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1. Introduction

11 A family of many-valued logics

E3, EC, EB, and E4 are members of a family of many-valued logics for reasoning equationally about
programs and specifications.

e E3[5] is a three-valued logic designed to handle partiality; it is more or less an equational version of
typed LPF (“logic of partial functions™) [3.4].

e EC (which we formally called EO) is also three-valued, but designed to accommodate
nondeterminacy rather than partiality; it is described in [5].

* E4is a four-valued logic that accommodates both partiality and nondeterminacy [6].

e EB is also four-valued, and supports nondeterminacy and miracles (i.e. empty choices); it is designed
to support bunch theory and is described in [7].

They all share a core set of axioms and inference rules, which we call E™. The father of this family is E
[1,2] which is a version of traditional predicate calculus formulated by Dijkstra and Feijen to facilitate an
algebraic style of constructive proving. The name “E” is taken from the first letter in “equational™, because
the most important connective in the logic is equivalence rather than implication.

Here we prove the important theorems of the logics, and describe and justify the proof techniques that
allow them to be used effectively in proof engineering. The paper is a reference manual, and is not intended
to be read through. It is written partly as a definitive record of the various logics in the family, and partly in
response to the requests and challenges we have received to prove this or that theorem.

In bringing all the logics under one roof, we have taken the opportunity to improve the axiomatisations in
various ways. In particular, some axioms special to E4 turn out to have been derivable, and the treatment of
equality has been overhauled to make it more uniform across all members of the family. In our original
presentation of E4, we erroneously stated that conjuntion distributes over disjunction (and vice versa), but
this is not in fact an equivalence but a bi-implication; this is corrected here.

Our interest is in reasoning about strongly typed specification and programming languages. Typed
specification and programming languages are axiomatised by providing a collection of axioms for each
type, together with a set of inference rules. We assume that the booleans are among the types, and that they
include universal and existential quantifications. By a “logic” we mean an axiomatisation of the boolean
type, together with the inference rules. Relationships among programs, such as equivalence or refinement,
may be treated as boolean terms, with the result that for everyday reasoning about programs, no extra logic
is needed at the metalevel.

1.2 Overview and notation

We use the letters E, F, G, ..., and t to stand for terms of arbitrary type. The letters T, U, ... stand for
arbitrary types (including the booleans). The type symbol B (pronounced “bool”) denotes the booleans.
Terms of type B are called “formulae”; we let P, Q, and R stand for formulae. We are also given for each
type T an infinite supply of program variables. We let x stand for an arbitrary program variable of type T;
in programming languages, the type is supplied by context and so the subscript is typically omitted. For x a
variable of any kind, we denote by E[x:=t| the term got by substituting each free occurrence of x in E with t
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(with renaming as necessary to avoid free variables in t becoming bound as a result of the substitution). We
are given two boolean constants, namely True and False; these constants and the program variables of type
B together constitute the “atomic” formulae. Other types supply further atomic formulae (for example, the
integers provide 2<3), but at this level of presentation we do not care about the details of other types. We
construct complex formulae in the usual way: POQ, POQ, PO Q, P = Q, E=F, E£F, —P, (k:T « P), (Ox:T «
P), (Ok:T|R + P), and (Ox:TR * P).

Classical logics, including E, assume that typed terms denote a single unique value in the type. In
programming and specification languages, however, this is not necessarily so. A non-terminating
invocation of a recursive function of result type T does not yield a value in T; we say that its outcome is the
special value O (0 is pronounced “bottom™). Specification languages may include terms of the form ErF
to denote a nondeterministic choice among terms E and F. An evaluation of EMF may yield different
outcomes on different occasions, the only requirement being that each outcome is chosen from an
evaluation of E or an evaluation of F. Specification languages may also provide a mechanism for
constructing a term which denotes a value satisfying some defining property. If it turns out that no value
satisfies the property then the term has no outcomes and we treat it as a special term called null where T
denotes its type. These special terms may even appear in the booleans, giving us strange booleans such as
Og, TruerFalse, and nullg. E3 supports Up; EC supports ; EB supports M and nullp; and E4 supports
Crand 1.

We introduce the prefix symbol A where AE is boolean-valued. The intention is that AE holds just when E
denotes a single unique value in the traditional sense. For example, A(3*2) holds, but not A(3/0) or
A(TruerFalse). A term E satisfying AE is said to be “proper”; other terms are said to be “improper”. The
core logic. E axiomatises the boolean operators so that they retain their traditional meaning when all the
arguments are proper, but it leaves open the behaviour of the operators with respect to the strange booleans.
However, it does establish that some terms are always proper, most notably E=F, AE, and program
variables. From the axioms of E* we can deduce that there are two distinct booleans (True and False), but
we cannot conclude that there are not more. Despite this openness, it turns out that nearly all the workhorse
theorems of classical predicate logic are derivable in E . We subsequently construct each logic in the
family by (in each case) adding a small collection of further axioms. For example, E is just E™ plus axiom
AE.

Theorems that do not pertain to all logics (i.e. those that rely on axioms not in E ) are
labelled with superscripts as a reminder of the logics to which they belong. In the
superscripts 2=E, 3=E3, c=EC, b=EB, and 4=E4. Axioms are labelled similarly.

The underlying model is briefly as follows. Disjunction and conjunction will be formalised so that they
behave as minimisation operations with respect to the following orderings:

Disjunction: True < nully < Og < TruerFalse < False
Conjunction: False <nullg < Og < TruerFalse < True

Because Uy and nullg do not appear together in any logic, their relative order above is irrelevant. Of
course, E fixes only the relative ordering of True and False, and has nothing to say of other boolean
values; their place is fixed in the respective logics. E fixes negation so that it behaves classically with
respect to the proper booleans, and otherwise is an involution; subsequently, each particular logic extends
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negation to the strange booleans by treating it as an identity operation on them. The implication PO Q is
treated as being equivalent to (P£True)JQ. Equivalence (=) is so-called “strong equivalence”, i.¢ it yields
True if its two arguments are the same, and otherwise it yields False. We will introduce equality (=) later.
We will formalise (Ox:T ¢« P) so that it behaves as a generalised conjunction of the formulae obtained by
instantiating P with the proper elements of T. Existential quantification is treated similarly as a generalised
disjunction (and indeed we will retain the equivalence of (Ok:T * P) and —(Ox:T ¢ —P)). Quantifications
over subtypes are written as (Ox:T|R « P) and ((k:T|R < P), respectively, where in each case R is called the
“range”. We will formalise (Ox:T|R ¢ P) so that it encodes “P for all x for which R is True”, and
(Cx:T|R « P) so that it encodes “P for some x that for which R is True”.

Brackets may be omitted using the following operator precedence, which runs from highest to lowest (the
list includes T and = which we will explain later):
AT, = mn c 00 0, - =, %

L

Operators in comma-separated groups have the same priority. Prefix unary operators such as — and A
bracket to the right. Substitution binds tightest of all.

2. Thecore logic E~

2.1 Axioms and inference rules of E—

The axioms common to all the logics are all substitution instances of the following formulae:

Equivalence
=-refl: E=E
=-symm: (E=F)=(F=E)
=-truth: (E=F)=True)=(E=F)

Negation

exchange: P=Q)=(-Q=P)
Z-defn: ExF)=—~E=F)
False-defn: False = —True

Disjunction
[Fsymm: POQ=Q0OP
[Jassoc: POMQUOR)=(POQ)OR
Fidem: POP=P
[Fzero: P OTrue = True
Funit: P OFalse = P

Conjunction



[(Fdefn:

0 -defn:
0/=:

O/

[(Flub:
shunting:
=-weakening:
Leibniz:

< -defn:

AB:

O/

o/o:

O/=:
O-truth:
interchange:
renaming:
trading:

[(+defn:
0-defn:
Flub:

instantiation:

variables proper:
constants proper:

[Fdefn, [Fdefn, and [-defn are all instances of de Morgan’s laws, and we sometimes refer to them as such

in proofs.

The axioms differ from those of E in that that (P=True) = P holds only for proper P, and in that

J. M. Morris & A. Bunkenburg

POQ=—(—PO—-Q)
Implication

PO Q= (P #True) JQ
POQ=R=(P0OQ=P0R)
POQOR=((POQOMPOR)
POQOD R=(POR) OO R)
POQUO R=PO (QO R)
(P=Q) 0 (PO Q)

(E =F) 0O (G[x:=E] = G[x:=F))
P-Q=(P0QONQOP

Boolean properness
AP = ((P = True) = P)
Universal quantification

(Ox:T*POQ) = (Ox:T+P) I(Ox:T+ Q)

(Ox:T-PO Q) = PO (Ox:T » Q) if x does not occur free in P.
(OxT-P=Q)0 (OxT+P) = (Ox:T+Q))

((Ox:T « P) = True) = (Ox:T « P = True)

(Ox:T « (Oy:U+P)) = (Oy:U + (Ox:T » P))

(Ox:T« P) = (y:T « P[x:=y]) where y is fresh

(Ox:TIR+P) = (OxxT+RO P)

Existential quantification

(kT P) = ~(Ox:T »—P)
(OkTIR « P) = ~(Ox:T|R * —P)
(xT+P)O Q = (OxT+P O Q) ifx does not occur free in Q.

Term properness
(Ox:T«P)DOAt O Plx:=t]

Axp
(Ox:T » Ax)

instantiation is only valid for proper terms.
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The inference rules are modus ponens (MP) and generalisation:

Modus P, POQ Generalisation P
Ponens Q (Ox:T+P)

2.2 Derived inference rules

The archetypical proof in the logic family consists of transforming the formula to be proved into a known
theorem. The transformation consists of repeatedly substituting equals for equals. This method relies on a
collection of derived inference rules, namely Equanimity, Leibniz, Transitivity, True-intro, False-intro, and
Implication Transitivity. We prove the validity of each in turn, and then explain how they are used
(Implication Transitivity is not needed immediately and we postpone its verification until later).

Equational reasoning proceeds using the following inference rules:

Equanimity P, P=Q Leibniz E =F, P[x:=F]
Q P[x:=F]
Transitivity E=F F=G True-intro P
E=G P = True
False-intro -P
P = False

The symmetry of = gives rise to trivial variations on each of the above.

We prove the validity of each in turn by showing a sequence of steps by which the conclusion (the formula
below the line) can be deduced from the hypotheses (the formulae above the line).

Equanimity

@) P=Q — hypothesis
(ii) PF=Q0®0 Q) — =-weakening
(iii) POQ — (i), (i), MP
(@iv) P — hypothesis

) Q — (iv), (iii), MP
Leibniz

(1) E=F — hypothesis

(ii) (E =F) 0O (P[x=E] = P[x=F)) — axiom Leibniz
(iii) P[x:=E] = P[x:=F] — (i), (ii), MP
(iv) P[x:=E] — hypothesis

) P[x:=F] — (iv), (iii), Equanimity
Transitivity

@) E=F — hypothesis

(ii) (E=F)=(F=E) — =-symm



8 J. M. Morris & A. Bunkenburg

(iii) F=E — (i), (ii), Equanimity
(iv) F=G — hypothesis

) E=G — (iii), (iv), Leibniz
True-intro

We shall require the theorem (P = True) O (P # True); this is proved as follows:

(a) (P = True) O (P = True) — axiom Leibniz with x for G

(b) (a) = (P = True) # True) O(P = True) — [ -defn

(c) ((P = True) # True) J(P = True) — (a), (b), Equanimity

(d) ((P = True) # True) = (P # True) — theorem =-non-truth (see below)
(e) (P # True) O(P = True) — (c), (d), Leibniz

The justification of True-intro is:

(1) P — hypothesis

(i1) PO (P = True) = (P#True) O (P = True) — [ -defn

(iii) PO (P = True) — (e), (ii), Equanimity
(iv) P =True — (i), (iii), MP

Theorem =-non-truth is ((E = F) # True) = (E # F); it is easily proved using #-defn and =-truth, without
use of True-intro.

2.3 Reasoning with equivalence
A proof that P is a theorem is typically laid out as follows:
P

=“justification 17

Q
=“justification 2”
R — Theorem “T”

This is short-hand for:

(i) P=Q — “justification 1

(ii) Q=R — “justification 2”

(iii) P=R — (1), (ii), Transitivity
(iv) R — Theorem “T”

v) P — (iii), (iv), Equanimity

In each proof step, the justification of X = Y (for any X and Y) takes one of the following forms.

1. It may be reference to where X =Y has been established as a theorem.
2. If X'and Y are similar in structure except that X has a subexpression E where Y has subexpression F,
then X =Y can be cast in the form Z[x:=E]| = Z[x:=F] where x stands for a fresh variable. In that
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case, the justification consists of a reference to where E = F has been established as a theorem. The
truth of Z|x:=E] = Z|x:=F] follows from axiom Leibniz and an application of MP.

3. If X=Y can be cast in the form Z[x:=P] = Z[x:=True], its justification consists of a reference to
where P has been established as a theorem. The conclusion follows as before, with an additional
appeal to True-intro to infer P = True.

4. If X =Y can be cast in the form Z[x:=P] = Z[x:=False], the justification consists of a reference to
where —P has been established as a theorem. The conclusion follows as above, except we appeal to
False-intro.

5. Occasionally, a reference to where E = F has been established is packaged as a pair of references, one
to where P O (E = F) has been established for some P, and another to where P has been established; E
= F follows from an application of MP.

The foregoing describes a proof carried out in two steps; the generalisation to any number of steps is
obvious.

Comparing the proof presentation above with its first expansion (i.e. (i) to (v)), we see that step (iii)

establishes P = R. It follows that we may prove P = R using just this proof presentation, but without a
justification of R in the final line. In short, we may prove an equivalence by reducing one side to the other.

