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Summary. It is usually assumed that implementations of nondeterministic programs may resolve the
nondeterminacy arbitrarily. In some circumstances, however, we may wish to assume that the
implementation is in some sense fair, by which we mean that in its long-term behaviour it does not show
undue bias in forever favouring some nondeterministic choices over others. Under the assumption of
fairness many otherwise failing programs become terminating. We construct various predicate transformer
semantics of such fairly-terminating programs. The approach is based on formulating the familiar temporal
operators always, eventually, and infinitely often as predicate transformers. We use these operators to
construct a framework that accommodates many kinds of fairness, including varieties of so-called weak and
strong fairness in both their all-levels and top-level forms. Our formalization of the notion of fairness does
not exploit the syntactic shape of programs, and allows the familiar nondeterminacy and fair
nondeterminacy to be arbitrarily combined in the one program. Invariance theorems for reasoning about
fairly terminating programs are proved. The semantics admits probabilistic implementations provided that
unbounded fairness is excluded.

1 Introduction

It is a convenient abstraction to assume that implementations of nondeterministic
programs have components called "arbiters' that resolve the nondeterminacy. In some circumstances we
may wish to assume that the arbiter is in some sense "fair", by which we mean that in its long-term
behaviour it does not show undue bias in favouring some choices over others. Under the assumption of
fairness many otherwise failing programs become terminating. Consider the recursive procedure

g0: skip [ g0

where [] is the nondeterministic choice operator. The usual implementation is assumed to employ an
unpredictable arbiter in which case g0 is not guaranteed to terminate, and indeed we may calculate
wp(gO,true) = false. Weakest preconditions are in this sense conservative, eguating with abort every
program that may fail to terminate. However, if we may assume that the arbiter behaves fairly to the extent
that it will not forever ignore the first of the two statements in g0 then gO terminates; we would like to have
aformal system in which we could prove this. In short, we would like to construct a predicate transformer
semantics of programs when the intended implementation is fair. Among the questions to be answered are:
'What is"fair"? and 'What distinctive properties, if any, do fairly terminating programs have?.

Initially we will not be concerned with fairness but with properties of programs as
predicate transformers, and with representing temporal operators such as always and eventually as predicate
transformers. Subsequently we will use these temporal operators to define various notions of fairness. We
will consider how the presence of fairness affects the properties of programs, formulate some termination
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theorems, and discuss implementation issues. Although we shall be introducing various definitions of
fairness, this is not the sole point of the work. The main point is the attempt to introduce a theoretical
vocabulary and style that can accommodate different notions of fairness, and that admits of effective
reasoning about fairness at the programming level.

2 Predicate Transformers

We assume for the purposes of the paper that programs operate on a fixed set of
variables, whose set of possible values defines the state space of the program. Assertions are predicates in
which program variables may occur free; assertion X universally quantified over the program variables is
denoted by [X]. Relation < on assertions defined by X <Y = [X Y] is easily shown to be a partia
ordering. We will use capital letters near the end of the alphabet to stand for arbitrary assertions. T and F
are the assertions satisfied by all states and by no state, respectively. We will use the following operators,
grouped in order of decreasing precedence: . (function application);[:;0 ; =. We give programs a
semantics by regarding them as functions on assertions, in the usual way [2]. Function f on assertions is
said to be conjunctive iff

[f.X Of.Y =£.(X0OY)]

for all X, Y; it is "monotonic" iff
[XOY] O [fXOfY]

for all X, Y. Function f on a pair of assertions is "left conjunctive" iff
[f.(X,2) Of.(Y,Z) =f.(XO¥,Z)]

for all X, Y, Z; less precisely, we may just say f.(X,Y) is "conjunctive in X". Similar remarks hold for
"right conjunctivity”, "left monotonicity", and "right monotonicity". Furthermore we say that f is
"conjunctive" iff

[F.(W,X) Of.(Y,2) = f.(WOY, X(I2)]

for all W, X, Y, Z. Conjunctivity is stronger than the combination of left and right conjunctivity.
Monotonicity of f.(X,Y) is defined similarly; it is equivalent to the combination of left and right
monotonicity. Unless the contrary is explicitly indicated all functions are from assertions, or pairs of
assertions, to assertions, and monotonicity etc. is with respecttottering.

Lemma 1 Conjunctive functions are monotonic.

Proof. (See the note on proofs below.) For any conjunctive function f
[XOVY] O [f.XOfY]

={detach X Y]}

[f.XOf.Y]
={calculus}

[f.X =X OfY]
={f conjunctive}

[f.X = £.(XOY)]
O {calculus}

[X = X0OY]
={calculus}

[XOY]

={detached axiom}
true (End)
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Note on proofs: In proofs, the justification of each proof step is written between chain brackets. The
frequently occurring hint "calculus" records an appea to familiar mathematics, in particular predicate
calculus, arithmetic, or set theory. Proofs usually proceed by reducing the demonstrandum to 'true’, some
using 0 (pronounced "follows from™): A0 B isthe same as B( A. The steps often appeal to therule

[ADO D]O[ADQ B]O[BO D]

For example,
[AO D]

0O {hint why [AC B]}
[BO D]

0 {hint why [CO D]}
[BOC]

={hint why [BO C]}
true.

An application of the deduction theorem of predicate calculus isindicated by

[B]O [C]
={ detach [B]}
[C]

— the subsequent proof of [C] may appeal to [B]. Inference by universalisation is recorded as

(Ox: Q)
O {universalisation}

Q (End)

Formally, we regard every program s as a function on assertions that maps an arbitrary
postcondition R to the weakest precondition such that s establishes R. It is customary to denote the weakest
precondition such that s establishes R by wp(s,R); however, we will prefer the more economic notation s.R.
We define the semantics of straight-line programs thus (explanations follow):

s.R=
e sisskip: R
esis x:= e: R(x/e)
*sisu;v: u.(v.R)
e sisif bthen uelsev fi: (b0 u.R) O (=b0 v.R)
esis uflv: u.ROV.R

R(x/e) stands for R with each occurrence of variable x in R replaced by expression e, and b stands (here and
in the sequel) for a boolean expression. Choice and guarding usually appear in combination as the familiar
if..fi statement, but they are here separated because we want to put choice under the microscope. The
theory we will develop does not at all depend on this separation, which is introduced solely for clarity of
the exposition. We give the semicolon a higher operator precedence than choice. We are rather lax in our
requirements on a fair arbiter; we ask it to exhibit fairness only in computations of unbounded length, and
this requires recursion or looping which we'll be considering later. Except where otherwise indicated small
letters near the end of the alphabet will denote arbitrary programs.

