PO QO (PORD QUR)

(PO QO (ROPO ROQ)

Properness
(OX:T * AX)
AE = (IX:T » x=E) x fresh
-Aly
Ox:T » x£0y)
AXt

Boolean properness

AP = (P = True) O (P = False)
AP = =(PO -P)O-(-PO P))
AP = (P £ -P)
AP = PO-P
P1-PO-AP
ATrue and AFalse
A(=P) = AP
AAP

Range manipulation

OxTIR*P)= (OxT+RO P)

{x:T|True « P)= (OX:T * P)

[(x:T|False * P)

X:TIROS«P) = (OX:TIR« P)J(OX:T|S * P)
OxTIROS+P) = (Ox:T|IR SO P)

if AP
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O-truth:
O-falsity:
O-non-truth:

CHruth:
(Halsity:
CFnon-truth:

(IXTIR*P) = (IX:T » (R= True)OP))
[:T[True « P)= (X:T « P)

“4(x:T|False « P)

XTIROS ¢« P) = (XT|R « P)J(IX:T|S ¢ P)
XTIROS « P) = (IX:T|R * (S=True)OP)

Distribution of quantifications

(Ox:TIR«POQ) = (Ox:TIR«P)J(OX:TIR* Q)
(OxTIR-POQ)=PO(MOX:TIR* Q) if (X:T * R=True) (x notin P)
(Ox:TIR+P)O(Ox:TIR* Q)T (Ox:TIR«PCQ)

POOx:TIR* Q)= (OxTIR*POQ) (xnotin P).

PO (IxTIR*Q) = OxTIR+*PO Q) (xnotinP)
(Ox:TeP=Q)0 (OxT «P)= (Ox:T = Q))

-[IX:T|IR * P) = (IX:T|R * =P)

(Ox:T«AP) O A(OX:T *P)

(XTIR«POQ) = (XTIR « P)O(IX:TIR * Q)

(XTIR-POQ)= PO (XTIR « Q) if @:T « R=True) (x notin P)
(XTIR-POQ)O (XTIR « P)O(IX:TIR * Q)

PO(XTIR*Q)= (xTIR*POQ) (xnotinP)

(XTIR«P) Q= (OxTIR*FA1 Q) (xnotin Q)

PO (xTIR*Q)= (x:TIR«PO Q) if (x:T « R=True) (x notin P)
-[X:TIR*P) = (OX:T|R * =P)

(Ox:T «AP) O A(IX:T * P)

M onotonicity of quantifications

(Ox:TIR*P=Q)0 (Ox:TIR » P)= (Ox:TIR * Q))
(Ox:TIR«PO Q) O (Ox:TIR«P)O (OX:T|IR = Q))
(xTeRO S) O (Ox:T|SP)d (OX:T|IR * P))

(Ox:TIR*P=Q)0 (X:TIR * P)= (X TIR * Q))
(Ox:TIR* PO Q)0 ((XT|R *P)I (IX:T|R * Q))
Mx:T+SO R) O ((xT|SeP)O (XTIR *P))

Truth and falsity in quantifications

(OX:TIR « P)= True) = (OX:T|R * P= True)
(Ox:TIR * P)= False) = (X:T|R « P= False)
(OX:TIR ¢ P)# True) = (IX:T|R » P True)

(X:TIR * P)= True) = (X:T|R « P= True)
(X TIR « P)= False) = (Ox:T|R « P= False)
((XTIR « P) True) = (OX:T|R » P True)
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Constant predicates
(OX:TIR * True)

x:TIR*P)= PO(OX:T « R#True) if x notin P.

Ox:TeP)= P ifxnotinP.
Ox:TIR « False)= (Ox:T * R£True)
=(x:T « False)

-(X:T|R « False)

[X:TIR«P)= PO(X:T*R=True) ifxnotinP.

x:TeP)= PifxnotinP.
(XT|R « True)= (IX:T « R=True)
X:T « True)

Instantiation

OxTeP)O P

Ox:T«P)O P[x:=t]

Ox:T « P)OP[x:=t] = (OX:T * P)

Ox:T « P)OP[x:=t] = P[x:=t]
xTIR-P)dJ (RO P)

[x:B » P) = P[x:=True]O P[x:=False]

Al (OxT < P)

Plx:=t[0 (IX:T « P)

T« P)OP[x:=t] = (X:T * P)

x:T « P)OP[x:=t] = P[x:=t]

ROPO (IXTIR * P)

(x:B « P)= P[x:=True]O P[x:=False]

Dummy manipulation
Ox:T+P) = (Oy:T « P[x:=y]) where y is fresh

if At
if At
if At

if At
if At
if At

(XTIR* Qy:U|S*P))= (Qy:U|S* @x:TIR*P))ifxnotin S, ynotinR.

XTeP) = (Oy:T » P[x:=y]) where y not in P.

(TIR « (y:UIS * P)) = ((Oy:U|S » OTIR * P)) if x not in S, y not in R.

(XTIR*Qy:U[S*P))0 (Oy:U|S+(X:TIR*P))ifxnotinS,ynotinR

One-point and shifting
Ox:T|x=t« P) = At P[x:=t] where x not in t.

Ox:TIR « P)= (Ox:T|R[Xx:=t] * P[x:=t]) if t surjective and total in x

X:T|x=t « P)= P[x:=t] O At where x not in t.

OX:TIR » P)= (IX:T|R[x:=t] » P[x:=t]) if t surjective and total in x
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oo
O-01
O strengthen:

=-defn:
C-antisymm:
no-miracles:
B-flat:

fc:

=-defn:
=-defn:
=-truth:

O-defn:
OB:

=-symm:
=-refl:
=-trans:

=C-mono:
=-B:

Miscellaneous
(Ox:TIR« P)O(X:TIR+ Q)0 (X:TIR « PO Q)
(Ox:TIR*P)O (X:TIR*P) if (X:T « R=True)
x:T«Q)O (Ox:T «P)= (Ox:T « Q1 P))

Refinement

EEF= (Ox:T«F=xO EEx) xfresh
EFOFEEO E=F

[X:T « EEX) where E has type T and x fresh
(Ox,y:B « x2y = (x=y))

OCE

Equality

E=FE=True= (IX:T|[EEX * (Oy:T|FEy * x=y)) X,y fresh
E=F=False= -AE 0-AF O ((X:T|[EEx « (Oy:T|F=y « xzy)) X,y fresh
(E=F= True)= DE O (E=F)

OE = (Ox:T « EEx O (E=x)) x fresh
OP = AP

E=F= F=E
OED E=E

E=FAIF=GO E=G

E=0=0

E=FO (E=F)

EEF 0 (E=G)=(F=G) and EG 0 (E=F)=(E=G)
P=Q= (PIQ) U (-P-Q)