3. Propositional E™

3.1 Negation
Theorem —-exchange: (P =Q)=(P=-Q)

Proof:
-P=Q
=“exchange”
-Q=Pp
=“=-symm”
P=-Q 0O
Theorem —-inv: ——pP =P
Proof:
——P=P
="“—-exchange”
-P = -P— =-symm g
Theorem %-symm: EzxF)=F=zE)
Proof:
E#F
=“%#-defn”
—~E = F)
=“=-symm”
~(F = E)
=“#-defn”

F£E O
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Theorem =-mirror : P=Q=(-P=-Q)
Proof:
P =-Q)
=“—-exchange”
P=Q
E““-in\/”
P=Q0UO

Theorem =-non-truth:  ((E = F) # True) = (E £ F)
Proof:
(E = F) # True
=“#-defn”
—((E = F) = True))
=“=-truth”
—~(E=F)
=“#-defn”
ExF O

3.2 Disjunction and conjunction

Theorem de Morgan (i ~(POQ)=(PO-Q)
(i) ~P 0Q) = (=P U-Q)
Proof:
0] —~(P0Q)
=“[kdefn”
~(=(=P 0-Q))
=“—-inv”

(P 0-Q)

(i) -PO-Q
=“[+defn”
~(—P 0—Q)
=“—-inv twice”

~(P Q) u

Theorem [Fsymm: POQ)=(QOP)
Proof
(POQ
=“[kdefn”
~(—P0—Q)
=“[ksymm”
~(—QI-P)
=“[kdefn”
QoOP) O

J. M. Morris & A. Bunkenburg
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Theorem [Fassoc: POMQUOR)=(POQ)OR
Proof
PO(QUOR)
=“[Fdefn”
P O-(—Q O-R)
=“[Fdefn”
~(-P 0——(-Q O—R))
=“—-inv”
~(-PO(-Q U~R))
=“[lassoc”
~((—P 0-Q) O-R)
=“de Morgan”
~(~(P0Q) U-R)
=“[Fdefn”
(POQ)OR O

Theorem [Fidem: POP=P
Proof:
(POP)
=“[kdefn”
—(—=P O-P)
=“[kidem”
—(=P)
=“—-inv”
P O

Theorem [V P O(QOR) =(POQ)O(P OR)
Proof:
P O(QOR)
=“[+idem”
(POP)O(QOR)
="“[ksymm and associativity”
(POQ)O(POR) 0

Theorem [V P O(QOR)=(POQ)O(P OR)
Proof:
P O(QOR)
=“[Fidem”
(POP)O(QOR)
=“[Fassoc and symmetry”
(PO(QOR) OP
=“[Fassoc twice”
(POQ)OROP)
="“[Fsymm”

(POQ)O(P OR) O
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3.3 Substitution

Theorem [J -subst: (E=F)0O P[x:=E] = (E =F) O P[x:=F]
Proof:
(E=F) 0O P[x:=E] = (E =F) O P[x:=F]
=“0/=”
(E=F) 0O (P[x:=E] = P[x:=F]) — Leibniz O

Theorem [Fsubst: (E =F) OP[x:=E] = (E = F) OP[x:=F]
Proof:
(E = F) OP[x:=E] = (E = F) OP[x:=F]
=“=-mirror”
—((E = F) OP[x:=E]) = =((E = F) OP[x:=F])
=“de Morgan twice, #-defn twice”
((E % F) O-P[x:=E]) = ((E % F) O-P[x:=F])
=“=-non-truth twice”
((E = F) # True) 0-P[x:=E]) = ((E = F) # True) 0-P[x:=F])
=0 -defn twice”
(E=F)0 ~P[x=E]) = (E=F) O —P[x=F])  — O -subst 0

Theorem [Fsubst: (E £ F) OP[x:=E] = (E # F) OP[x:=F]

3.4 True and False and derived inference rule True-elim

Theorem: True

Proof:

i) True = True — =-refl

(ii) (True = True) = True — True-intro

(iii) True — (i), (i), Equanimity 0

Theorem negating False: —False

Theorem [}zero : True 0P = True
Proof: Axiom [Fzero and (rsymm. [

Theorem [Funit : False P =P

Theorem [}zero : (i) P OFalse = False
(ii) False P = False
Proof:
P OFalse = False

="“=-mirror, de Morgan”

—P O—False = —False
="“negating False twice”

=P OTrue = True — [rzero O

Theorem [Funit: 0] P OTrue =P
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(ii) True OP =P

Theorem [Ftruth: (P OQ = True) = (P = True) O(Q = True)
Proof:
(P OQ) = True
=“—-inv, #-defn”
—(P 0Q # True)
=“[unit”
—((P OUQ # True) O False)
=“[] -defn”
—(POQ 0O False)
=“[klub”
—((P O False ) O(Q O False))
=“[ -defn (twice), CFunit (twice)”
—((P # True ) 0(Q= True))
=“de Morgan, #-defn (twice), —-inv (twice)”
(P = True) O (Q = True) O

Theorem [Hruth: (POQ = True) = (P = True) 0(Q = True)
Proof:
True
=“shunting”
POQUO False=P O (Q O False)
=“[ -defn, CFunit”
(P OQ # True) = (P # True) J(Q # True)
="“=-mirror, de Morgan”
(POQ = True) = (P = True) 0(Q = True) O

Theorem [Halsity: (P OQ = False) = (P = False) (Q = False)
Proof:
(P 0Q) = False
=“=-mirror”
—(P 0Q) = —False
=“de Morgan, negating False™
—P 0-Q = True
=“[Ftruth”
(=P = True) O(—Q = True)
=“—-exchange, False-defn twice”

(P = False) O(Q = False) 0
Theorem [Halsity: (P OQ = False) = (P = False) (Q = False)
Theorem [—truth: (P OQ # True) = (P # True) O(Q # True)

Theorem [—truth: (P OQ # True) = (P # True) O(Q # True)

13
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Theorem [Ffalsity: (P OQ # False) = (P # False) 0 (Q % False)

Theorem [F—falsity: (P OQ # False) = (P # False) 0 (Q # False)

Theorem two values: False # True
Proof:
False # True
=“%-defn”
—(False = True)
=“[unit”
—((False = True) O True)
="“[Fsubst”
—((False = True) [ False)
=“[Fzero”
—False — negating False ad
Theorem not False: —False = True

Theorem excluded false: (P [J—P) # False

Proof:
(P O—P) # False
=“%-defn”
—(P O—P = False)
=“[Halsity”

—((P = False) O(—P = False))
=“de Morgan, #-defn”
(P # False) O (=P # False)
=“[Fsubst”
(P # False) O (—False # False)
=“two values, not False”
(P # False) O True — [kzero O

The following is a simple but useful derived inference rule, called True-elim:

P = True
P

Proof: True, P = True, and Equanimity. |

3.5 Implication
Theorem [ -refl: POP
Proof:
PO P
=“0 -defn”

(P#£True) OP
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="“[Fsubst™
(P#True) O True — Fzero d

Theorem [J -connected: (PO Q)O(Q0O P)
Proof:
(PO QOWQDP)
“0 -defn twice”
(P#£True) 0Q O(Q#True) OP
“[Fsubst™
(P#True) 0Q O(Q#True) OTrue — Czero O

Theorem True maximal: P [0 True
Proof:
PO True
=“[ -defn”
(P#True) OTrue — [kzero 0

Theorem False minimal: False O P
Proof:
False 0 P
=“[ -defn”
—(False=True) OP
=“two values”
True 00 P— [-zero 0

Theorem [J -left-unit: TrueO P=P
Theorem [ -right-zero: P 0 True = True

Theorem O/ POQOR=((PO QOMPOR)
Proof:

(PO QUOMPO R)
“0 -defn”

((P£True) JQ) O((P£True) OR)
=“[}assoc, /[T

(P#£True) O(Q OR)
“0 -defn”

PO QOR O

Theorem O\0 : POQOD R=(POROMQOR)
Proof:
POQO R
=“[ -defn”
(POQ # True) OR
=“[—truth”

(P#£True) O(Q#True) OR
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=“[+idem”

(P#True) OR O(Q#True) OR
=“[] -defn (twice)”

(PO R)OQO R) 0

Theorem /00 :
Proof:

POQOR=®POQO (PIR)

(PO QO (PO R)
“0 -defn”

(PO Q#True) J(P O R)
“0 -defn”

(PO Q#True) O(P#£True) OR
="“[Fsubst™

(True O Q#True) O(P£True) OR
“0 -left-unit”

(Q#True) O(P£True) OR
=“[Fsymm”

(P#True) O(Q#True) OR
“0 -defn (twice)”

POQOR O

Theorem 0O /=/0
Proof:

PO (Q=R)
“=-mirror”

PO (—Q =-R)
“0/=~

PO-Q=P0O -R
“0 -defn”

=(P = True) 0—Q = —~(P = True) O—R
“=-mirror, de Morgan”

(P=True) 0Q = (P =True) OR O

Theorem weakening: i) PO POQ
(ii) POQO P
Proof:
i) PO POQ
=g/
(PO P)OMPO Q)
=“[ -refl”
True O(P O Q) — [Fzero

(ii) PpOQO P
=“0 -defn”
(POQ # True) OP
=“—truth”

J. M. Morris & A. Bunkenburg

PO (Q=R) = ((P = True) 0Q = (P = True) OR)
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(P#£True) O(Q#True) OP
=“[lsubst™

(P#£True) O(Q#True) O True
=“[Fzero”

True ad

Theorem [J -trans: PO QOQOROPOR)
Proof:
POQUQOROPOR)
="“[}+symm, shunting”
QORO D QU (®OR)
=“g/0”
QO RO E®DQOR)
=“shunting”
QO R)OPO (QUO R) —weakening [

Theorem =-trans: E=FH0O0F=G)0 (E=Q)
Proof:
(E=F) O(F=G) O (E=G)
=“[Fsubst”
(E=G) O(F=G) 0 (E=G) — weakening [

Theorem transitivity: (i) P=QU0QOR)O (PO R)
(ii) (PO QOQ=R)0 (PO R)

Theorem modus ponens: POP O Q)0 Q

Proof:

POMPOQOQ

=“[ksymm, shunting”

PO QO POQ) — [ -refl O
Theorem True-[J : P=True)J Q=P0O Q
Theorem [J -truth: (i) (PO Q=True) = PO (Q = True)

(ii) (PO Q=True) = (P =True) J (Q = True)

Theorem" /[t POMQUOR) = (POQ)O(POR)
Proof:
@): POMQUOR O (POQDO(POR)

=0/
(POQOR) O POQ)D (POQOR)D POR)
=“[Flub (twice)”
(PO POQOQURDOPOQOMPOPORO(QORDO POR)
weakening (twice), CFunit (twice)”

—

“The bi-implication can be replaced by equivalence in 2- and 3-valued logics. See Section 5.
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(QORO POQOQORDO POR)
=0 /0(twice)”

(QORO P)OQORD Q)OWQORD P)O(QORD RY)
="“weakening (twice)”

(QORO P)OTrue) O((Q OR O P) OTrue)
=“[Fzero (twice), Funit”

True

@): (POQ)O(POR)O POQUR)
=00
(POQO POMQOR)O(PORO PO(QUOR))
=“[Flub”
(PO POQOR)YDEQU POQUR))D
(PO POQOR)OMRDO PO(QOR)))
=“weakening, [Funit”
QD POQOR)OMRO PO(QOR))
“«0
QURO PO(QUOR)
=“weakening”
True O

Theorem” [/ POQUOR) « (POQ)O(P OR)
Proof:
@): POQUOR)O (POQ)OPOR)
=0 -defn, O-—truth”
(P£True) O(Q OR #True) O(P 0Q) O(P OR)
=“[Isubst (twice)”
(P#£True) O0(Q OR #True) O(True 0Q) O(True OR)
=“[unit (twice)”
(P=#£True) O0(Q OR #True) O(Q UR)
="“[Fsubst™
(P#£True) O(Q OR #True) O True
="“[Fzero”
True

@): (POQOPOR)O PO(QUOR)
=“[Hub”
(POQO PO(QOR)O((PORO PO(QOR))
“0/0
POQO P)OMPOIQUQUR)O(PURI P)O(PORDO QUR)
=“weakening, [Funit”
(POQO QUR)O(PORO QUOR)
=“0/0(twice)”
(POQU QO (PUQDO R)YO(PORO QOMPORO R))

“The bi-implication can be replaced by equivalence in 2- and 3-valued logics. See Section 5.
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=“weakening (twice)”

(TrueOD (POQO R)O(PORDO Q)DOTrue)
=“[lzero (twice), unit”

True g

3.6 Derived inference rules: implication transitivity, =-truth, and A-intro

A proof that P 0 Z is a theorem may be conveniently carried out by making use of the following derived
inference rule:

Implication Transitivity PO Q,QOR
PO R

Implication transitivity follows easily from [J -trans and two applications of MP.
A proof of P 0 Z may proceed just as described in the preceding section, or it may be laid out as follows:

P
=“justification 17
Q
[0 “justification 2”
R
=“justification 3”
Y
[ “justification 4”
V4

This is shorthand for the following:

i) P=Q — “justification 1

(ii) QOR — “justification 2”

(iii) R=Y — “justification 3”

(iv) YO Z — “justification 4”

v) POR — (i), (ii), Leibniz

(vi) POY — (iii), (v), Leibniz

(vii) PO Z — (vi), (iv), Implication Transitivity

Justifications of equivalences are as described previously. For justifications of implications we shall need
the notion of “positive” and “negative” positions in formulae. A single occurrence of a variable x in a
formula Z is said to be “positive” (respectively, “negative”) iff Z[x:=P] O Z[x:=Q] follows from P O Q
(respectively, Q O P) for all P and Q. A variable x is said to be positive (negative) in Z iff all of its
occurrences are positive (negative) in Z. (For example, in x 0 —z O(y Oz), we can show that x is negative,
y is positive, and z is neither positive nor negative.) A justification of X 0 Y takes one of the following
forms. It may be a reference to where X [1 Y has been established as a theorem. Alternatively, if X and Y
are similar in structure except that X has sub-formula P where Y has sub-formula Q, then X 0 Y can be
cast in the form Z[x:=P] O Z[x:=Q] where x stands for a fresh variable. In that case, the justification of
X O Y takes one of the following forms:
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i) a reference to where P 0 Q has been established, and a reference to theorem(s) guaranteeing that
X is positive in Z.

(ii) a reference to where Q O P has been established, and a reference to theorem(s) guaranteeing that
X is negative in Z.

In either case X [0 Y follows from an application of MP.

The generalisation to proofs of P 0 Z using any number of steps is obvious. A proof of Q may be
presented as a proof of P 0 Q in the above style, for P any theorem; this is immediately justified by MP.
When carrying out such a proof it is often attractive to proceed backwards from Q to P using 0 (“reverse
implication™) in place of [J .