We shall have need of constant predicate transformers. It will be convenient to double up
on notation and denote by P the constant predicate transformer whose value is predicate P, i.e.

[P.X = P] for all X.
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Property 1 Programs are conjunctive, i.e. [s.X [7S.Y =s.(X[X)].
Proof. The proof — at this stage just for straight-line programs — is by routine induction on the structure of s
and is omitted; see the proof of Property 3 for an example of the style. (End)

Property 2 Programs are monotonic.
Proof. Lemma 1 and Property 1. (End)

We denote by g:G the introduction of a procedure with name g and body G; we assume
that all recursion is tail-recursion and that there is no mutual recursion. The letter g will always stand for a
procedure. For any program s, program (or predicate transformer) t, and component statement u of s we
denote by s(u/t) the program got by replacing each occurrence of statement u in s with t (it is routine to
define this substitution mechanism formally by structural induction, but that hardly seems necessary). In
the special case of procedure g:G we shall abbreviate G(g/t) by g(t); we are then especially interested in the
case that t is a constant predicate transformer. Operationally, g(P).R is the weakest precondition such that
an execution of the body of g leads to an immediately following invocation of g in a state satisfying P or
else establishes R without further invoking g. We may somewhat loosely talk of g(P).R as a function of the
pair (P,R).

Example 1 Consider DOIf bthen s; DOdse skip fi.
DO(P).T
={definition of DO(P)}
if bthen s; Pelse skip fi.T
={semantics}
(bO (s; P).T)O (=b0O skip.T)
={semantics}
(bO s.P)T(=bOT)
={calculus}
-bOs.P (End)

Property 3 g(X).Y is conjunctive.
Proof. Letting G denote the body of g we prove by structural induction

[G(g/X).Y 0 G(g/P).Q= G(g/XCP).(YLIQ)]

(i) G is assignment akip: reduces to Property 1.
(i) Gisg:
G(g/X).Y OG(g/P).Q
={Gis g}
XY OP.Q
={definitions}
X0OP
={definition}
XOP).(YOQ)
={Gis g}
G(g/XOP).(YOQ)
(i) G is h where h is a procedure different from g: reduces to Property 1 by the absence of mutual
recursion.
(iv) G is u; v: Assume the inductive hypothesis holds for v.
G(g/X).Y OG(g/P).Q
={G is u;v}
((u;v)(9/X)).Y O ((u;v)(9/P)).Q
={g does not occur in u by the requirement of tail recursion}
(u; v(9/X)).Y O (u; v(9/P)).Q
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={ semantics of semicolon}
u.(v(g/X).Y) Ou.(v(g/P).Q)
={ Property 1 applied to u}
u.(v(g/X).Y Ov(g/P).Q)
={inductive hypothesis for v}
u.(v(g/XP).(YLIQ))
={ semantics of semicolon; g does not occur in u}
((uv)(g/X0P)).(YLIQ)
={Gisu;v}
G(g/XCP).(YQ)
(Tail recursionis not crucia in the above.)
(v) Gisif ... fi: exercise.
(vi) Gisu[]v:similarto case(iv) (End)

Property 4 g(X).Y is monotonic.
Proof. Lemma 1 and Property 3. (End)

We say that predicate P is an "invariant (of g) for R", for any predicate R, iff
[PO g(P).R]; Pis simply an "invariant" if it's an invariant for T. Operationally P is an invariant for R iff
each execution of g in a state satisfying P leads to all recursive invocations of g taking place in a state
satisfying P, and either g iterates forever or establishes R. (The "establishes R" clause of the preceding
sentence appealsto the tail recursiveness of g.)

Example 2 With DO as defined in Example 1 we have
P an invariant of DO
={ definition}
[PO DO(P).T]
={ Example 1}
[PO -bs.P]
={calculus}
[POb O s.P]
This is as we would like: the final line is the usual definition of invariant as apploaiio- sod.
(End)

3 Temporal Predicate Transformers

For g a recursive procedure we want to formulate the weakest precondition such that a
given predicatealways holds on the initial and on each recursive invocation of g, and similarly for
eventually andinfinitely often. We call these "temporal predicate transformers”. It turns out that temporal
predicate transformers may be expressed as the least or greatest fixpoints of certain monotonic functions on
predicates.

3.1 Fixpoints

For any fixpoint X of function f its defining property X = f.X is called the "fixpoint
property (of X with respect to f)". We denote byX(f.X) the greatest fixpoint of f, and by (uX:f.X) the
least fixpoint. All monotonic functions on a complete lattice have least and greatest fixpoints. See [8] for
the background on fixpoints. It is shown in [5] that assertions, partially ordered ¢ embedded in a
complete lattice, and so monotonic functions on assertions possess least and greatest fixpoints. If Z denotes
the greatest fixpoint of function f then the property that for all X

[XOfX] O [XOZ]
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is called the "greatest fixpoint property (of Z with respect to f)". The "least fixpoint property" is defined
dually: denoting the least fixpoint of f by Y then for al X

[f.XOX] O [YOX]
These fixpoint properties are instances of fixpoint induction; see [7].
3.2 "Always"
For procedure g and predicates P, R we define
Ag(PR) = (nX: POg(X).R)

This fixpoint exists because PCg(X).R is monaotonic in X for all P, R; thisis easily inferred from Property 4

and predicate calculus. Operationally 4,.(P,R) is the weakest precondition such that P holds on each
invocation of g — initial and recursive — and such that g iterates forever or establishes R. However, we will
not be appealing to this operational interpretation. For brevity we will omit the subsw@@.(ﬂ?,R), it

being always understood to be g.

Example 3 4.(T,R) is the weakest precondition such that g iterates forever or establisHEETRE) is the
weakest precondition such that g iterates foreve(T,T) is the weakest invariant of g (End)

Property 5 _4.(P,R) is monotonic.
Proof.

[POQ]O[RO SO [A4.(P,RO A4.(Q,S)]
={detach [F] Q] O[RO S]}

[A4.(P,RO A4.(Q,S)]
={definition}

[A.(P.R)T (nX: QTg(X).S)]
O { greatest fixpoint}

[A4.(P,RO QUOg(A4.(P,R)).S]
={fixpoint property of 4.(P,R)}

[POg(A4.(P,R)).RO QOg(A4.(P,R)).S]
O {calculus}

[PO Q] O[g(A4.(P,R)).RO g(A4.(P,R)).S]
0 {g(X).Y monotonic in Y}

[POQIO[RO S]
={detached axiom}

true (End)

Property 6 4.(P,R) is conjunctive.
Proof: We show [4.(P,R)0 4.(Q,S)= 4.(POQ,RCS)]. The proof from right to left follows easily from
the monotonicity of4 and is left to the reader. For the other direction
[A4.(P,R)TA.(Q,S)0 A4.(PLQ,RIS)]
={definition of _4.(PQ,RCS)}
[A4.(P,R)TA.(Q,S)T0 (nX: POQ Og(X).(ROS))]
O { greatest fixpoint property}
[A4.(P,R)OA.(Q,S)0 POQUOY(A.(P,RILA4.(Q,S)).(RIS)]
={calculus; g(X).Y conjunctive}
[A4.(P,R)0A.(Q,S)0 POQOY((A.(P,R)).RO9(A.(Q,S)).S]
O {calculus}
[A4.(P,R)O POY(A4.(P,R).RIO[A4.(Q,S)00 Q0g(A4.(Q,S)).S]
={fixpoint properties}
true (End)
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Property 7 A.(P,R) isaninvariant for R,

Property 8 [ A4.(P,R) [7 P].
Proofs of Properties 7, 8.
(A.(P,R) aninvariant for R) O[_A4.(P,R) O P]
={ definition}
[A4.(PR) O g(A4.(PR).Rl|O[A4.(PR) O P
={ calculus}
[A4.(PR) O POg(A.(PR)).R]
=({fixpoint property of 4.(P,R)}
true (End)

Indeed _4.(P,R) is maximal inthat if X isaninvariant for R and [X O P] then[X O _4.(P,R)]; thisfollows
from the greatest fixpoint property of 4.(P,R).

Property 9 If P isan invariant for Rthen [ _4.(P,R) =P].
Proof. Exercise. (End)

3.3 "Eventually"

(This and the following subsection may be omitted on first reading; 3.3 is a preparation
for subsection 3.4 which in turn is not needed until section 9.) For procedure g and predicates P, R we
define

Z5(P.R) = (uX: FOg(X).R)

This fixpoint exists because, as the reader may infer from Property 4 and some predicate calculus,
POg(X).R is monotonic in X for all P, R. Operationalﬁ]g.(P,R) is the weakest precondition such that g
establishes R, or P holds at some invocation of g; we will not appeal to this operational interpretation (and
admit that it's not obvious). We will omit the subscript4g.(P,R), it being always understood to be g. To
prove a conjunctivity property &f we shall need the following lemma.

Lemma 2 For any conjunctive function f.(X,Y) let h.Y = (uX:f.(X,Y)). Then h.Y is conjunctive.
Proof. We show [h.P Oh.Q = h.(PLQ)]. For the proof from right to left
[h.(POQ) O h.PON.Q]
={ definition of h.(PCQ)}
[(uX:£.(X,POQ)) O h.PON.Q]
O {least fixpoint property}
[f.(h.POh.Q, FIQ) 0 h.PON.Q]
={f is conjunctive}
[f.(h.P,P)Of.(h.Q,Q)0 h.POh.Q]
={fixpoint properties}
[h.PON.QO h.PON.Q]
={calculus}
true
In the other direction:
[h.PON.QO h.(PEQ)]
={calculus}
[h.PO -h.QUh.(PIQ)]
={definition of h.P}
[(uX:£.(X,P)) O =h.QUh.(PIQ)]
O {least fixpoint property}
[f.(=h.Q Oh.(POQ), P)O -h.QUh.(PIQ)]
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={ calculus}

[f.(-h.QOh.(POQ), P)O h.QO h.(PQ)]
={fixpoint property of h.Q}

[f.(=h.Q Oh.(PIQ), P)0.(h.Q,Q)0 h.(FIQ)]

={f is conjunctive; calculus}

[f.(h.Q Dh.(FQ), AIQ) U h.(FQ)]
={fixpoint property of h.(FIQ)}
[f.(h.Q D'h.(AQ), AQ) O f.(h.(AIQ), PHQ)]

O {f is conjunctive, hence left monotonic (Lemma 1)}

[h.QOUN.(PHQ) O h.(FIQ)]
={calculus}
true (End)
Property 10 Z(P,R) isconjunctivein R.
Proof. Let f.(X,R) = PO g(X).R. By a routine application of predicate calculus the reader may infer that
f.(X,R) is conjunctive. Hence by Lemma 2 (uX:f.(X,R)), whichA%P,R), is conjunctive in R. (End)

Property 11 Z(P,R) is monotonic.
Proof. Exercise. (End)

Property 12 [P [J Z(P,R)]

Property 13[g(Z.(P,R)).R 7 Z(P,R)]
Proof of properties 12,13. Similar to the proofs of Properties 7 and 8. (End)

Z and_4 combine in a sort of semi-conjunctivity relationship:

Property 14 [ Z(P,Q) JA.(RS O Z(P[RQLB)]
Proof. Exercise. (Hint: The proof proceeds much as for the proof of Lemma 2 in one direction.) (End)

We mention in passing that the usual definition of g.R, without assumptions of fairness,
is g.R =Z.(F,R), i.e. g.R = (uX:g(X).R); the proof of Property 1 is completed in this case by a straight
appeal to Property 10.