Two useful derived inference rules are

[(Fintro P,Q O -truth (P = True) 0 (Q = True)
POQ POQ

[Hintro is justified by the theorem (P O (Q O P OQ) (verified by a single application of shunting) and two
applications of modus ponens; [] -truth is justified by theorem [ -truth and True-elim [

3.7 The Deduction Theorem for propositional calculus

We write U, V, ..., W I P to denote that P is a theorem when the formulae U, V, ..., W are additional
axioms. The deduction theorem states that if U, V, ..., W, P+ Q, then U, V, ..., W F P O Q. The standard
proof for the propositional calculus relies on three theorems [8]:

(@ Po@opy
) POP
(iii) PO QOR)D (PO QO ®OR)

(i) is an immediate consequence of the theorems weakening and shunting .
(ii) is O -refl .
(iii) is an immediate consequence of J /[J and axiom =-weakening.

3.8 Further substitution

Theorem [J -subst: PO Q[x:=E] = PO Q[x:=F]ifP O (E=F)
Proof:
PO Q[x:=E] = PO Q[x:=F]
=“PO (E=F), 0/
PO (E=F)0Q[x:=E] =P 0 (E =F) JQ[x:=F]
=“0/=”
PO ((E =F)OQ[x:=E] = (E = F) OQ[x:=F])
=“[Fsubst”
PO True — True maximal [J
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Theorem [Fsubst: (P = True) OQ[x:=E] = (P = True) OQ[x:=F]ifP O (E =F)

3.9 Monotonicity with respect to =

Theorem [ -right-mono: (PO Q)0 (RO P)O (RO Q))

Proof:
PO QU RD PO ROQ)
=“shunting”
(*0QOROPHD RO Q)
=“[ksymm, U -trans”
True O
Theorem [ -left-anti-mono: PO QO @O RO (PO R)
Proof:
PD QO (O RO (®OR)
=“shunting”
(PO QOEQOR)D (POR)
=“[] -trans”
True O

Theorem [J -combination:
(1) PO QORO SO (PORO QOS)
(ii) PO QUORDO SO (PORO QOS)
Proof:
(i)  Appealing to the deduction theorem we assume (P O Q) and (R 0 S):
(PORO QOS)
“0/0
(PORO QOPORDOS)
“shunting twice”
ROPOQ)OEPO (RON))
“assumptions”
(RO True) J(P O True)
=“True maximal twice, [Fidem”
True O

Theorem [(Fmono: (i) (PO Q)0 (PORO QUOR)
i) (PO QO ROPORDOQ)
Proof:
(i (POR)O (QUR)
0“0 -combination™
(PO QUOROR)
=“[] -refl, CFunit”
POQ O

Theorem [Fmono: (i) (PO QO (PORDO QOR)
(i) PO QO ROPO ROQ)
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Proof:
(i) (POR) 0 (QUR)
0“0 -combination™
(PO QUORO R)
=“0 -refl, -unit”
POQ O

3.10 Boolean properness

Theorem =-truth: A(E=F)
Theorem ATrue
Theorem AFalse
Proof:
AFalse
E“A[B”

(False = True) = False
“=-mirror, not False”
(False # True) = True

=“two values”
True = True — =-refl
Theorem A-intro: PO AP
Proof: [0 -defn and [Fsubst. ad
Theorem AA: AAP
Proof:
AAP
=“AB”
(AP=True) = AP
=“AB”
((P=True) = P) = True) = ((P=True) = P)
Theorem establishment: (P = True) = AP OP
Proof:
AP OP
=“AB”
((P=True) = P) 0P
=“[Fsubst”

((P=True) = P) O(P=True)

=“[Fsubst”

((True=True) = True) O (P=True)

=“=-refl twice, [Funit”
P=True O

J. M. Morris & A. Bunkenburg

=-truth 0
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Theorem establishment: (P = False) = A(—P) O—P
Proof:
P = False
=“False-defn”
P = —True
="“—-exchange”
—P = True
=“establishment above”
A(=P) O—-P O

Theorem [ -defn: PO Q=-APO-POQ
Theorem included middle: —AP O—-P OP
Theorem excluded middle: AP O P O-P
Proof:
AP O PO-P
=“0 -defn”

—AP O-AAP OP O-P
=“AAP, elementary properties of [T’
—-AP OP O—-P — included middle

Theorem strong =: (E =F) O(EZF)

Theorem: PO-PO AP
Proof:
PO-P 0O AP
=“[klub”
(PO AP)O(=P O AP)
=“P 0 AP, [Funit”
-P O AP
=“[ -defn”
(=P # True) OAP
=“=-mirror”
(P # False) AP
=“[lsubst™
(P # False) O AFalse
=“AFalse, [Fzero”
True O

Theorem A—: AP O A(—P)
Proof:
AP
0 “excluded middle”
pPO-P
="“[ksymm, —-inv”
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-P O0—P
O“RO-R O AR with R :=—P”
A-P) O
Theorem #-truth: AE £ F)
Theorem =-Falsity: (E=zF)=False)=(E£F)
Proof:
(E = F) = False
=“=-mirror”
(E #F) = True
=“A(E £ F)”
ExF O
Theorem excluded middle: AP O (P = True) J(P = False)
Proof:
AP
[ “excluded middle above, AP0 AP, [ -combination”
(P O—=P) OAP
O «“oo

(AP OP) O(AP O—P)
0 “AP0O A(—P), - and [Fmono™
(AP OP) O(A(=P) O—-P)
=“establishment™
(P = True) O(P = False) O

3.11  One proper subterm and inference rules for case analysis

We have the following inference rule:

Case analysis Q[x:=True], Q[x:=False]
AP O Q[x:=P]

Its validity follows straightforwardly from AP O (P=True) O (P=False), [(Flub, and 0 -subst. A variation
on this is as follows:

Case analysis AP, PO Q,-POQ
Q
Theorem =-unit: (P =True) =P if AP
Proof:
P = True
=“establishment”
AP OP
=“AP, [+unit”

P |
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Theorem =-—: (P = False) = P if AP
Theorem excluded middle: P O-P if AP

Theorem () O= POWQ=R)=rP0O)=POR) ifAP
(i) O£ POQ=z#R) =P OQ=x=POR) ifAP
Proof:
i) PO(Q=R)
=“AP, O -defn”
-PO (Q=R)
=“0/=”
(~PO Q) =(P0OR)
=“AP, O -defn”
(POQ) =(POR)

(i) (POQ=#R))

=“de Morgan, #-defn, —-inv”

~(—PO(Q=R))
=“=-mirror”

~(-P0(-Q =R))
=“AP, (i)”

~(CP0—-Q) = (-P U—R))
=“de Morgan”

~(—~(PO0Q)=~(PUR))
=“=-mirror”

—~(POQ =P0OR)
=“#-defn”

(POQ) = (POR) O

Theorem™ O/ POMQUOR)=(POQ)OMPOR) ifAP
Theorem* [J/[ POQUOR)=((POQ)O(POR) ifAP
Proof: Case analysis. [

Theorem absorption:
(1) POCPOQ)=POQ  ifAP
(ii) POCPOQ) =POQ  ifAP
(iii) POMPO Q) =((POQ) ifAP
Proof:
(i) P O(=P 0Q)
=“[/0using AP”
(PO-P)O(POQ)
=“AP, excluded middle, de Morgan, —-inv, [Funit”
POQ

“The side-condition AP is redundant in 2- and 3-valued logics. See Section 5.
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(ii) POFPOQ)
=“[VOusing AP”
(PO-P)O(POQ)

=“AP, excluded middle, CFunit”

POQ
(iii) POMPO Q)
= -defn, AP”
PO(POQ)
=“AP, (i)”
(POQ) O
Theorem: (PO (Q=R)=(POQ=POR) ifAP

Proof: Theorem O /=/00. O

Theorem Shannon: Q[x:=P] = (P OQ[x:=True]) O(—P OQ[x:=False]) if AP
Proof: Case analysis on P. [J

Theorem P £ —-P if AP
Proof:
P#-P
=“Shannon”
(PO®P=£-P)OCEPOP £—P)
=“AP”

((P = True) O(P # —P)) O((P = False) O(P £ —P))
“[-subst, False-defn”
((P = True) O(True # False)) O ((P = False) O (False # True))
=“two values, -unit”
(P = True) O(P = False)
[0 “excluded middle”
AP — given 0

Theorem” consistency: (POQ=P)=P0IQ=0Q) if AP or AQ

3.12  Proper subterms and derived inference rule bi-implication

Theorem =-assoc: (P=Q)=R)=(P=(Q=R)) ifAP, AQ, AR
Proof:
(P=Q) =R
=“AQ, Shannon”

(Q O((P = True) = R)) O(—Q O((P = False) = R))
=“AP, and hence A(—P), =-unit, =-—"
QOE®=R)OEQOEP=R)

“The side-conditions AP and AQ are redundant in 2- and 3-valued logics. See Section 5.
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=“=-mirror”
(QO(P =R)OEQL(P =-R))
“ AR, =-unit, =-—"
(Q O(P = (True = R))) O(—Q O(P = (False = R)))
=“AQ, Shannon”
P=(Q=R) d

Theorem #-assoc: (P£Q#R)=(P £(Q=%R)) ifAP,AQ, AR

Theorem =-#-assoc (i) (P £Q)=R)=(P £#(Q=R)) ifAP, AQ, AR
(i) (P=Q) #R)=(P=(Q=#R)) ifAP,AQ, AR

Theorem (i) O -[& POQ=®POQ=P) if AP, AQ
(i) O - POQ=(POQ=Q) ifAP,AQ

Proof:
(i) PO0Q=®0Q=Q
="“=-assoc”
POQ=P0Q=Q
=“0 -defn, AP”
-POQ=P0OQ) =Q
E“EVE' AQ’?
(-P=P)0Q)=Q
=“AP O (P £ —P)”
False 1Q=Q — [runit O

Theorem bi-implication: (PO Q)UOQDO P)=(P=Q) ifAP,AQ

Proof:
PO QLEQOP)
=“A, 0-[7
POQ=P)0QIP=Q)
=“Csymm™
POQ=P)0®OQ=Q)
=“[Jsubst”
POQ=P)dP=Q)
=“[Jsubst”
POP=P)OP=Q)
=“[Fidem, (Funit”
P=Q O
Theorem contrapositive: (i) PO-Q=Q0O —P if AP, AQ
(ii) -POQ=—-QOP if AP, AQ
Proof:
(i) PO -Q=@Q0 P

=“0 -defn, AP, AQ™
—PO0-Q)=(QUO~P) — Fsymm O
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Theorem ~=: —~(P=Q)=(—P=Q) if AP, AQ
Proof
~(P=Q)
="“=-falsity”
(P =Q) = False
=“=-assoc, AP, AQ”
P = (Q = False)
=“establishment, AQ”
P=-Q
=“exchange and =-symm™
-P=Q 0O

Theorem contrapositive: (PO Q)= (—Q 0O —P) if AP, AQ

Theorem absorption: POP=Q)=P0OQ if AP, AQ
Proof:
POP=Q)
=“bi-implication”
POMPO QOO P)
=“absorbtion”
POQOQO P)
=" absorbtion”
POQOP
="“[rsymm, [+dem”
POQ O

Theorem =-B: (P=Q) = (P[-Q) O(-PLQ) if AP, AQ
Proof: Rewrite the disjunctions as implications. [

Theorem =-B: (P=Q) = (PLQ) O(—-P+Q) if AP, AQ
Proof:  Apply [VOto right-hand side . O

In classical 2-valued logic, equivalence can be shown via mutual implication. In the case of our many-
valued logics, we require additionally that both sides be proper:

bi-implication PO Q, QO P, AP, AQ
P=Q

This is easily justified by the bi-implication theorem.

3.13  Further theorems on properness

Theorem A~ A(—P) = AP
Proof:  AA and bi-implication. ad

Theorem boolean properness: AP = (P = True) O(P = False)
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Theorem AP =—~P O —P) O—~(-P O P))
Proof:
—(P O —-P) O—~(—P O P))
“0 -defn”
—((P#£True) O-P) O—~((—P#£True) OP)
“de Morgan™
((P=True) OP) O((—P=True) O—P)
“[Fsubst™
((P=True) OTrue) O((—P=True) O True)
“Crunit”
(P=True) O (-P=True)
=“exchange”
(P=True) O (P=False)
=“preceding theorem”
AP O

4, Predicate E~

4.1 Derived inference rules for quantifications

Proofs in predicate logic use the following set of derived inference rules:

0-Leibniz 1 t=u
(Ox:T|R[y:=t] « P[y:=t]) = (Ox:T|R[y:=u] * P[y:=u])

O-Leibniz 2 RO (t=u)
(Ox:TIR « P[y:=t]) = (Ox:T|R * P[y:=u])

We also have the rules [(FLeibniz 1 and (FLeibniz 2 by replacing [J with Oin the above, respectively. In the
preceding rules, it is not excluded that x and y are identical symbols.

[0-mono 1 ROPO Q
(OxTR+P) 0 (Ox:TIR* Q)

[J-mono 2 RO S
(Ox:T|S«P) 0 (Ox:TIR « P)

We also have the rules Ckmono 1 and (Fmono 2 by replacing O with Oin the above, respectively.

Instantiation (Ox:T-P)
P

We show that these inference rules can be derived from the axioms, modus ponens, and generalisation.

4.1.1  V-Leibniz
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t=u
(Ox:T|R[y:=t] * Ply:=t]) = (Ox:TR[y:=u] * P[y:=u])

where x and y may stand for the same variable.

Proof:

i) t=u — hypothesis

(ii) (t=u) 0 (Rly:=t] O Ply:=t] = Rly:=u] O P[y:=u]) — axiom Leibniz

(iii) R[y:==t] O P[y:=t] = R[y:=u] O P[y:=u] — (i), (ii), MP

(iv) (Ox:T » Rly:=t] O Ply:=t] = Rly:=u] O P[y:=u]) — (iii), generalisation
(v) (iv) O (Ox:T « R[y:=t] O P[y:=t]) = (Ox:T « R[y:=u] O P[y:=u]) — axiom [}/=

(vi) (Ox:T « Rly:=t] O P[y:=t]) = (Ox:T « R[y:=u] O P[y:=u]) — (iv), (v), MP

(vii) (Ox:T|R[y:=t] « P[y:=t]) = (Ox:T|R[y:=u] * P[y:=u]) — trading and transitivity

Note that the proof does not require that x and y be distinct variables. Obvious variations are

t=u
(Ox:T » Ply:=t]) = (Ox:T « P[y:=u])

RO (t=u)
(Ox:TIR « P[y:=t]) = (Ox:T|R * P[y:=u])

where again x and y need not be distinct variables.

4.1.2  3J-Leibniz

There are analogous inference rules for [t

t=u
(Ox:TIR[y:=t]  Ply:=t]) = (B:T[R[y:=t] * Qly:=u])

t=u
(Ox:Te Ply:=t]) = (Ox:T « Qly:=u])

RO (t=u)
(IK:TIR « P[y:=t]) = ((k:T|R * Q[y:=u])

The proofs are as above, except that they rely on
(OxTR+P=Q) 0 (kTR +P) = (kTR Q) (O

is used instead of [J/=. (D is indeed a theorem and can be proved without recourse to these inference rules.
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4.1.3  V-monotonicity

POQ
(Ox:T+P)0 (Ox:T* Q)

ROPO Q
(Ox:TIR « P) O (Ox:T|R * Q)

RO S
(Ox:T|S + P) O (Ox:T|R « P)

Proof of first rule:

(1) PO Q — hypothesis

(ii) (Ox:T-P0O Q) — (i), generalisation
(iii) (OxT-PO QO (OxT+P)O (Ox:T+Q)) — theorem /0

(iv) (Ox:T-P)0O (OxT+Q) — (ii), (iii), MP

Theorem [/ is
(OxTR-PO QO (ExTR+P) 0 (OxTIR * Q))
and can be proved without recourse to these inference rules; the proof'is presented below.

4.1.4  3J-monotonicity

The analogous inference rules for Clare

PO Q
(xT+P) O (kT + Q)

ROPO Q
(TR« P) O (k:TIR * Q)

RO S
(TR« P) O (kTS + P)

The proofs are as for [-mono except that they rely on the theorem
(OxT+P0 Q)0 (BxT+P)0 (kT Q))

and similar which can be proved without recourse to the inference rules.



32 J. M. Morris & A. Bunkenburg

4.1.5 Instantiation

(Ox:T+P)
P

Its proof relies on (Ox:T « P) O P, which can be proved without recourse to instantiation, and MP.

4.1.6  Reasoning with quantifications

With the quantifiers, there are some additional ways of justifying steps in proof presentations. A
justification of (Ox:T|R « P) = (Ox:T|R * Q) may simply be a justification of P = Qor R (P = Q) — the
legitimacy of this follows immediately from the derived inference rule [-Leibniz. A similar remark holds
for existential quantification. Furthermore, in both of

(Ox:TR * P) (CK:TIR * P)
0 “justification 17 O “justification 1
(Ox:TIR * Q) (Ck:TIR * Q)

“justification 1” may be a justification of P 0 Q or ROP O Q. The legitimacy of these follows easily
from - and Ckmono, respectively.

All of the above holds good when the quantifications have no ranges.

4.2 Utility theorems for predicate logic

Theorem [Hruth: ((Ox:T » P) = True)= ([k:T * P = True)
Proof:

(x:T * P) = True
“#-defn, —-inv”

=((x:T » P) # True)
“Crunit”

—(((x:T » P) # True) OFalse)
“0 -defn”

=((x:T «» P) O False)
“CHub”

—(Ox:T « P O False)
“0 -defn, Crunit”

—(Ox:T » P # True)

=“de Morgan”
(Bx:T « P = True) O
Theorem universal range: (Ox:T » P) = (Ox:T|True * P)

Theorem universal range: (x:T « P) = (x:T|True * P)
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Theorem de Morgan: (i) (kTR *P) = (Ox:T|R « —P)
(ii) —(Ox:TR+P) = (x:TR * —P)
Proof of (i):
—~((x:T|R * P)
“0O-defn”
——=(Ox:T|R « —P)
=“=-inv”

(Ox:TR+—P) O

Theorem instantiation: (Ox:T+P)Od P
Proof: instantiation and Ax. 0

Theorem instantiation: P [0 (Ck:T « P)
Proof (using True-elim)
PO (kT <*P) = True
= -truth”
(P = True) O ((k:T « P) = True)
=“contrapositive, A="
“((x:T * P) = True) O (P # True)
=“[Hruth”
—([k:T P = True) O (P # True)
=“de Morgan”
(Ox:T+P # True) O (P # True) — preceding instantiation [J

4.3 Monotonicity of quantifications

Theorem [(f=: (Ox:TIR+-P =Q)0 ((Ox:T|R+P) = (Ox:TIR* Q))
Proof:
(OxTIR+*P =Q)
=“trading”
(Ox:T-RO (P=Q))
=“0/=”
(OxxT«RO P=RO Q)
0 “axiom [f="
(Ox:T-RO P)=(OxT-RO Q)
=“trading”
(Ox:TIR+P) = (OxTR * Q) O

Theorem J=: (Ox:TIR<P=Q)0 (kTR «P) = (k:T|IR + Q))
Proof:
(IK:TIR * P) = ((X:TIR = Q)
=“[]-defn”
—~(Ox:T|R * =P) = ~(Ox:TIR * =Q)
=“=-mirror”
(Ox:TIR * —P) = (Ox:TIR * —Q)
O«“Df=
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(Ox:TIR* =P = —Q)
=“=-mirror”

(Ox:TIR * P = Q) O

Theorem [0/ : (Ox:TR+P O Q)0 ((Ix:TIR+P) 0 (Ox:TR * Q))
Proof:
(Ox:TR+P0O QO (OIx:TR+P) O (Ox:TR + Q))
=“trading”
(Ox:T-RO (PO Q) 0O (Ex:TR+P) 0 (Ox:TIR * Q))
=“0/o0”
(OxT« RO PO RO Q)O (Ex:TR+P) O (Ox:TR + Q))
=“trading twice”
(OxT«RO PO RO Q)O
(OxT«RO P)O (OxT+RO Q))

Hence we need only prove the case where there is no range.

(OxT+-PO QO (Ox:T+P)Od (Ox:T = Q))
=“shunting”
(OxT-PO QUxT-P)O (OxT+Q)
“o/o
(OxT«(POQUP)DO (OxT+Q)
=“True-00~
(Ox:T+«((PO QOP)=True) O (Ox:T+Q)
=“0O-truth, CHruth, O -truth”
(Ox:T+((P = True) 0 (Q = True)) 0 (P = True)) O (Ox:T+ Q)
“absorption, A(P = True)”
(Ox:T« (P = True) O (Q = True)) O (Ox:T+ Q)
="“[Hruth, O-truth”
(Ox:T«POQ) = True) O (Ox:T+ Q)
=“True-07
(OxT-POQ)O (OxT+Q)
=g/
(OxT+P)O(@xT+Q)0 (Ox:T+Q) — weakening O

Theorem 0 : (OxTIR«P 0O Q)0 ((Ck:TR+P) O (kTR * Q))
Proof (for case of no range):
(xT-P) O (T Q)
=“[CHub”
(Ox:T-PO (xT+Q))
O0“QO (xT-Q)”
OxT-PO Q) O

Theorem [ range anti-mono: (OxT-RO S) O (ExTIS+P) 0O (Ox:T|R + P))
Proof:
(Ox:TIS+P) O (Ox:T|R * P)
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=“trading twice”

(Ox:T+SO P)O (OxT+«R O P))
go«“oia»

(Ox:T«(SO P)O (RO P))
0“0 -left-anti-mono”

(OxT-ROS) O

Theorem Orange mono: (Ox:T+«SO R) O (k:T|S«P) 0 (k:TR « P))

4.4 Range manipulation

Theorem trading: ((k: TR « P) = ([k:T « (R = True) OP))
Proof:
(kTR * P)
=“[]-defn™
—(Ox:T|R * —P))
=“trading for (1"
—(Ox:T«R O —P))
=“[+defn™
(xT+—~R O —P))
=“0 -defn”
(0T « ~(R # True) O—P)
="“de Morgan™
(kxT+« (R =True) UP) 0O

Theorem range split: (Ox:TROS+P) = (Ox:TIR+P) O(Ox:T|S * P)
Proof:
(Ox:TIR « P) O(Ox:T|S * P)
=“trading”
(OxT+RO P)O(Ox:T«SO P)
“o/m
(OxT+«RO P)OS O P))
=“[Hub”
(Ox:T+ROSO P)
=“trading”
(Ox:TIROS+P) O

Theorem range split: (OcTROS « P) = (k:T|R « P) O(EX:T|S « P)

Theorem partial trading: (Ox:TIROS*P) = (OxTIR«S O P)
Proof:
(Ox:TROS « P)
=“trading”
(Ox:T-ROSO P)
=“shunting’
(OxT-RO (SO P))
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=“trading”
(Ox:TIR+SO P) O

Theorem partial trading: (Cx:T|ROS « P) = (Ok:T|R « (S=True) O P)

4.5 Truth and falsity in quantifications

Theorem U-truth: ((Ox:TIR « P) = True) = (Ox:T|R ¢ P = True)
Theorem [CHruth: ((x:TIR * P) = True) = ([k:TR * P = True)

Theorem [-falsity: ((Ox:T|IR « P) = False) = (Ok:T|R « P = False)
Theorem [Halsity: ((Ox:T|IR * P) = False) = (Ox:T|R « P = False)

Theorem O-non-truth:  ((Ox:TR ¢ P) # True) = (kTR * P % True)
Theorem [Fnon-truth: (kTR « P) # True) = (Ox:TR * P % True)

4.6 Constant predicate

Theorem [-constant: (Ox:TR +P) = P O(Ox:T » R#True) if x does not occur free in P.
Proof:
(Ox:T|R + P)
=“trading”
(Ox:T- RO P)
=“CHub”
(kT RYO P
=“0 -defn, Onon-truth”
P O(Ox:T « R#True) O

Theorem [Fconstant: (OcTIR « P) = P O(0Ok:T « R=True) if x does not occur free in P.
Proof:
(Ok:TIR * P)
=“[J-defn”
—(Ox:T|R *» —P)
="“[J-constant™
—(—P O(Ox:T « R#True))
=“de Morgan”
P O(k:T « R=True) 0

Theorem U-idem: (Ox:T * True)
Proof: True and generalisation. [J

Theorem habitation: (Ck:T * True)

Theorem habitation: —(0Ox:T « False)
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Theorem [-idem: (Ox:T » P) = P ifxnot free in P.
Theorem [Fdem: (T« P) = Pifxnot free in P.
Theorem O-idem: (Ox:T|R * True)

Theorem [Fidem: —(k:T|R « False)

Theorem habitation: (Ox:T|R « False) = (Ox:T « R£True)
Theorem habitation: (O TIR » True) = (k:T « R=True)
Theorem empty range: (Ox:T|False * P)

Theorem empty range: —(k:T|False * P)

4.7 Distribution of quantifications

Theorem 0/ (Ox:TR+P 0Q) = (Ox:TR + P) O(Ox:TR * Q)

Theorem I  (kTIR*P0OQ) = (kTR « P) O(Ck:TR * Q)
Proof:

(TR« P) O(k:TIR * Q)
“de Morgan”

~(=(x:T|R « P) O~([x:TIR * Q))
“de Morgan”

—((Ox:TIR « =P) O(Ox:T|R * —=Q))
“o/nr

~(Ox:TIR =P 0-Q)
“de Morgan”

(kxTR«POQ) O

Theorem [0 /0: PO (OxTR+Q) = (Ox:T[R+P O Q) if x not free in P.
Proof:

PO (OxTR+ Q)
“trading”

PO (OxxT<RO Q)
“gra»

(Ox:T+PO (RO Q)
“shunting, [(Fsymm, shunting”

(OxT+RO (PO Q)
“trading”

(OxTR+P O Q) O

Theorem [Hub: (Ck:T[R+P)0 Q = (Ox:T|R « PO Q) if x not free in Q.
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Theorem™ VO: P O(Ox:TIR* Q) < (Ox:T|R+P 0Q) provided x does not occur free in P.
Proof (for the case of no range):
(@) PO(OxT+Q)0 (OxT+POQ)
=“[Hub”
PO (OxT-POQ) O(OxT+Q) 0 (OxT+P OQ))
=« /o
(Ox:T-PO (POQ) O((OxT+Q) 0O (Ox:T+P OQ))
=“weakening, [J-idem, (Funit”
(OxT-Q)0 (OxT-P Q)
g«“oia»
(Ox:T-Q0O POQ)
=“weakening, (-idem”
True

Q) (OxT-POQ)O PO(Ox:T+Q)) = True (using True-elim)
=“0 -truth”
(Ox:T+POQ) = True) O (P O(Ox:T » Q)) = True)
“O-truth (twice), [Ftruth ™
(O0x:T « (P = True) 0(Q = True)) O (P = True) O(Ox:T * Q = True)
“0 -defn, (P = True) = ((P # True) # True)”
(Ox:T* (P = True) J(Q = True)) O ((P # True) O (Ox:T * Q = True))
“0/a»
(Ox:T » (P = True) J(Q = True)) O (Ox:T « (P # True) O (Q = True))
=“[ -defn, (P = True) = ((P # True) # True)”
(Ox:T » (P = True) 0(Q = True)) O (Ox:T « (P = True) U(Q = True))
=0 -reflex”
True ]

Theorem™ /T P O(Ck:TR * Q) = (Ck:T|R « P O Q) provided x does not occur free in P.
Proof (for the case of no range):
(@) PO(xkT-Q 0O (x:T*PTQ)
=“0 -defn, Onon-truth, C-truth”
(P#£True) O(Ox:T » Q#True) O(Ck:T « P OQ)
“0 -defn”
(PO (Ox:T+ Q#True)) O(k:T+P OQ)
“0/a»
(Ox:T P O (Q#True)) O(k:T+P OQ)
“0 -defn”
(Ox:T « (P£True) O(Q#True)) O(Cx: T+ P OQ)
“O-—truth, Cknon-truth,”
((x:T+P OQ) # True) O(Cx:T « P OQ)
=“0 -defn, O -reflex”
True