3.4 "Infinitely often”
For procedure g and predicates P, R we define

Jg.(P,R) :ﬂg.(fg.(P,T), R)
As usual we will omit the subscript g. The operational interpretatiafi(BfR), which we will not appeal
to formally, is that it is the weakest precondition such that g establishes R or iterates forever with P holding
infinitely often on invocation of g.
Property 15 Z.(P,R) is conjunctivein R,
Property 16 Z.(P,R) is monotonic.
Property 17 Z.(P,R) isan invariant for R.
Property 18 [ Z(P,Q) JA4.(RYS O Z(P[RQLB)]

Proof of Properties 15,16,17,18. The proofs are easy exercises in predicate calculus using the definition of
Z.(P,R) and the properties gfand_4 already established; they are left to the reader. (End)
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4 Fair Choice

We introduce the fair choice operator on statements, represented by [J . Semantically [I+
has the same predicate transformer semantics as []; it differs from [] in that it influences the behaviour of
recursive procedures in which it occurs. The intention behind [J5 is that the choice should be a fair one;
roughly speaking, we require that in a computation of unbounded length one of the two possible choices
should not be unduly favoured over the other. Our task isto explicate this formally.

Because [| and [Js have the same predicate transformer semantics it follows that the
introduction of fair choice does not destroy Properties 2, 3, and 4, and we will show that Property 1
continues to hold. It is aso evident that [|f's and [I's are interchangeable as far as .4, Z, and / are
concerned.

We shall also have need of so-called "angelic choice" denoted by []5 and defined by
(ullav).R=uROVR

Angelic choice is introduced as a mathematical device for constructing a semantics of fairness; it is not
available to the programmer but arises in certain transformations of programs to be described later.
Intuitively, u []5 Vv establishes postcondition R if either u or v establishes R. It is evident that angelic choice
is monotonic, and thence it easily follows that Property 4 continues to hold in the presence of []5 Angelic
choiceis not conjunctive, however.

For s a statement possibly containing [Jf's we denote by s° a copy of s with eaghir|s
replaced with [}, s°.R is the weakest precondition such thaiag establish R provided a lucky choice is
made at eachs]] g(X)°.R is the weakest precondition such that execution of the body of g may, by making
a favourable choice at each [ive rise to an immediately following (recursive) invocation of g in a state
satisfying X, or to termination in a state satisfying R without further invoking g.

Property 19 [g(P)°.R 7g9(Q).S7 g(P [7Q)°.(R7S)]
(Roughly speaking, this says that if an action may achieve X and is guaranteedo achieve Y then it may

achieve X and Y simultaneously.)
Proof. By structural induction on g; we leave it to the reader. (End)

5 A Weak Fairness

We are now in a position to define g.R in the possible presence of fairness; in fact we
shall do so in various ways the first of which we shall call "weak fairness'. We define

g.R= (uX: A4.(9(X)°.T, R))
That the least fixpoint exists follows easily from monotonicity considerations, in particular from Postulate 1
and Property 5. We note that this definition of g.R reduces to the standard definition (given in subsection

3.3) in the absence of fair choice; the reader may care to prove this.

We must show that the above definition reasonably captures the idea of fairness, and that g is
conjunctive.

5.1 Justification

We justify the definition of g.R. Consider any execution — fair or unfair — of g in an initial
state satisfying g.R; we shall show that if g fails to terminate then the implementation is — in a sense to be
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made precise — unfair. First observe that consequent upon the fixpoint property of g.R and Property 7 g.R is
an invariant for R; therefore g establishes R or iterates forever. Moreover if g iterates forever then we can
exhibit a predicate QO such that eventually every invocation of g takes place in a state satisfying g(Q0)°.T
but never satisfying QO. Recalling the operational interpretation of g(X).Y from section 4, the
implementation is then unfair in the sense that it has infinitely many opportunities to make good (i.e.
progressive) choices at thg'qland so establish QO or terminate, but never takes them. We proceed to
exhibit QO.

Firstly we summarise the theory of constructed fixpoints:

Lemma 3 For monotonic function f.X define the transfinite sequence of predicates

Z0=F

Z.(i+1) = f.(Z.i) for successor ordinalsi+1

Zm= (4. i<m: Z.i) for limit ordinals m.
Then
) ii [J [Zi [0 Zj] for all ordinalsi, j
(i) (uX:f.X) = Z.i for some i.
Proof. It is proved in [5] that the complete lattice of assertions partially ordered by < has bottom element F
and least upper bounds satisfying lub{ P.i; id0S} = ([: i0S: P.i) where the P.i’s are assertions, S is any set,
and lub yields least upper bounds. The proof then follows from a version of the Knaster-Tarski theorem
provedin[1]. (End)

Now define the transfinite sequence of predicates

Z0=F
Z.(i+1) = A4.(9(Z.1)°.T, R) for successor ordinals i+1
Z.m = (d: i<m: Z.i) for limit ordinals m.

Lemma4 g.R= Z] for somej.
Proof. Lemma 3(ii) with.4.(g(X)°.T,R) for f.X (End)

Lemma5][Zj 7 g(Zj).R] for all j>0.
Proof. By transfinite induction on j.
@ j=0:
[2.00O g(Z.0).R]
={definition of Z.0}
true
(i) j=i+1for some i;
[z.(+1) O g(Z.(i+1)).R]
={definition of invariant}
Z.(i+1) is an invariant for R
={definition of Z.(i+1)}
A.(9(Z.1)°.T, R) is an invariant for R
={Property 7}
true
(iii) j is a limit ordinal;
[Z.j O g(Z))-R]
={definition of Z.j}
[(O:i<j: Z2.i) O g(Z.j).R]

={calculus}

[(Di:i<j: i O g(Z.)).R)]
O {calculus}

[(Qi:i<j: (Z2.i O g(Z.).R)O(g(Z.).RO g(Z.)).R))]
={calculus}

[(0i: i<j: Z.i O g(z.).R)] O[(0i i<j: gZ.).R 0 g(Z.j).R)]
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={inductive hypothesis}
[(Qi:i<j: g(Z.).RO g(Z.)).R)]
O {left monotonicity of g(X).Y and calculus}
[(Qii<j: Zi O Z))]
={ calculus}
[(@:i<j: Zi) O Z.j]
={ definition of Z.j}
true (End)

Lemma 6 [Z.(i+1) [7 g(Z.i)°.T] for all i>0.
Proof.
[Z.(i+1) O g(Z.)°.T]
={definition of Z.(i+1)}
[A.(9(Z.)°.T, R)O g(Z.i)°.T]
={Property 8}
true (End)