“The bi-implication can be replaced by equivalence in 2- and 3-valued logics. See Section 5.
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(@) (T«POQ) 0T PO(IkT+Q)
=g/
(xT-POQ)O P)O(k:T*POQ) O (xT+Q))
=“}ub”
(Ox:T-POQO P)O(Cx:T+POQ) O (xT+Q))
=“weakening, [J-idem, (Funit”
(xT-POQ)O (k:T* Q)
g«go”
(Ox:T-POQO Q)
=“weakening, (-idem”
True O

Theorem 0/ (Ox:TR«P) O(Ox:TIR- Q) O (Ox:TIR-P OQ)
Proof: [-mono twice. O

Theorem Jt  (k:TIR«P OQ) 0 (k:T|R « P) O(Ck:TIR « Q)

Proof:
(O<TR-POQ) O (Bx:TIR « P) O(Bx:TIR * Q)
=g/
(xxTIR=POQ) 0 (TR« P)) O(Ix:TIR« P OQ) O (X:T|IR = Q))
g«go”
(Ox:TR-POQO P)I(Ix:TR-PIQ O Q)
="“weakening”
(Ox:T|R = True) O(Ox:T|R * True)
=“{-idem”
True g

Theorem JO0: (Ox:TIR«P 0Q) =P 0O (Ox:T|R « Q) if x not free in P and ([k:T « R=True)
Proof:
(Ox:TIR-P OQ)
=g/
(Ox:TIR+P) O (Ox:TIR* Q)
=*“[-constant”
(P O@x:T « R£True)) O (Ox:TIR « Q)
=“(x:T « R=True), i.e. ~(Ox:T « R#True)”
PO (OxTIR* Q) ad

Theorem Ut (k:T|R«P 0Q) =P O (kTR « Q) if x not free in P and (Ck:T « R=True)

Theorem O/t (kTR«PO Q) = PO (kTR » Q) if x not free in P and (Ck:T + R=True)
Proof:
(xTIR-PO Q)
=“0 -defn”
(x:T|R » (P£True) Q)
=-“pm
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(P£True) (kTR = Q)
=“0 -defn”
PO (XTIR*Q) O

Theorem [JO0: P O(Ox:TR Q) = (Ox:TR « P JQ) if AP and x does not occur free in P.
Proof: By case analysis on P. O

Theorem [Vt P O(Ck:TIR* Q) = (k:T|R « P Q) if AP and x does not occur free in P.

4.8 The deduction theorem for the predicate calculus

The deduction theorem, as used in classical predicate logic, allows us to conclude U, V, ..., + WO P from
U, V, ..., Wt P, provided that in the proof of U, V, ..., W I P generalisation is not used over variables
which occur free in W. The deduction theorem continues to hold. The standard proof relies on the theorems
mentioned in connection with the deduction theorem for propositional calculus, and in addition (Ox:T « P
0 QO (PO (Ox:T « Q)) for P not containing x. This holds by axiom [ /0] and theorem [ -reflex.

4.9 Instantiation

Theorem instantiation: Pix:=t] OAt O (OxT+P)
Proof (using True-elim):
(PIx:=t] OAt O (Ox:T+P)) = True

=“0 -truth, 0 -True”

((P[x:=t] OAt) = True) O ((k:T +P) = True)
=“contrapositive, A="

—((x:T » P) = True) O —((P[x:=t] OAt) = True)
=“[Hruth, CHruth”

—(0k:T « P = True) O —((P[x:=t] = True) (At = True))
=“[+defn”

(Ox:T+P # True) O (P[x:=t] # True) J(At # True)
=“0 -defn”

(Ox:T « P # True) O (At O (P[x:=t] # True))
=“shunting, substitution property”

(Ox:T » P # True) OAt O (P # True)[x:=t] — instantiation [

Theorem instantiation: (Ox:TIR<P)0 (RO P)
Theorem instantiation: R OP O ((k:T|R «P)

4.10 Dummy manipulation

Theorem renaming: (OxT+P) = (On:T « P[xi=y]) y fresh.

Theorem interchange:  (Ox:T|R « (Oy:U|S * P)) = (Oy:U|S * (Ox:T|R « P)) if x not in S and y not in R.

Theorem interchange:  ((k:T|R « (Gy:U|S « P))

((Oy:UIS « (k:T|R « P)) if x not in S and y not in R.

Theorem [Y[I: (GcTR « (Oy:UIS+ P)) O (Oy:U|S ¢ (k:T|R * P)) if x not in S and y not in R
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Proof:

(TR« (Oy:UIS+ P)) O (Oy:UIS « (Cx:T|R + P))
=“0/0, y not free in (Ck:T|R « (Oy:U|S « P))”

(Oy:UIS * (k:TIR « (Oy:U|S+ P)) O ([k:T|R * P))
O0«“0d, O0-mono”

(Oy:U|S « (Ox:TIR « (Oy:U|S« P) O P))
[ “instantiation”

(Oy:US« (Ox:TIR«(ST P)O P))
=“trading, 0 /00, x not free in S”

(Oy:U+« (Ox:TIR«(S O (SO P)Od P))))
=“shunting, modus ponens™

(Oy:U « (Ox:T » True))  — True generalised twice [

Theorem 00 (Ox:T|R « P) O(Ck:TIR » Q) O (Ck:TIR « P 0Q)
Proof:
(Ox:TIR « P) O(Cx:TIR » Q) O (Ck:TIR « P 0Q)
=“shunting”
(OxTIR+P) 0 (TR + Q) O (Cx:T|R « P 0Q)
0«00, 0 -right-mono™
(Ox:TIR+P) 0 (Ox:TR*Q O POQ)
g«g/mno”
(OxTIR+P O (QO POQ))
=“shunting”
(OxTIR+POQO POQ)D

Theorem O-[1  (Ox:TR+P) 0 (k:T|R « P)if (Ck:T » R=True)
Proof: In preceding theorem, instantiate Q with True. [J

411  One-point and shifting

Theorem A-[1  AE = ([k:T « x=E) where x fresh
Proof: Use bi-implication, as both sides proper.
@) AE O ([k:T » x=E)
=“=-refl, CFunit”
(E=E) OAE O (Ox:T * x=E)
=“substitution™
(x=E)[x:=E] OAE O (Cx:T * x=E)
=“instantiation™
True

@) (Ik:T - x=E) 0 AE
=“[Hub”
(Ox:T+(x=E) O AE)
=“[ -subst™
(Ox:T+(x=E) 0 Ax)
=“constants proper”
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True O

Theorem one-point: (Ox:Tjx=t« P) = At P[x:=t] where x not free in t.
Proof:
(Ox:T|x=t = P)
=“trading”
(Ox:Tex=t0O P)
=“[ -subst™
(Ox:T+x=t 0 P[x:=t])
=“[}ub, no x in P[x:=t]”
(k:T = x=t) O P[x:=t]
=“A-[T
At0 P[x:=t] O

Theorem one-point: (Ox:T|x=t « P) = P[x:=t] O At where x not in t.

Theorem shifting: (i) (Ox:T|R « P) = (Ox:T|R[x:=t] * P[x:=t])
(ii) (O TIR * P) = (O: TR [x:=t] * P[x:=t])

provided that as a function of x, t is surjective and total, i.e.

(a) (Oy:T « (k:T » y=t)), and
(b) (Ox:T « (Oy:T » y=t)) (which is equivalent to (Ox:T = At))

Proof of (i):
(Ox:T|R[x:=t] * P[x:=t])
“trading”
(Ox:T « R[x:=t] O P[x:=t])
=“substitution property”
(Ox:T» (RO P)[x:=t])

It follows that we need only treat the case of no range.

Proof:
(Ox:T = P[x:=t])
=(b)"
(Ox:T « P[x:=t]) O(Ox:T « At)
=“[J/[0, absorption (appealing to AAt), /0] again™
(Ox:T « —At OP[x:=t])
=“renaming with y a fresh variable; let t' = t[x:=y]”
(Oy:T = ~At' OP[x:=t"])
=“one point”
(Oy:T « (Ox:T|x=t' * P))
="“trading, interchange”
(Ox:T+(y:Tex=t'0O P))
=“[tub , y not free in P~
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(Ox:T+ (Oy:T  x=t) O P)
="“(a), renaming”
(Ox:T+P) O

Theorem instantiation:  (Ox:T « P) OP[x:=t] = (Ox:T « P) if At
Proof: One-point and range split. g

Theorem instantiation:  ([k:T « P) OP[x:=t] = (Ox:T * P) if At
Theorem O strengthen:  (Ox:T+ Q) O ((Ox:T «P) = (Ox:T » QO P))

Proof:
(OxT-Q) 0 ((OxT+P) = (Ox:T+QOP))

=*0/="

(OxT-Q)O (OxTP) = (OxxT-Q) O (Ox:T+-QOP)
=<0 /0 twice”

(Ox:Te(OxT-Q)0O P) = (Ox:T« (Ox:T+Q) O (QO P))
= “shunting”

(Ox:Te(OxT-Q)0O P) = (OxT+ (Ox:T-Q)TQDO P)
= “innstantiation using Ax”
(Ox:Te(OxT-Q)0O P) = (OxT+(OxT+Q)0 P) — =-refl

Theorem B-instantiation: (Ox:B ¢ P) = P[x:=True] O P[x:=False]|
Proof:
(Ox:B « P)

=* constants proper, [ strengthen”

(Ox:B-AxO P)
“boolean properness™

(Ox:B « (x=True) U (x=False) O P)
= “[Hub”

(Ox:B « (x=True) 0 P) O(Ox:B » (x=False) O P)
“trading and one-point twice using ATrue and AFalse”

P[x:=True] O P[x:=False] O

Theorem B-instantiation: (k:B ¢ P) = P[x:=True] O P[x:=False]

4.12  Proper quantifications

Theorem AL:  (Ox:T e+ AP) O A(Ox:T « P)
Proof:
(Ox:T » AP)

“AR”
(Ox:T » (P=True)=P)
o«g/=~
(Ox:T » P=True) = (Ox:T + P)
“O-truth”
((Ox:T * P)=True) = (Ox:T* P)
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EGGA[B?'}
A(Ox:T * P) g

Theorem ALt  (Ox:T e« AP) O A(CK:T « P)

5.  Theorems of two- and three-valued logics

There are additional theorems common to three-valued logics; we present them here to avoid repetition To
restrict the logic to at most three boolean values, we can postulate:

Postulate excluded fourth: AP OAQ O(P=Q)

We will include the excluded fourth in E3, and it will turn out to be a theorem in E, E3 and EC;. From it
we derive the theorems that follow.

Theorem?¢3 consistency: (POQ=P)=(POQ=0Q)
Proof: Theorem already holds if AP or AQ. If =(AP 0 AQ) then P=Q by excluded fourth, and the theorem
follows easily. O

Theorem?2-¢3 absorption: (i) P O(POQ)=P
(i) POPOQ =P
Proof: If AP or AQ then proof is routine. Otherwise, conclude P=Q by excluded fourth. O

Theorem2¢3; AP = (P % —P)
Proof: As both sides are proper, we can prove the equivalence by bi-implication. The left-to-right
implication holds by an easy case analysis on P, and is done above. For the other direction:

(P%-P)0 AP
=“0 -defn, (P = Q) = ((P # Q) % True)”
(P = —P) OAP
=“AP = A(—P)”
(P = -P) OAP JA(-P)
=“excluded fourth”
True |

The following derived inference rule is useful in three-valued logics

truth cases (P=True) = (Q=True), (P=False) = (Q=False)
P=Q

1t is justified by the following theorem, together with [Fintro and equanimity:

Theorem?23 truth cases: (P=Q) = ((P=True) = (Q=True)) O((P=False) = (Q=False))
Proof:
First we prove the lemma ((P=True) = (Q=True)) = (P=Q) O((P#True) O(Q#True))
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(P=Q) O((P#True) O(Q#True))
=00 AP=Q)”

((P=Q) O(P#£True)) O((P=Q) O(Q#True))
="“[Fsubst”

((True=Q) O(P#True)) O((P=True) O(Q#True))
=“0 -defn, all terms proper”

(P=True) O (True=Q)) O((Q=True) O (P=True))
=“bi-implication, both sides proper; =-symm”

(P=True) = (Q=True)

Similarly, ((P=False) = (Q=False)) = (P=Q) O((P#False) O (Q#False))

We prove the theorem itself using bi-implication as both sides are proper. The left-to-right
implication is trivial. For the other direction:

((P = True) = (Q = True)) U((P = False) = (Q = False)) 0 (P = Q)
=“[] -defn, antecedent proper, de Morgan”
((P = True) # (Q = True)) J((P = False) # (Q = False)) (P = Q)
=“above lemma, and de Morgan”
((P£Q) O((P=True) O(Q=True))) O((P£Q) O ((P=False) J(Q=False))) O(P=Q)
=00 AP=Q)”
((P£Q) O((P=True) O(Q=True) J(P=False) J(Q=False)) O(P = Q)
=“boolean properness”

(P£Q) U(APTAQ) U = Q)

=“D/0 AP=Q)"
(P£Q) O(P = Q) O(AP TAQ L(P = Q)
="“strong ="
AP OAQUO(P =Q) — excluded fourth O
Theorem?2-¢3 [ POMQOR) =P OQOMPOR)

Proof: Use truth cases. For example,
(PO(QUOR) = True) = (P JQ) J(P OR) = True)
reduces to
P=True J(Q=True OR=True) = ((P=True 0 Q=True) 0(P=True OR=True))
which holds from the previous version of [V because A(P=True). Similarly for the “= False™ case. 0

Theorem?2¢3 /I PO(QOR) = (P OQ)O(P OR)

Theorem?2¢3 [J0: P O(Ox:TIR « Q) = (Ox:T|R » P O Q) provided x does not occur free in P.
Proof': Use truth cases and the version of [V that applies when the outside term is proper. O

Theorem?2-%3 [T P O(Ix:TIR » Q) = (x:T|R + P O Q) provided x does not occur free in P.
Proof : Use truth cases and the version of [Vthat applies when the outside term is proper. g

Theorem?2¢3 instantiation: (Ox:T « P) OP[x:=t] = P[x:=t] if At
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Theorem?2¢3 instantiation: (Ok:T « P) OP[x:=t] = P[x:=t] if At

6. E

We obtain the logic E by adding the postulate that all terms are proper

Axiom? all proper: AE

The net effect is that in all the preceding theorems, all side-conditions requiring properness of subterms are
vacuous. Note that the excluded fourth trivially holds, and so the theorems of the preceding section are part

of E.