Consider again an execution of g with the initial state satisfying g.R and in which g
iterates forever. By Lemmas 4 and 5 the state at each invocation of g satisfies Z.j for some j>0 (j>0 because
Z.0 = F). Hence we may associate with each invocation an ordinal j, namely the least j such that the state at
the invocation satisfies Z.j. By Lemma 5 this sequence of ordinals is monotonically decreasing. As all
strictly decreasing sequences of ordinals are of finite length we infer that eventually all invocations have
the same associated ordinal k, for some k>0. It follows from the minimality requirement on the associated
ordinals that they are not limit ordinals — because by definition of Z.m for m a limit ordinal, a state
satisfying Z.m also satisfies Z.j for some j<m. Hence k is a successor ordinal that we may call i + 1. We
now have an ordinal i such that eventually the state at each invocation satisfies Z.(i+1) but never Z.i. We
now infer from Lemma 6 that eventually each invocation of g happens in a state satisfying g(Z.i)°.T but
never Z.i. We may therefore take this Z.i as the QO that was to be exhibited.

5.2 Conjunctivity
To complete the proof of Property 1 in the presence of fairness we shall need:

Lemma 7 g.X is monotonic.
Proof.
[POQ]IU [9.PJg.Q]
={detach [F] Q]}
[9.P0g.Q]
={definition g.P}
[(1X:A.(g(X)°.T,.P)O 9.Q]
O {least fixpoint property}
[A.(9(9.Q)°.T.P)J 9.Q]
={fixpoint property of g.Q}
[A.(9(9.Q)°.T.P)D A.(9(9.Q)°.T.Q) ]
O {right monotonicity of 4}
[PO Q]
={detached axiom}
true (End)

The following lemma separates total correctness of a recursive procedure into partial correctness and a
termination argument.

Lemma8[g.R=9.T JA4.(T,R)]
Proof. Let h.R =4.(T,R). We will use
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[0.RO h.R] 0)
={ definition of h.R}

[o.RO A4.(T,R)
={fixpoint property of g.R}

[A4.(9(g.R)°.T,R)O A4.(T,R)]
={left monotonicity of 4}

true
For the main proof from left to right

[0.RO ¢g.TOh.R]
={calculus}

[0.RO ¢.T]O[g.RO h.R]
={Lemma 7, (i)}

true
For the proof in the other direction we need two preliminary results. Firstly
[h.RO g(h.R).T] (i)

0 {g(X).Y right monotonic}
[h.RO g(h.R).R]
={definitions of invariant}
h.R an invariant for R
={definition of h.R}
A.(T,R) an invariant for R
={Property 7}
true
Secondly
[A4.(h.R,R)= h.R] (iii)
O {Property 9}
h.R an invariant for R
={definition of h.R and Property 7}
true
To complete the main proof
[0.TOh.RO g.R]
={calculus}
[0.TO -h.ROg.R]
={definition of g.T}
[(uX:A4.(g(X)°.T,T)) 0 =h.ROQg.R]
O {least fixpoint property}
[A4.(g(=h.Rg.R)°.T, )OO -h.ROg.R]
={calculus}
[A4.(g(=h.RXg.R)°.T,T)Oh.RO g.R]
={(iii)}
[A4.(g(=h.RXg.R)°.T, O A4.(h.R,R)O g.R]
={conjunctivity of 4}
[A.(g(=h.RXg.R)°.TOh.R, R)O ¢.R]
O {(ii), left monotonicity of 4, calculus}
[A.(g(=h.RXg.R)°.TOg(h.R).T, RO g.R]
O {Property 19, left monotonicity af4, calculus}
[A.(g(h.ROg.R)°.T, R)J g.R]
={(i), calculus}
[A4.(g(g.R)°.T, RO g.R]
={fixpoint property of g.R}
true (End)

Proof of Property 1 completed:
g.X0Og.Y
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={Lemma 8}
0.T0.A4(T,X)0g.TOA(TY)
={right conjunctivity of _4}
g.T 0.4.(T,X0OY)
={Lemma 8}
g.(X0y) (End)

Proof of Property 19 compl eted:

With the introduction of recursion there is an extra case to consider in the proof of Property 19, namely that

for h aprocedure [h°.ROh.SO h°.(ROS)]. The proof proceeds just like the proof of Lemma 8 from right

to left, but appealing to the invariance property of h.S rather than its fixpoint property. We leave it to the
reader. (End)

Programs enjoy the so-called law of the excluded miracle [2], and continue to do so in the
presence of fairness:

Property 20 [sF =F]
Proof. By structural induction, the only novel case being that of g:G.

[9.F=F]
={calculus}

[0.FO F]
={definition}

[(MX:A.(9(X)°.T,F)) 0 F]
O {least fixpoint property}
[A.(g(F)°.T,FO F]
={definition of 4}
[(nX: g(F)°.TOg(X).F)O F]
={fixpoint property}
[g(F)°.TOg(...).FO F]
O {Property 19}
[g(F)°.FO F]
So we are done if programs without fairness but with angelic nondeterminacy enjoy the law of the excluded
miracle. That is known to be true, and can be shown by structural induction. (End)

There is a property of programs that is lost with the introduction of fairness, that of
"bounded nondeterminacy"; it will be considered in section 7.

6 Variant Functions

It is usual to reason about loops and recursion using the notions of an invariant assertion
and a variant function, and this idea carries forward into programs with fairness. As an introduction, and for
purposes of comparison with what is to follow, we state a version of the well-known invariance theorem in
our notation. The "arithmetical" operatorss= etc. have precedence above the logical operators.

Theorem 1 Let g be a tail-recursive procedure without fair choice, P and R be assertions, (C,<) be a well-
founded set, and t be an expression on the state space. If
[P Ot
[P 9(P).R]
[P Ot=x [J g(t<x).T] for all x/ IC
then[P 7 g.R|
(The reader should recognise P as the invariant assertion and t as the variant function. ) (End)
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The theorem for weak fairness accounts for termination with a variant function that can never be increased
and which may possibly be decreased:

Theorem 2 Let g be a tail-recursive procedure, P and R be assertions, (C,<) be a well-founded set, and t
be an expression on the state space such that

[P [Tt 0]
[P 7 g(P).R (i)
[P Ot=x 0 g(t=x).T] for all xLIC (iii)
[P Ot= x [ g(t<x)°.T] for all xZC (iv)

then [P/ g.R]

Proof. First we manipulate (ii), (iii), and (iv) into the more usable
[POt<x0O g(PUOt<x).R] forall xOC (v)
[POt<x0O g(POt<x)°.T] for all xOC (vi)

Firstly
(v)

={g(X).Y left conjunctive}

[POt<x 0O g(P).ROQ(tx).T]

0 {calculus}

[PO g(P).RIOPOt<x O g(tx).T]
={(i)}
[POt<x 0O g(tx).T]

={calculus, in particular the one-point rule}
[(Oc::cxxOPOt=cO g(t=x).T)]

O {(iii) — cOC from POt = ¢ and (i)}

[(c:: e<x Og(t<e). T O g(t=x).T)]

0 {g(X).Y left monotonic}

[(Oc::cx 0g(tx).T O g(t=<x).T)]

={calculus}
true

The proof of (vi) proceeds similarly and is left to the reader. We shall be using well-founded induction in a

form which is explained in a note below. The proof of the theorem is:
[PO 9.R]

={(}
[POtOCO g.R]
={inductive hypothesis: introduce x such that&O [P OtOC Ot<x O g.R]}
[POt=x0 g.R]
O {calculus}
[POt<x0O g.R]
={fixpoint property}
[POt<x0O A4.(g(g.R)°.T,R)]
={Property 9, (v)}
[A.(POtzx,R) 0 A4.(9(9.R)°.T,R)]
O {left monotonicity of 4}
[POt<x0O g(g.R)°.T]

O{(vi}
[g(POt<x)°.T O g(g.R)°.T]
O {g(X)°.T left monotonic}
[POt<x0O g.R]
={inductive hypothesis, (i)}
true (End)

Note on well-founded induction. Well-founded induction in its familiar form is a theorem that facilitates
proofs of formulae of the shapEX; x(IC: Q.x) where (&) is a well-founded set and Q.x is a predicate.
The theorem states:
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(Ox: xOC: Q.x) = (Ox: xOC: (Oy: yOC Oy<x: Qy) O Q.x).

There is another form of well-founded induction for proving formulae of the shape (Ox: f.xOC: Q.x) where
f isany function (whose range may or may not be a subset of C):

(Ox: f.xOC: Q.x) = (Qy: ydC: (Ox: fxOC Of.x<y: Q.x) O (Ox: f.x=y: Q.x)).
Letting Q.x have the form P.x 0 Q.x we easily rewite the preceding as:

(Ox:: Px OfxOCO Q.x) =
(Qy:: yOC O(Ox:: Px Of.xOC Of.x<y O Q.x) O (Ox: Px Of.x=y O Q.X)),

and thisis the kind of well-founded induction used in the proof of the above theorem. This is a frightening
looking formula, but it is easy to use in practice: When we find ourselves confronted with proving (Ox:: P.x
Of.xOC O Q.x) we just postulate the truth of yOOC O (Ox:: P.x Of.xOC Of.x<y O Q.x) — the induction
hypothesis — and proceed with provirigx{ P.x 0 f.x=y O Q.x) feeling free to appeal to the inductive
hypothesis as we need. See [6]. (End)

Observe that Theorem 2 reduces to Theorem 1 in the absence of fairness. It is sometimes easier to use (v)
and (vi) instead of (ii), (iii), and (iv) when applying Theorem 2.

Example 4 Consider
gl: skip [l i:=i+1; g1

To apply Theorem 2, for P and R take T, for<{Gake the natural numbers with the usual ordering, and for

t take the constant function which maps all states to 0, say. Then conditions (i) to (iv) reduce to showing
[TO g1(T).T] — that T is an invariant — and([Tg1(F)°.T] — that g1 may terminate on each iteration; these
are evidently true and their formal verification is routine. Hence E.T (End)

Example 5 Consider
g2: g2 [fif i > Othen i:=i-1; g2else skip fi

We can apply Theorem 2 to infer [gZT]. For invariant take T, and for variant function take abs.i, where
abs is the function that returns the absolute value of its integer argument; abs.i cannot be increased and may
always be decreased until i = 0. (End)

Example 6 Consider

g3: if bthen (i:= i+1 [ b:= false); g3
else g2 {of Example 5¥fi

We want to infer [g3.ET]. Choose invariant T, and variant function t = abs.twxHh.b) wherew denotes

the first infinite ordinal and h maps the booleans to {0,1} by h.false = 0 and h.true = 1. While b is true t has
the value w regardless of the value of i; moreover, the assignment b:= false, which is always possible while

b holds, reduces t to a finite value which thereafter can only be decreased. It can be proved that the natural
numbers do not suffice for proving termination in this case — we have taken for C an infinite ordinal, say
w2. (End)

Example 7 Consider
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g4: if i =10 then skip
esei:=0; gl {of Example 4}; g4 fi

(Note that the presence of g1 does not contravene the requirement of g4's recursion being tail recursion; the
requirement is that all recursive calls of g4 are dynamically last calls, and that requirement is met.) Using
the invariant T and the variant function h.(i#£10) as defined in the preceding example we may infer
[g4.T=T]. Wewill return to this example later. (End)

7 Characteristics of fairness

The choice operator is evidently commutative and associative, so it is reasonable to apply
it to abag of statements. We will write

(0i: j0S: sj) (€
to denote choice applied to all the s;j 's such that jOIS. For example
(0j: jOnat: i:=j) 2

where nat denotes the set of natural numbersis equivalentto i:=0 [] i:=1[] i:=2 ] .... We define ([I5 j: jOS:
sj) analogoudly. If S is bounded then (1) can obviously be expressed as a program (without fairness) if
each s can, but if Sis unbounded then (1) has no equivalent program using traditional semantics; we say
that programs have the property of "bounded nondeterminacy”. This property no longer holds with the
introduction of fairness. Indeed (2) has the same predicate transformer semantics as i:=0; gl where gl is
given in Example 4; this is easy to verify and is left to the reader. However, if i:=0; gl in Example 7 is
replaced with (2) then g4.T evaluates not to T but to i=10, the reason being that i:=0; g1 implements not (2)
but (Is: jOnat: i:=j). Fairness as we have defined it introduces not unbounded nondeterminacy but
unbounded fair nondeterminacy. This will be seen to be significant when we consider implementation
issues.