Theorem? 2-valued: (P=True) O (P=False)

7. E3
The logic E3 is E plus the axiom of the excluded fourth and an axiom defining [} for each type T:
Axiom® ~AL: —AD;

Theorem? O-improper:  (Ox:T « x#[0y)
Proof: Axiom variables defined.

Theorem? >2-valued: Og#True and Og#False

Theorem? 3-valued: (P=True) O(P=False) O(P=0p)
Proof:
(P=True) O (P=False) O (P=0Lp)
=“boolean properness”

AP O(P=0p)
=“=A0, C-unit”
AP OAOg O(P=0p) — excluded fourth O

8. EC

For the logic EC, we introduce the binary infix operators M and . If E and F are of type T, then so is
ErF, while EEF is of type boolean. ErF denotes the nondeterministic choice among E and F. EEF asserts
that the possible outcomes of F are a subset of those of E. The axioms of EC are those of E plus the set

of axioms that follow. We will deduce the excluded fourth; until we do, it is not used in proofs.
In the following axioms, E and F have type T:

Axiom® =-defn: EcF = (Ox:T+F=x O EEx) x fresh
Axiom® E-antisymm: EcF OF=E O (E=F)
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Axiom® r-defn: (Ox:T « ENFex = EEx OFEX)
Axiom® B-flat: (Ox,y:B * x2y = (x=y))

The theorems of EC follow.

Theorem® AZ: A(EEF)
Proof: Use =-defn and AL ad

Theorem® S-antisymm: E=F OFEE = (E=F)
Proof:  Use bi-implication as both sides proper. ad

Theorem® =-refl: EcEE
Proof: Apply =-defn. O

Theorem® =-trans: EcSFOF=G O EEG
Proof:  Apply =-defn to the three subterms. ad

Theorem® =C: (E=F) = (Ox:T « EEx = FC&x)
Proof: Apply =-antisymm and =-defn to left-hand side.

Theorem® M-symm: ErF = FNE
Proof:  Apply =E and use M-defn. |

Theorem® M-idem: EnNE=E
Proof: Apply =E and use M-defn. O

Theorem® -assoc: EN(FNG) = (ENF)NG
Proof:  Apply =E and use M-defn. |

Theorem® =1 EcF = (ENF=E)
Proof:  Apply =-defn to right-hand side and use M-defn .

Theorem® =-lub: ESFNG = EEF OEEG
Proof:  Apply E-defn to left-hand side and use r1-defn .

Theorem® AfM: A(ENF) = (AE OECSF) O(AF OFEE)

Proof:
A(EMF)
SALLT
(BT »x = ENF)
“C-antisymm”
(Ox:T « EnF=x Ox=ENF)
“r-defn, =-lub”
(kT « (EEx OFEx) Ox=E OXEF)
=“[V0using AE”

O
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(Ck:T » (EEx OxEE OxEF) O(F=x OxZE OXEF))
=“C-antisymm twice”

(kT » (x=E) OxCEF) O((x=F) OxZE))
="“[ksubst twice”

(Ox:T » (x=E) OESF) O((x=F) OFZE))
=-“go

(Ok:T » (x=E) DECF) O(Ik:T » (x=F) OFCE)
=“[J0(twice) using x not in E or F and A=

(kT » x=E) DESF) O(Ck:T » x=F) OFCE)
=“A-Otwice”

(AE DECF) O(AF OFCE) 0

Theorem® >2-valued: (i) (TruerFalse#True)
(ii) (TruerFalse#False)
Proof (i):
TruernFalse#True
“cr
—(True=False)
=“B-flat instantiated”

—(True=False) — twovalues 0

Theorem® =TruerFalse: (P=TruerFalse) = P=True JPEFalse
Proof:
P=TruenFalse
“=g»
(Ox:B « PEx = TruerFalseEx)
=“B-instantiation”
(P=True = TruenFalse=True) O(P=False = TruerFalse=False)
=*M-defn, =-truth, #-truth”
(P=True) O(P=False) O

We now introduce the axiom of the excluded miracle:

Axiom® no-miracles: (Ck:T » EEX) where E has type T and x fresh
Theorem® =True: PETrue = (P#False)
Proof:

PETrue

=“no-miracles”

(x:B »« PEx) O P=True
=“[}lub”

(Ox:B « PEx O P=True))
=“[B-instantiation”

(PETrue 0 PETrue) O(P=False O PETrue)
=“[] -refl, CFunit”

PCEFalse 0 PETrue
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“0 -defn using AZ, de Morgan”
—(P=False O—~(P=True))
“ AE and elementary properties of = and —”
—((P=False = True) O (P=True = False))
“E-refl, B-flat”
—((P=False = False=False) [ (P=True = False=True))
=“B-instantiation”
—(Ox:B « PEx = False=x)
“—p

—(P=False) g

Theorem® EFalse: PcFalse = (P#True)
Theorem® MTrue: (PNQ=True) = (P=True) J(Q=True)
Proof:
PrQ=True
—ezrc»

(Ox:B « Pr1QEX = TrueEx)
=“[B-instantiation”
(PM1QETrue = TrueETrue) O (Pr1QEFalse = TrueSFalse)
r-symm, B-flat, AS and elementary properties of = and —”
PrQETrue O—~(PrQEFalse)
=“mM-defn, de Morgan”
PNQETrue O—(P=False) 0—(QZ=False)
=“CFalse twice”
PrQETrue O(P=True) 0 (Q=True)
=“[Fsubst twice, M-idem , and =-refl”
(P=True) O(Q=True) O

—c

Theorem® MFalse: (PmQ=False) = (P=False) J(Q=False)
Theorem® = B: P=Q = -AP O(P=Q)
Proof:
P=Q
=“C-defn”

(Ox:B - Q=x 0 PEX)
=“[B-instantiation”

(QETrue 0 P=True) O(QE=False O PCFalse)
=“CTrue, SFalse”

((Q#False) O (P#False)) O((Q#True) O (P#True))
=“[ -defn twice using #-truth”

((Q=False) O (P#False)) O((Q=True) O (P#True))
=“[Fsubst twice”

((Q=P) O(P#False)) O((Q=P) O(P#True))
=“J0using =-truth, =-symm twice”

(P=Q) O((P#False)) O(P#True))
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=“de Morgan and boolean properness”
(P=Q)0-AP O

Theorem® S-exchange: —P=Q = P=—Q
Proof:  Apply EB to one side. d

Theorem® A/MB: APMQ) = AP O(P=Q)
Proof:
ACPIQ)
=“AfN”
(AP OP=Q) 0(AQ 0QCP)
=“c[B, and elementary properties of Jand [T’
(AP O(P=Q)) (AQ U(Q=P))
=“=-symm and [YOusing =-truth”
(AP OAQ) O(P=Q)
=“[ksubst, (Fidem”
AP O(P=Q) O

Theorem® excluded fourth: AP O AQ O(P=Q)
Proof:
AP O AQ O(P=Q)
“C-antisymm”
AP O AQ O(P=Q OQEP)
= “IJOusing AE™
(AP O AQ OPEQ) O(AP O AQ OQEP)
=“cB”
(AP O AQ O —AP O(P=Q)) O(AP O AQ O —AQ O(Q=P))
= “excluded middle twice using AA, and elementary properties of [and [T°
True 0O

Theorem® —/: —(PnQ) = -Pm—Q
Proof: Prove that each side refines the other using, in each case, theorems E-exchange and =-lub. [

Theorem® [J: POQMR) = (POQ) M (POR) and (PMQ)CR = (PCR) 1 (QCR)
Proof:  Truth cases. g

Theorem® [Vr1: PINQMR) = (POQ) 1 (POR) and (PMQ)CR = (POR) r (QLR)
Theorem® (] /r1: PO(QMR) = (PO Q) 1 (POR)

Theorem® /[ Pn(QCR) = (PnQ) O(PrR) and (POQ) MR = (PrR) O(QMR)
Proof:  Truth cases. g

Theorem® —=-mono: PEQO —P=—Q

Theorem® [J=-mono: PEQ O (POR)=(QMR) and Q=R O (PLQ)=(PLR)
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Theorem® [J=-mono: PcQ O (POR)E(QLR) and QER O (PLQ)=(PLR)

Theorem® r/L: PA(QOR) = (PrQ) O(PrR) and (POQ)MR = (PrR) 0(QrIR)
Theorem® 1/0: (Ox:T « PQ) = P(Ox:T + Q) if x does not occur free in P.
Proof:  Truth cases. O

Theorem® r/t (Ox:T « PNQ) = Pr(Ik:T « Q) if x does not occur free in P.
Theorem® [J=True: (Ox:T « P) E True = (Ox:T * P E True)

Theorem® [J=False: (Ox:T « P) E False = ([k:T « P = False)

Theorem® /= (Ox:T-PEQ) O (Ox:T+P) = (Ox:T = Q))

Proof: Working on the consequent, apply =-defn and use preceding two theorems. d
Theorem® 3-valued: (P=True) O(P=False) O (P=TruerFalse)

Proof:

(P=True) O (P=False) O(P=TruerFalse)
“=TruerFalse”
(P=True) O (P=False) O(P=True JP=False)
=“CTrue, EFalse”
(P=True) O (P=False) O((P£False) O (P£True))
=“de Morgan, excluded middle using =-truth”
True O

9. EB

The logic EB uses the operators M and = governed by the same axioms as in EC:

AxiomP C-defn: EcF = (Ox:T+F=x O EEx) x fresh
AxiomP C-antisymm: EcF OF=E O (E=F)

Axiom? r-defn: (Ox:T«EnF £ x = EEx OFEX)

Axiom" B-flat: (Ox.y:B » xEy = (x=y))

51

(The choice symbol 11 is written as a comma in [7] to conform with standard practice in bunch theory.) The

axioms of EC are the above and those of E , together with four more we shall introduce later. We

immediately inherit the following theorems from EC, and their proofs:

Theorem? AC: A(ECF)
Theorem® C-antisymm: ECF OFCE = (E=F)
Theorem? =-refl: ECE

Theorem? C-trans: ECFOFEG O E=G
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Theorem® =C: (E=F) = (Ox:T « EEx = FEX)

Theorem? r-symm: EnF =FrE

Theorem? r-idem: ENE=E

Theorem? r-assoc: En(FnG) = (ENF)NG

Theorem® =r1: ECF = (ENF=E)

Theorem® =-lub: EESFNG = EEF OEEG

Theorem® A/: A(ENF) = (AE OECF) O(AF OFEE)
Theorem® >2-valued: (TruerFalse£True) and (TruenFalse#False)

Theorem® =TruerFalse: (P=TruerFalse) = P=True [ P=False

EB differs from EC in including a miracle value called nully for each type T:
Axiom? null: (Ox:T » ~(nullt E x))
We may omit the subscript in null} when it is evident from context or when its value is not significant.

Theorem® null-max: E C null
Proof: Apply E-defn. 0O

Theorem? -unit: nullME = E
Proof: Apply Er. |
Theorem® null-max: null £ E = (E=null)
Theorem? is-null: (E=null) = ~(k:T « EEX) x fresh
Proof: Apply =E to left-hand side. |
Theorem® ~Anull: —Anull
Proof:
—Anull
—“ALT
—(X:T * null=x)
=* null-max”
—(X:T * null=x)
=“de Morgan”
(Ox:T » ~(nullEx)) —null O
Theorem? rnull: (ENF = null) = (E = null) O(F = null)
Proof: Apply =E to left-hand side. |
Theorem? null-new: (i) Trueznullg (ii) Falseznullg
Proof (i): TrueETrue but — (nullg=True) ad

Theorem® =True: PETrue = (P#False) O (P£nully)
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Proof:
PETrue
=“=-truth, 0 -left-unit”
((P=nullg) O (P#nullg)) O P=True
“[Hub”
((P=nullg) O P=True) O((P#nullg) O P=True)
“0 -defn and elementary properties of ="
((P#nullg) OP=True) O((P#£nully) O PETrue)
="“[Fsubst™
((P#nullg) Onullg=ETrue) O ((P#nullg) O P=True)
=“null-max, (Funit”
(P#nullg) O((P#nullg) O P=True)
=“is-null”
(P#nullg) O((Ok:B » P=x) O P=True)
=“see proof of for ETrue in EC”
(P#nullg) O (P#False) O

Theorem® CFalse: PcFalse = (P#True) O (P #nullg)

Theorem® =nullg: P#nully = P=True OP=False
Proof:  Apply ETrue and EFalse to right-hand side. |

Theorem? 4-valued: (P=True) O (P=False) O (P=nullg) O (P=TruerFalse)
Proof:
(P=True) O (P=False) O (P=nullg) O (P=TruerFalse)
=“[Fidem”
((P=True) O (P=nully)) O((P=False) O (P=nullg)) O(P=TruerFalse)
=“ETrue, EFalse, de Morgan™
— (PETrue) O—~(P=False) O (P=TruerFalse)
=“=TruenFalse”
- (PETrue) O—~(P=False) O(P=True O P=False)
=“de Morgan, excluded middle using A=
True O

The behaviour of the boolean operators with respect to null is fixed by the following two axioms:

Axiom? —null: —nullg = nullg
Axiom? Chull: TruemFalse Onullg = nullg

Theorem® C-exchange: —P=Q = P=—Q
Proof: First show “P=True = P=False by applying =True to the left-hand side and appealing to axiom
exchange. Similarly show —~P=False = P=True.
-P=Q
=“C-defn”
(Ox,y:B - Qex 0 —PEX)



54 J. M. Morris & A. Bunkenburg

=“[B-instantiation”

(Q=True O —P=True) O(Q=False 0 —P=False)
=“lemmas above”

(—QEFalse O P=False) O(-QE=True 0 PE=True)
=“B-instantiation and =-defn”

P=-Q O

Theorem® —/r: =(PrQ) = -Pr—-Q
Proof: Prove that each side refines the other using, in each case, theorems =-exchange and =-lub. [

Theorem® —/r: —(TruerFalse) = TruerFalse
Theorem® [hull: TruenFalse Onullg = nullg
Proof: Use [Fdefn and axiom Cnull. O

Note that Odoes not distribute over . In particular, TrueMFalse U nully is axiomatically equivalent to
nullg whereas (True Onullg) M (False O nully) reduces to Truernullg which reduces to True. Apart from
this case (and its trivial variations), Odistributes over 1. Similar remarks hold for 0. Concomitantly,
conjunction and disjunction are not monotonic with respect to = (the one case where disjunction fails to be
montonic is TMFE T but not (TMFOhullyg) = (TCnullg)).

The behaviour of the quantifiers with respect to nullg is governed by the following axiom:

Axiom? Chull: (T + P) = nullg) = (Ck:T « P=nullg) O(0Ox:T » P#True)
Theorem® [(=False: (Ox:T « P) £ False = (Ox:T « P=False)
Proof:

(Ox:T « P) = False
=“EFalse”
((Ox:T » P)#True) O((Cx:T » P)#nully)
“[Fnon-truth, Chull, de Morgan”
(Ox:T « P#£True) O((Ox:T » P#£nullg) O—~(Ox:T « P#True))
="“absorption using AL and #-truth™
(Ox:T » P#£True) O(Ox:T « P#nullp)

=<g/r

(O0x:T » (P#True) O(P#nullg))
=“CFalse”

(Ox:T » P=False) O

Theorem® [=True: (Ex:T  P) £ True = (k:T « P=True) O((Ck:T « P=True) O(Ox:T « P£nully))
Theorem® Onull: ((Ox:T « P) = nullg) = (Ok:T » P=nully) O(Ox:T * P#False)

Theorem® J=True: (Ox:T « P) £ True = (Ox:T » P=True)
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Theorem® [J=False: (Ox:T » P) = False = ([k:T « P=False) O ((Ck:T « P=False) O (0Ox:T » P#nullg))

10. E4

The logic E4 includes the binary infix operators M and = of EC, as well as [} of E3. We may omit the
subscript in O when it is not significant or can be inferred from context. As a convenience, we introduce
the prefix operator T, where TE by definition abbreviates E#. The axioms of E4 are those of E plus the
various axioms given below. In the following axioms, E and F have type T:

Axiom?* C-defn: EcF = (tE0OTF) O(Ox:T+ FeEx O E=x) x fresh
Axiom* C-antisymm: EcF OF=E O (E=F)

Axiom?* r-defn: (Ox:T«EnF £ x = EEx OFEX)

Axiom?* B-flat: (Ox.y:B » xEy = (x=y))

Axiom? 1-defn: 1E = (Ez0))

Axiom? 1/1; 1(EMF) = 1E tF

Observe that apart from a simple extra conjunct in axiom =-defn, these are also axioms of EC, and hence
we inherit the associated theorems of EC with just minor amendments.

Theorem?* AC: AEEF)
Proof: Use E-defn, T-defn, and AL 0

Theorem? C-antisymm: ECF OFCE = (E=F)
Proof:  Use bi-implication as both sides proper. ad

Theorem* =-refl: ECE
Proof: Apply E-defn. O

Theorem* C-trans: EcSFOF=G O EEG
Proof:  Apply =-defn to the three subterms. ad
Theorem* =C: (E=F) = (tE=1F) O(Ox:T « EEx = FEx)

Proof:  Apply E-antisymm and =-defn to left-hand side. |

Theorem?* M-symm: ENF = FNE
Proof: Apply =5, 1/r1, and m-defn. |
Theorem* r-idem: ENE=E

Proof: Apply =E and M-defn. O

Theorem* M-assoc: En(FNG) = (ENF)NG
Proof: Apply == and N-defn. [0
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Theorem* = ECF = (ENF=E)
Proof:  Apply E-defn and r1-defn to the right-hand side. O

Theorem 4 r-zero: OnE =0

Theorem* =-lub: ECFNG = ECF OEEG

Proof: Apply E-defn and r-defn to the left-hand side. O
Theorem* A/M: A(EMF) = (AE OECF) O(AF OFZE)

Proof: Sameasin EC. O

Theorem* >2-valued: (i) (TruerFalse#True)
(i) (TruerFalse#False)
Proof: Sameasin EC. O

Theorem* At: ATE
Theorem* (c: [=E
Proof:
O=E
=“cn”
OnE=0
="“1-defn
-1(0E)
="
—~(tOO1E)
Sl
True ]
Theorem? =[1; E=0O=(E=D)
Proof: Apply E-antisymm and [JE to right-hand side. |

We now introduce axioms that ensure that [1 is distinct from constants:

Axiom* AO T: AEOTE
Theorem* —A: A\
Theorem* Tx: (Ox:T » %)
Proof: (Ox:T « Ax) and AL T: ad

Theorem* O-unique (i) O#True (ii) OFalse (iii) O# TruerFalse
Proof:  Apply AO T to (i) and (ii), and to T/r1 (iii). O

Theorem* =TruerFalse: (P=TruerFalse) = TP O(P=True) 0 (PC=False)
Proof:
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P=TruernFalse
“—g»
(tP=1(TruernFalse)) O(Ox:B » PEx = TruerFalseEx)
=°T/M, X, AT”
TP O(0x:B « PEx = TruerFalseEx)
="“[B-instantiation™
TP O(PETrue = TruemFalseETrue) [ (P=False = TruerFalse=False)
=“elementary properties of = and =~
TP OPETrue OPEFalse [

E4 includes the axiom of the excluded miracle:
Axiom* no-miracles: (Ok:T « EEx) where E has type T and x fresh

Theorem* STrue: PcTrue = (P#False)
Proof: If —TP then the result is trivial. Assume TP.
PETrue
=“exactly as in the proof in EC”
—(Ox:B « PEx = False=x)
=“assuming TP, tFalse, [(Funit”
—((tP=tFalse) O(0Ox:B « P=x = FalseEx)

=“=c=”
— (P=False) g
Theorem?* EFalse: PcFalse = (P#True)
Theorem? MTrue: (PNQ=True) = (P=True) J(Q=True)
Proof:
PrQ=True
=“=”
(t(P1Q)=1True) O(Ox:B « PrIQE=x = TrueEx)
=41/, X, AT”
TP 01Q O(Ox:B « PNQEX = True=x)
=*"as in proof in EC”
TP 01Q O(P=True) O(Q=True)
="“[Fsubst twice and elementary properties of [I°
(P=True) O(Q=True) 0O
Theorem* MFalse: (PmQ=False) = (P=False) O (Q=False)
Theorem* B-flat: (Ox:B « xEP = (x=P))
Proof:  Appealing to bi-implication and =-antisymm we need only prove x=P 0 (PE=x).
xEP
=“C-defn”

(txO tP) O(TOy:B « P=y O xZy)
O “weakening”

57
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(Oy:B - Py O xZy)
=“0/0, 0 -refl, C-unit”

(Oy:B « P=y O P=y OxZy)
=“B-flat”

(Oy:B - P=y O Pzy O(x=y))
=“[Fsubst”

(Oy:B - P=y O P=x O(x=y))
0 “weakening, [J -trans™

(Oy:B - P=y 0 PE=x)
=“[tub, y not in PEX”

(Oy:B - P=y) 0 PEX
=“no-miracles”

Pc&x g

Theorem?* A/MB: APTIQ) = AP O(P=Q)
Proof:

A(PTIQ)
=“AfN”

(AP OP=Q) 0(AQ OQCP)
=“A-Otwice”

(k:B » P=x) OP=Q) O((Cx:B « Q=x) JQE=P)
=“[V0 using AE”

(B - (P=x) OP=Q) O(k:B « (Q=x) JQE=P)
=“[Fsubst twice™

(Ck:B » (P=x) Ox=Q) O(k:B « (Q=x) OxEP)
=“B-flat”

(Ck:B « (P=x) 0 (x=Q)) O(Ck:B * (Q=x) O (x=P))
=“[Fsubst twice™

(Ok:B + (P=x) 0(P=Q)) O(Ck:B « (Q=x) O (Q=P))
=“[VO twice using AE”

(COx:B « P=x) 0(P=Q)) I (Ck:B « Q=x) 0 (Q=P))
=“A-Otwice”

(AP O(P=Q)) (AQ T(Q=P))
=“J0using =-truth, [Fsubst, Fidem™

AP O(P=Q) ad

Theorem? 4-valued: (P=True) O(P=False) O(P=0p) O(P=TruenFalse)
Proof:
(P=True) O(P=False) O(P=0p) O(P=TruernFalse)
=“CTrue, =False, =TruerFalse
— (PEFalse) O~ (PETrue) O(P=0g) O(TP OPE=True O PEFalse)
="“1-defn, de Morgan™
True O

The following derived inference rule is available:
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truth cases  (P=True) = (Q=True), (P=False) = (Q=False), TP=1Q
P=Q

1t is justified by the following theorem, together with [(Fintro and equanimity:

Theorem? truth cases: (P=Q) = ((P=True) = (Q=True)) O((P=False) = (Q=False)) O(TP=1Q)
Proof: Similar to corresponding proof for the 3-valued case. [

The behaviour of the boolean operators with respect to L is governed by the following axioms:

Axiom?* - —Ug = Ug
Axiom?* 0O0: TruenFalse 0O = Op

Theorem* T—:  1(—P) = TP
Proof: Apply T-defn to left-hand side. O

Theorem* S-exchange: —PEQ =P=—Q
Proof: First show —PCTrue=PCFalse by applying STrue to left-hand side and appealing to axiom
exchange. Similarly show ~PEFalse = PCTrue.
-P=Q
=“E-defn”
(t(—=P)0 1Q) O(Oxy:B » Q=x 0 —PEXx)
“1— twice, B-instantiation™
(tPO 1(—Q)) O(QE=ETrue 0 —P=True) O(QE=False [ —P=False)
“lemmas above”
(tPO 1(—Q)) O(—Q=False [0 P=False) O(—Q=True O P=True)
=“B-instantiation and =-defn”
Pc—Q O

Theorem? —/r: =(PrQ) = -Pr—-Q
Proof: Prove that each side refines the other using, in each case, theorems =-exchange and E-lub. 0

Theorem* [/ PINQMR) = (POQ) m (POR) and (PM1Q)CR = (POR) r (QLR)

Proof: Prove by cases. The result is trivially checked for the case P proper, and similarly for the case
Q=R. If Q%R then QR is necessarily either O or TruerFalse. If QR is O then either Q or R is [ and it
is easy to check the equation for PO{TruerFalse, (0}. If QIR is TruerFalse then by symmetry between Q
and R we need only check the equation for the cases (Q=True) O(R=False), (Q=TruerFalse)
O(R=False), and (Q=TruerFalse) J(R=True) with PO{TruerFalse, [1}. g

Theorem? [V POQMR) = (POQ) M (POR) and (PMQ)CR = (PCR) M (QCR)
Theorem* 00 /m: PO(QMR) = (PO Q) 1 (PO R)

Theorem* ~=-mono: P=Q U —P=E—Q
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Theorem?* O=-mono: PcQ O (POR)E(QOR) and QER O (POQ)=(PCR)
Theorem* [J=-mono: PEQ O (POR)=(QMR) and Q=R O (POQ)=(PLR)

The behaviour of the quantifiers with respect to Uy is governed by the following axiom:

Axiom* 1/00; T(Ox:T » P) = (Ox:T » P) O(Cx:T » P=False)
Theorem* [I=False: (Ox:T « P) £ False = (Ox:T « P=False)
Proof:
(Ox:T « P) = False
=“CFalse”
(Ox:T » P)#True)
="“[Cnon-truth”
(Ox:T » P#True)
=“CFalse”
(Ox:T » P=False) 0
Theorem* [=True: (0x:T « P) £ True = (Ck:T « PETrue)
Theorem* T/t (0T + P) = (Ox:T « TP) O(Ox:T » P=True)
Theorem? O=True: (Ox:T « P) £ True = (Ox:T » P=True)

Theorem? O=False: (Ox:T « P) £ False = ([k:T » P=False)

Theorem* (f=: (Ox:T-P=Q) 0 (OxT+P) = (Ox:T+Q))
Proof: Assume (Ox:T ¢« P=Q).
(Ox:T+P) = (OxT+Q)
=“CE-defn”
T(OxTP)Dt(Ox:T+ Q)) O(Oy:B « (Ox:T+» Q)=y O (Ox:T » P)Ey)

The second conjunct is routinely proved via B-instantiation. For the first conjunct:
(t(Ox:T * P)O 1(Ox:T * Q))
=“1/0 twice”
(Ox:T « 1P) O(x:T « P=False) 0 (Ox:T « 1Q) O([k:T » Q=False)
0 “[lub, and elementary properties of 0 ™
(Ox:TetP) 0 (Ox:T = 1Q)) O((Ek:T « P=False) O ([x:T » Q=False))
o«“o/a”
(Ox:T« PO 1Q) O((x:T « P=False) O (k:T » Q=False))
=“assumption, =-defn”
(x:T » P=False) O (k:T « Q=False)
=“contrapositive using AL and =-truth”
—([k:T » Q=False) 0 —(Ik:T « P=False)
=“de Morgan twice”
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(Ox:T « Q#False) O (Ox:T « P#False)
=“ETrue twice”

(Ox:T « Q=True) O (Ox:T » PETrue)
g«gmao»

(Ox:T » Q=True 0 P=True)
=“assumption, =-defn”

True O

11. Equality

Equality (=) differs from equivalence in being strict with respect to null and [, and in distributing over
choice. Equality on flat types such as the booleans (and the integers were we to include them) can be
axiomatised straightforwardly, but the axiomatisation presented below will be somewhat complicated to
make it applicable to arbitrary types. To this end, we define equality in terms of the refinement relation on
the type. This has the advantage that once the refinement relation is fixed for any type, an equality operator
is immediately available.

To include E and E3 in the treatment of equality, we need to augment them with the refinement relation.
For that, we import = whole and entire from EC:

Axiom?23 C-defn: EcF = (Ox:T+F=x O EEx) x fresh
Axiom?23 C-antisymm: ECF OFCE 0 E=F

Axiom?23 no-miracles:  (Ox:T+ECSx)  where E has type T and x fresh
Axiom?23 B-flat: (Ox.y:B » xEy = (x=y))

For E3 we also need to assert that [ is the least element with respect to =:

Axiom3 0c: O=ZE

T obviously enjoys the same properties in E and E3 as it does in EC. It will turn out that in E, equality and

equivalence are identical on flat types.