We have two kinds of nondeterminacy represented by [] and [+. The essential difference
between them is, to borrow terminology from Park[7], that [] captures "loose" nondeterminacy whereas [J+
captures "tight" nondeterminacy. Loose nondeterminacy requires simply that every result of a
nondeterministic computation be one of those prescribed by the semantics; tight nondeterminacy requiresin
addition that all the admissible results are in fact possible outcomes of the computation. We should expect a
customer to raise no objections if wereplacei:=1[] i:=2 in his or her program with i:=1 — but replacing i:=1
[I5 i:=2 with i:=1 may well be fatal:

Example 8

g5: if j=0 then skip
else
(i:=1 I i:=2);
if i=j then j:=j-1 else skip fi;
g5
fi

We can easily show (using Theorem 2 with variant j) that j:;=2; g5 always terminates. However, it will
iterate forever if i:=1 j i:=2 is replaced with i:=1 or i:=2. (End)

It seems clear, however, that termination of a recursive procedure cannot depend on a fair component
delivering an unbounded number of outcomes; however, the particular bounded sequence of outcomes that
leads to termination may depend on the computation.
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A consequence of the tight nondeterminacy of fair choice is the loss of a property of
programs that we shall call "monotonic replacement”. Let us introduce relation = on programs such that
SEt equals "program s is refined by (or is implemented by, or may be replaced by) program t". Formally
stt = (OX:: [s.XO t.X]). Monotonic replacement is the law that for all programs u, v, and s, with u possibly
occurring in program s, u=v [1 s=s(u/v) — in words, that we can refine a program by refining a component
of it in isolation. It is a crucial law in the theory of program construction. Now (i§5%8) = i:=1 but it is
not the case that g5 of Example 8 is refined by replacing it=ii=§ by i:=1. We can continue to apply
monotonic replacement, of course, as long as we do not reduce - or at least are very careful about reducing
- the degree of fair nondeterminacy.

A final characteristic of fairness is the well-known fact that fair computations are of
unbounded length: we cannot in general place an upper bound on the number of computation steps taken by
a fair computation before it terminates.

8 Bounded Weak Fairness

With fairness as we have defined it, a recursive procedure not only uses fair choice to
terminate, but makes that fairness externally visible. In Example 4, for example, g1 uses fairness to
terminate — but procedures invoking g1, such as g4 in Example 8, may rely on the fairness not just for gl's
termination, but for its termination in a favourable state. We consider now a kind of fairness which by
contrast is purely local, without global consequences. We retain the definition of section 5 but with a
revised meaning for g(X)°.T. Previously we defined the ° operation as one of replatngith |5 's; for
the new fairness we restrict the replacementts fiot occurring in nested procedures. More precisely, in a
definition of g(X)° by structural induction we define f° for f a procedure invocation by f° = f. The
semantics of the procedures of Examples 4 and 5 is not changed by the new definition - because they
contain no nested procedures, and the reader will also convince him-/herself that g3 of Example 4 continues
to behave as before. But g4 behaves differently:

Example 9 We show that now [g4.F i=10] where g4 is the procedure of Example 7. That [IE1@4.T]
is obvious. For the other direction we first show [g1.(i=2 .
gl1.(i=10)
={Lemma 8}
gl.TO ﬂgl.(T, i=10)
={Example 4, remarks in preceding paragraph}
ﬂgl.(T, i=10)
={definition of 4}
(nX:g1(X).(i=10))
Let f.X = g1(X).(i = 10). We leave it to the reader to show .iE10], and then [f.(f. T F]. Hence

[01.(i=10)= F]
={preceding}
[(nX:£.X) = F]

={fixpoint twice}
[f.(f.(nX:f.X)) = F]
={f monotonic, [f.(f.T)= F]}

true
Knowing [g1.(i=10)= F] we may easily calculate [g4°(i=10)=Ti=10]. Hence
[04.T O i=10]

O {least fixpoint property of g4.T}
[Aga-(94°(i=10).T, T)O i=10]

={see above?

[Aga.(i=10, T)O i=10]

={Property 8?
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true (End)

A consequence of the new kind of fairness is that unbounded nondeterminacy is no
longer fair. Now, i:=0; g1 is equivalent to ([]j: jOnat: i:=j) rather than ([I+j: jOnat: i:=j). Hence we call this
fairness "bounded weak fairness'.

Bounded weak fairness preserves monotonic replacement at the procedure level: for
procedures g and f, and program s we have g=f [0 s=s(g/f) — we leave the verification of this to the reader.

Bounded weak fairness was defined by hiding the fairneaB sonstituent procedures.
We could be selective, however, by giving the programmer the option of hiding or not the fairness at each
procedure invocation — the mathematics does not object.

9 A Strong Fairness

It may be overly demanding to require that an execution of g should be able to make
progress on every iteration. It suffices to require that the opportunity to progress comes repeatedly, and this
is the motivation behind what we now introduce as "strong fairness". Weak fairness is a special case of
strong fairness. We replace the definition of section 5 with

9-R = (UX:Z(9(X)°.T, R))

Its justification proceeds much as for weak fairness: the difference is that in the event of infinite iteration
we can exhibit a predicate QO such that g(Q0)°.T holdsfomitely many invocations of g, but never QO.

Again g is conjunctive and satisfies [ggH-]. The proofs proceed much as for those of weak fairness, using

the results of subsection 3.4, and are omitted. The use of variant functions for proving termination is more
complicated: we use two functions t and u such that each iteration cannot increase t and either decrements u
or admits the possibility of decrementing t.

Theorem 3 Let g be a tail-recursive procedure, P and R be assertions, (C,<) and (D,S) be well-founded
sets, and t and u be expressions on the state space such that
[P O tC OJulD]
[P 9(P).R]
[P Ot=x 0 g(t<x). T] for all x(IC
[P Ot=x Ou=y [J g(t<x)°.T [Jg(u<y).T] for all x_IC, y.D
then [P/ g.R]
Proof. The proof is much the same as that of Theorem 2 and is omitted. (End)

Strong fairness admits the same variations as weak fairness, as described in the preceding section.
Example 1Q@Consider

g6: ifi >0then
if -bthen i:=i-1 else b:= =bfi; g6
else skip fi
[] b:==b; g6

We apply Theorem 3 to infer [ggT]. For invariant take T. For t take abs.i and for u take h.b as defined in
Example 6. It is evident that abs.i cannot be increased. Furthermore, when h.b = 1 either the procedure
terminates or h.b is decreased, and when h.b = 0 then abs.i may be decreased or the procedure may
terminate. (End)
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10 Implementation Issues

Can fairness be implemented? More precisely, can we make an implementation that
terminates when presented with a procedure g, containing fair choice, in initial state g.T. The component
that interests us is the arbiter. We confine our attention for the moment to weak fairness. By the argument
of subsection 5.1 an implementation fails to terminate by failing to establish a predicate for which it has the
opportunity on every iteration. The arbiter is never faced with a bad choice, only neutral and good ones. At
first sight it might seem an adequate implementation simply to impose on the arbiter the obligation to "try
al", i.e. to follow all the execution paths of g systematicaly and periodically. Assuming the
implementation can periodically enumerate the possibilities — and the presence of unbounded fairness
doesn't exclude this — then we might expect steady progress towards termination. It would be a hit-and-miss
affair of course, but the misses do no harm and the hits should come regularly enough. This try-all strategy
seems adequate for the procedures of Examples 4, 5 and 6, for example, but sadly it does not suffice in
general:

Example 11
g7: if bthen
(b:= -c; c:= true { b:=c; c:=false); g7
elseskip fi

An execution of g6 with initially b = true terminates by the semantics of weak (bounded) fairness. Yet an
implementation that cycles through the possibilities by selecting alternately the left and right components
of the fair choice either terminates after one iteration or fails to terminate. (End)

The try-all implementation having failed, we resort to probabilistic methods. Let us

require of the arbiter that it give to each nondeterministic choice in statements that are to be treated fairly a
positive probability of being selected. Assume for the moment that the fairness is a bounded type; we can
then further insist that the probabilities be non-vanishing. Hence in an execution of procedure g, a
favourable action — one that brings progress — will eventually be selected with probability one, and so g
terminates almost surely (i.e. with probability one). If the fairness is unbounded then the probability of
progressing towards termination with this strategy is in general vanishing, and so the probability of
terminating is less than 1. This is a pity but there seems no escaping it.

Strong fairness may be implemented by the same probabilistic strategy as for weak
fairness provided the fairness is bounded: if all choices can be given a non-vanishing probability of being
selected then, the opportunity to progress coming infinitely often, progress will eventually be made with
probability one.

But there is a sense in which it is legitimate to say that fairness is not implementable. For
to implement fairness we must construct an arbiter, and once we fix the arbiter the fairness vanishes:
knowing the arbiter we could rewrite the program without using any fair choice and without any reduction
in nondeterminacy over what the agreed arbiter would provide. Futhermore fairness as such is not in a
certain sense useful: a guarantee of termination is not of practical significance if we have no upper bound
on the length of the computation. If fairness is of any benefit it is because it is an abstraction: it abstracts
from the details of arbiters allowing us to reason more easily about termination, it being a further, but
separate, concern to calculate upper bounds on the length of the computation knowing the details of the
arbiter actually used. What we have shown, in the present case, is that the class of arbiters accommodated
by our semantics is a class of probabilistic ones.

The fact that our fair semantics admits only probabilistic arbiters comes as a little
surprise. One of the motivations behind the present approach was to construct a semantics of fairness in
which the syntactic shape of the program was not significant. In contrast, many treatments of fairness begin
by fixing the shape of the program, typicallydasb0 — sO [ b1 - s1 [ b2- s2[]...od. In retrospect, the
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fact that only probabilistic arbiters are accommodated stems in large measure from our decision to ignore
the shape of the program. Probabilistic arbiters are used in practice to implement fairness, for example in
CSMA/CD network protocols, but an implementation that is fair by virtue of cycling through the
possibilities is more commonly assumed. There seems no reason why we shouldn't be able to use the
machinery of temporal predicate transformers to describe such afairness, perhaps at the price of exploiting
the syntactic shape of the program, but we will not try to substantiate that claim here.

11 Summary and Conclusion

There is an extensive literature on fair termination, comprehensively surveyed in [4].
Two notions of fairness have predominated: weak fairness which requires that "every action that is
continuously enabled is eventually taken", and strong fairness which requires that "every action that is
infinitely often enabled isinfinitely often taken". Much of the work on fair termination has been concerned
with giving forma expression to these operational ideas, many variations coming about because of the
variety of interpretations that can be given to "action" and "enabled". The distinctive features of our
approach are as follows. Firstly, whereas fair termination of programs has usually been formulated as
Hoare-style proof rules the present treatment uses the machinery of predicate transformers and fixpoint
theory. We proceeded by formulating predicate transformers to capture the temporal notions of always,
eventually, and infinitely often, and used these as the building blocks of our theory of fairness. Secondly,
we have not so much been concerned with specific definitions of fairness, although we have given some,
but with creating a framework that accommodates many notions of fairness uniformly. Thirdly, our fairness
is not confined to guarded commands, but is denoted by a fair choice operator that may be employed
arbitrarily in the program. Indeed we do not exclude arbitrary choice and various kinds of fair choice
coexisting in the same program. Fourthly, our notions of fairness do not exploit the syntactic shape of
programs — for example by attaching counters to guards that are decremented each time the guard is
ignored and which eventually ensure priority for the guarded command. Fifthly, we have based our
treatment on recursion rather than on loops, the latter being preferred heretofore. Sixthly, the kinds of
fairness we have introduced admit implementations only with probabilistic arbiters, and provided the
fairness is bounded. The machinery we have introduced appears to be equally capable of describing the
kind of fairness that cycles through the choices, provided we are willing to exploit the syntactic shape of
the program.

The main advantages of the present approach seems to be that it provides a framework
for accommodating a range of fairness notions with ease, and that it imposes but modest proof obligations
on the programmer.
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