Equality enjoys essentially the same properties in each logic in the family, but the proofs differ in small
ways from logic to logic.

The axioms of equality (for arguments of type T) are as follows:

Axiom =-defn: E=Fc=True = (K TIEEx « (Oy:T[F=y * x=y)) x,y fresh
Axiom =-defn: E=FcFalse = ((k:T[EEx * (y:T|IF=y * xZY)) x,y fresh

For E4, we need in addition

Axiom? 1/=: T(E=F) = tE O1F
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At the end of the section, we will comment further on the axiomatisation with regard to E3 and E4.

The notion of “atomicity” of elements is important in the theory of equality. A term E is said to be
“atomic”, and satisfies OJE, iff it denotes a proper element that has no refinements other than itself. All
elements of flat types are trivially atomic. However, the logics do not exclude the possibility that some
types may have two distinct proper elements where one refines the other; this is not uncommon in theories
of functions. The defining axiom for atomicity is (where E has type T):

Axiom [J-defn: OE = (Ox:T« E=x 0 (E=x)) OAE x fresh
For flat types, atomicity and properness coincide:

Theorem OB: 0P = AP
Proof:
0P
=“[-defn”
(Ox:B - PEx O (P=x)) OAP
="“B-flat, using AP in left-hand conjunct, [Funit”
AP O

The second conjunct in axiom [J-defn is redundant in E, E3, EC, and E4:

Theorem?3.¢4 O-defn: OF = (Ox:T « Eex O (E=x)) x fresh
Proof:
UE = (Ox:T« Ee=x 0O (E=x))
=“0-defn”
(Ox:T+Ec=x O (E=x)) OAE = (Ox:T « EEx O (E=x))
=0.or
(Ox:T+ESx 0 (E=x)) 0 AE
=“A-T
(Ox:T+ESx 0 (E=x)) O (Ok:T * E=x)
=“[ -defn noting left-hand side proper, de Morgan™
(Ok:T » ~(EEx O (E=x))) O(0k:T » E=x)
=g
(Ok:T » ~(ESx O (E=x)) O(E=x))
=“[ -defn noting left-hand side proper, de Morgan™
(Ox:T » (ESx O(E2x)) O(E=x))
strong =, E-refl, and elementary properties of the boolean operators’
(x:T « EEx) — no-miracles [

— )

The definition of [J can also be simplified in EB:

Theorem® O-defn: OE = (Ox:T « E=x 0 (E=x)) O(E#null) x fresh
Proof: If E=null then the equivalenve is trivially verified. If E#null then we must prove OE = (Ox:T »
Ec=x O (E=x)), and the proof of the preceding theorem does just this. [
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Theorem =-symm: E=F = F=E
Proof: Follows from the symmetry in the defining axioms for =. d

Theorem®b4 =/ E=(FNG) = E=F N E=G
Proof: Using =-defn:
(a) E=(FNG) = True
="“=-defn”
(xTEEx « (Oy:TIFNGEy * x=Yy))
=“trading noting AC”
(kT « EEx O(Oy:T « FIGEy U(x=y)))
=“[YOnoting y not in EEx”
(T« (Oy:T » EEx OFNGEy O (x=Yy)))
="“r-defn™
(0T« (Oy:T « EEx O(F=y OGEy) O(x=y)))
=“[VOnoting all terms proper, and [J[T
(BT« (Oy:T » EEx OFsy O(x=y)) O(Cx:T » (0y:T « Eex O GEy U (x=Yy)))
=“trading and distributing as above”
(XTIEEx « (Oy:TIF=y * x=y)) O(k:TIEEx * (Oy:T|GEy * (x=y))
=“=-defn”
E=FETrue OE=GETrue
="“r-defn™
E=F mn E=G & True

(b) E=(FrG) E False = E=F M E=G E False is proved similarly.

(c) The following is applicable to E4 only:
T(E=F N E=G)
=“/n”
T(E=F) OW(E=0G)
=“1="
tE OtF OtE 016G

tE OtF O1G
=“1/M and /="
T(E=(FNQG)) a

Theorem® =null: E=null = null
Proof: By Theorem is-null we need only show —([k:B « E=null =x), and this follows routinely from B-
instantiation and the defining axioms for =. [
Theorem34 = E=
Proof: For E4:

E=0=0

O=0
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“1-defn”

-1(E=0)
/=

—(tE Ot0)
=1
True

For E3, E=0 = [ follows from E=0#False 0 E=00%True by Theorem 3-valued.

(a) E=0#False
=“CTrue”

(TIEEx « (Oy:T|O=y « x=y))
=“trading noting AC”
(k:T « Ecx O(Ly:T - Oy O(x=Yy)))
=“0=>
(BT« Eex O(0y:T « True Ox=y))
=“trading, one-point, habitation, and elementary properties of [T’
(kT « EEx)
=“no-miracles”

True

(b) E=0#True
=“CFalse”
E=0Cc False
=“=-defn”
(IkTIEEX « (Oy: TIOEy « xZ£Y))
==
(Ok:T « Ecx O(0y:T « x£y))
=“Theorem no-units below”

(Ok:T * EEx)
=“no-miracles”
True O

The proof of the preceding theorem in E3 makes use of Theorem no-units which states, in effect, that each
type has at least two elements (we already know from theorem habitation that each type has at least one
element). Therefore we postulate axiom no-units below, and and give an alternatice formulation of it in
Theorem no-units. We will show at the end of the section how axiom no-units can be dispensed with.

Axion? no-units: (Ox:T « (Oy:T « x£Y))

Theorem? no-units: (Ox:T » (Oy:T » x£y))
Proof:
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(Ox:T » (Oy:T » x£Y))
="“axiom no-units”

(Ok:T » (Oy:T » xz£y)) O (Ox:T « (Oy:T « x£Y))
=“g/0”

(Ox:T » (x:T « (Oy:T » x£y)) O (Gy:T « x£y))
=“interchange”

(Ox:T o (Oy:T « (kT « x£y)) O (Oy:T « x£Y))
=“[Hub”

(Ox:T » (y:T » (x:T » x£y) O (Oy:T « x£Y)))
="“lemma below”

(Ox:T < (Qy:T « True)) — True generalised twice

It remains to prove that (Ck:T « x#y) O (Oy:T « x#£y) holds for arbitrary x and y. Renaming dummies, we
have to show (Ow:T « uzy) O ([V:T « x#v). We consider the two cases x=y and x#y. If x=y the result is
trivial. If x#y then the truth of both antecedent and consequent follow from instantiation (in the form
PO (Ck:T « P) where P is replaced by x#y). [

Theorem =-truth: (E=F = True) = UE O(E=F)
Proof: We first carry out the proof in E4. If —TE or —TF then the equivalence is easily shown. Assume TE
and TF.

E=F = True
=“EFalse”

—(E=F C False)
="“=-defn”

~(k:TIEEx « (Oy:TIFEy * xZYy))
=“de Morgan”

(Ox:TIEEx « (Qy:TIF=y * x=Yy))
=“trading”

(Ox:T+E=x O (Qy:T+F&y O (x=y)))
=“0 /00 and elementary properties of 0 and [T

(Ox:T+Ecx O (Qy: T« F=y O Foy O(x=y)))
="“[ksubst”

(Ox:T+Ecx O (Qy: T« Fy O FEx O(x=y)))
=“0/0and 0/O”

(Ox:T+Ecx O (Qy:T+F=y O FEx) O(y:T+F=y O (x=y)))
="“[tub using y not free in FEX™

(Ox:T«Ecx O ((Gy:T+F=y) O Fe=x) O(0y: T+ FEy O (x=y)))
=“no-miracles”

(Ox:T+Ecx 0O FeEx O(Oy: T+ FEy O (x=y)))
=“0/0and 0/O”

(Ox:T+Ecx 0O FeEx) O(0x:T+EEx O (Qy: T« Foy O (x=y)))
=“assuming TE and TF”

(TFO1E) O(Ox:T « EEx O FEX) O(Ox:T« EEx O (y:T « F&y O (x=y)))
=“C-defn”

(FEE) O(x:T« EEx 0 (y: T« FEy O (x=y)))
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=“by symmetry of = we also infer FEE, C-antisymm”™

(E=F) 0(Ox:T« Eex 0 (Oy:T« Fey O (x=y)))
="“[Fsubst™

(E=F) 0(Ox:T«E=x 0 (Oy:T« Ecy O (x=y)))
="“lemma below”

(E=F) OOE

It remains to prove the following lemma:
If 1E then OE = (Ox:T« Eex 0 (Oy:T * Exy O (x=y)))

We can prove this by bi-implication as both sides are proper. The proof from left to right follows
easily from the defining properties of [ which allows us to replace each E with =. Going from
right to left:

(Ox:T-E=x 0O (Oy: T+ Exy O (x=y)))
[ “E-refl, and monotonicity properties of [J
(Ox:T-E=x O (Qy: T+ Ecy O (x2y)))
=“1E given, Tx”
(Ox:T+E=x O (xOtE) OOy:T « EEy O (xEY)))
=“E-defn”
(Ox:T »« EEx O xEE)
=“C-antisymm and elementary properties of I
(Ox:T+Ecx O (x=E))
=“0-defn”
OE

The proofs in E, E3, and EC are a minor simplication of that given above, the simplification arising from
the absence of any need to consider T. The proof in EB proceeds almost identically to that given above,

with E#null taking over the role of TE, and analogously for F#null.

In E, equality coincides with equivalence on flat types:

Theorem? =-truth: E=F = (E=F)if OE
Proof: E=F
=*"all proper”
E=F = True
="“=-truth”
UE O(E=F)
=“0E”
E=F O
Theorem =-=: E=F 0 (E=F)

Proof: Follows immediately from 0 -defn and =-truth. O



Many-valued Logics for Programming

Equality is reflexive only for atomic elements:

Theorem =-refl: OF 0 E=E
Proof: Using True-elim:
(CE O E=E) = True
=“0 -truth”
OE O (E=E = True)
—“=truth”
OE O OE O(E=E)
=“=-refl, C-unit, O -refl”
True 0

Theorem =-trans: E=FOF=G O E=G
Proof: Using True-elim and O -truth:
(E=F OF=G) = True
=“[Hruth”
(E=F=True) O (F=G=True)
="“=-truth”
OE O(E=F) O0OF O(F=G)
[ “=-trans and weakening”
UE O(E=G)
="“=-truth”
E=G = True g

Theorem ==-mono: EcF O (E=G)=(F=G) and FEG O (E=F)=(E=G)
Proof: For EC, EB, and E4, the proof follows readily from =r and =/m. For E and E3, use =-defn. O

Theorem =-B: P=Q = (PUQ) O(—-PQ)

Proof: The proofin E, E3, and EC consists of steps (a) and (b) below; E4 requires in addition step (c).

(a) (POQ) O(-P-Q) = True

=“[ktruth, Cktruth”

(P=True) O(Q=True)) O((—P=True) J(—Q=True))
="“[Fsubst twice”

(P=Q) O(Q=True)) O((~P=—Q) O(~Q=True))
=“=-mirror, [T’

(P=Q) O((Q=True) U(~Q=True))
=“exchange, boolean properness™

(P=Q)0AQ
=“0OB”

(P=Q)00Q
="“=-truth”

P=Q = True

(b) P=Q = False
=“CTrue”

67
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—(P=Q E True)
="“=-defn”
—(Ik:B|P=x « (Cy:B|Q:y * x=y))
=“de Morgan”
(Ox:BPEx « (Oy:B|IQZy * x#Y))
=“de Morgan”
(Ox:BPEx « (Oy:B|IQ:y * x#Y))
=“trading, [J /00 noting y not in PEx, shunting”
(Ox:B « (Oy:B - Pex O0Q=y U (x%y)))
=“[B-instantiation™
(PETrue DQETrue O (True#True)) O(P=True DQEFalse O (True#False)) O
(P=False 0QE=True O (False#True)) J(P=False JQEFalse [ (False#False))
=“CTrue, SFalse, two values, =-refl, (-unit”
(P#False OQ#False O False) [ (P#True OQ#true [ False)
=“0 -defn, D-unit, and elementary properties of ="
((P=False) J(Q=False)) O ((P=true) O (Q=True))
=“exchange”
((P=False) O(Q=False)) O ((—P=False) O (—Q=False))
="“[}+Falsity and [}-Falsity™
(POQ) O(—P+Q) = False

(c) For E4, it remains to show T(P=Q) = T((PLQ) O (—P1-Q)). If P=Q is O then either P or Q is O
and in either case we easily infer that (PUQ) O (-P[Q) is 0. If P=Q is not U then neither P nor Q
is U and so they are both drawn from {True, False, TruerFalse}. Clearly, in no case can (PCIQ) O
(—PO-Q) yield O.

For the proof in EB, consider first the case when P or Q is null; in this case, the equivalence is easily
verified. Otherwise, observe that neither side is null (the argument is similar to that in step (c) above with [
replaced with null). We now apply =-defn, and aim to show P=Qt=x = (POQ)I(—~PFQ)=x where x is
instantiated in turn with True and False. Under the non-null assumption, this is just (P=Q#x) =
((POQ)(—PI-Q)#x) by Theorems =True and =False of EB. From this point on, the proof is just steps (a)
and (b) above. O

To prove that equality is strict with respect to [ in E3, we postulated axiom no-units. We can also derive
no-units within E4. This is not too serious a restriction, and in fact we imposed it only so that we could
axiomatise equality uniformly for all the logics. We can dispense with it by reformulating the second
defining axiom for equality within E3 and E4 as:

Axiom3#4 =-defn: E=FcFalse = (E=0) O(F=0) O(k:TEEx » (Oy: TIFEy * xZ£y)) x.y fresh

We can express this alternatively in E3 and E4, respectively, as:

Axiom3 =-defn: E=FcFalse = ~AE O—AF O(Ck:T|E=x « (Gy:T|IFEy * x%Y)) x,y fresh
Axiom?* =-defn: E=FcFalse = —1E O—TF O(k:TEEx « (Oy:T|IF=y * x£y)) x,y fresh
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Proofs in E3 and E4 using the above axioms differ only in only small ways from those given above.
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