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1. Introduction

1.1 A family of many-valued logics

(���(&��(%�� DQG�(�� DUH�PHPEHUV� RI� D� IDPLO\� RI�PDQ\�YDOXHG� ORJLFV� IRU� UHDVRQLQJ� HTXDWLRQDOO\� DERXW

SURJUDPV�DQG�VSHFLILFDWLRQV�

• (��>�@�LV�D�WKUHH�YDOXHG�ORJLF�GHVLJQHG�WR�KDQGOH�SDUWLDOLW\��LW�LV�PRUH�RU�OHVV�DQ�HTXDWLRQDO�YHUVLRQ�RI

W\SHG�/3)��³ORJLF�RI�SDUWLDO�IXQFWLRQV´��>���@�

• (&� �ZKLFK� ZH� IRUPDOO\� FDOOHG� (��� LV� DOVR� WKUHH�YDOXHG�� EXW� GHVLJQHG� WR� DFFRPPRGDWH

QRQGHWHUPLQDF\�UDWKHU�WKDQ�SDUWLDOLW\��LW�LV�GHVFULEHG�LQ�>�@�

• (��LV�D�IRXU�YDOXHG�ORJLF�WKDW�DFFRPPRGDWHV�ERWK�SDUWLDOLW\�DQG�QRQGHWHUPLQDF\�>�@�

• (%�LV�DOVR�IRXU�YDOXHG��DQG�VXSSRUWV�QRQGHWHUPLQDF\�DQG�PLUDFOHV��L�H��HPSW\�FKRLFHV���LW�LV�GHVLJQHG

WR�VXSSRUW�EXQFK�WKHRU\�DQG�LV�GHVFULEHG�LQ�>�@�

7KH\�DOO�VKDUH�D�FRUH�VHW�RI�D[LRPV�DQG�LQIHUHQFH�UXOHV��ZKLFK�ZH�FDOO�(
±
��7KH�IDWKHU�RI�WKLV�IDPLO\�LV�(

>���@�ZKLFK�LV�D�YHUVLRQ�RI�WUDGLWLRQDO�SUHGLFDWH�FDOFXOXV�IRUPXODWHG�E\�'LMNVWUD�DQG�)HLMHQ�WR�IDFLOLWDWH�DQ

DOJHEUDLF�VW\OH�RI�FRQVWUXFWLYH�SURYLQJ��7KH�QDPH�³(´�LV�WDNHQ�IURP�WKH�ILUVW�OHWWHU�LQ�³HTXDWLRQDO´��EHFDXVH

WKH�PRVW�LPSRUWDQW�FRQQHFWLYH�LQ�WKH�ORJLF�LV�HTXLYDOHQFH�UDWKHU�WKDQ�LPSOLFDWLRQ�

+HUH�ZH� SURYH� WKH� LPSRUWDQW� WKHRUHPV� RI� WKH� ORJLFV�� DQG� GHVFULEH� DQG� MXVWLI\� WKH� SURRI� WHFKQLTXHV� WKDW

DOORZ�WKHP�WR�EH�XVHG�HIIHFWLYHO\�LQ�SURRI�HQJLQHHULQJ��7KH�SDSHU�LV�D�UHIHUHQFH�PDQXDO��DQG�LV�QRW�LQWHQGHG

WR�EH�UHDG�WKURXJK��,W�LV�ZULWWHQ�SDUWO\�DV�D�GHILQLWLYH�UHFRUG�RI�WKH�YDULRXV�ORJLFV�LQ�WKH�IDPLO\��DQG�SDUWO\�LQ

UHVSRQVH�WR�WKH�UHTXHVWV�DQG�FKDOOHQJHV�ZH�KDYH�UHFHLYHG�WR�SURYH�WKLV�RU�WKDW�WKHRUHP�

,Q�EULQJLQJ�DOO�WKH�ORJLFV�XQGHU�RQH�URRI��ZH�KDYH�WDNHQ�WKH�RSSRUWXQLW\�WR�LPSURYH�WKH�D[LRPDWLVDWLRQV�LQ

YDULRXV�ZD\V��,Q�SDUWLFXODU��VRPH�D[LRPV�VSHFLDO�WR�(��WXUQ�RXW�WR�KDYH�EHHQ�GHULYDEOH��DQG�WKH�WUHDWPHQW�RI

HTXDOLW\�KDV�EHHQ�RYHUKDXOHG� WR�PDNH� LW�PRUH�XQLIRUP�DFURVV�DOO�PHPEHUV�RI� WKH� IDPLO\�� ,Q� RXU� RULJLQDO

SUHVHQWDWLRQ�RI�(���ZH�HUURQHRXVO\�VWDWHG�WKDW�FRQMXQWLRQ�GLVWULEXWHV�RYHU�GLVMXQFWLRQ��DQG�YLFH�YHUVD���EXW

WKLV�LV�QRW�LQ�IDFW�DQ�HTXLYDOHQFH�EXW�D�EL�LPSOLFDWLRQ��WKLV�LV�FRUUHFWHG�KHUH�

2XU� LQWHUHVW� LV� LQ� UHDVRQLQJ� DERXW� VWURQJO\� W\SHG� VSHFLILFDWLRQ� DQG� SURJUDPPLQJ� ODQJXDJHV�� 7\SHG

VSHFLILFDWLRQ� DQG� SURJUDPPLQJ� ODQJXDJHV� DUH� D[LRPDWLVHG� E\� SURYLGLQJ� D� FROOHFWLRQ� RI� D[LRPV� IRU� HDFK

W\SH��WRJHWKHU�ZLWK�D�VHW�RI�LQIHUHQFH�UXOHV��:H�DVVXPH�WKDW�WKH�ERROHDQV�DUH�DPRQJ�WKH�W\SHV��DQG�WKDW�WKH\

LQFOXGH�XQLYHUVDO�DQG�H[LVWHQWLDO�TXDQWLILFDWLRQV��%\�D�³ORJLF´�ZH�PHDQ�DQ�D[LRPDWLVDWLRQ�RI� WKH�ERROHDQ

W\SH��WRJHWKHU�ZLWK�WKH�LQIHUHQFH�UXOHV��5HODWLRQVKLSV�DPRQJ�SURJUDPV��VXFK�DV�HTXLYDOHQFH�RU�UHILQHPHQW�

PD\�EH�WUHDWHG�DV�ERROHDQ�WHUPV��ZLWK�WKH�UHVXOW�WKDW�IRU�HYHU\GD\�UHDVRQLQJ�DERXW�SURJUDPV��QR�H[WUD�ORJLF

LV�QHHGHG�DW�WKH�PHWDOHYHO�

1.2 Overview and notation

:H�XVH� WKH� OHWWHUV�(��)��*�� ����� DQG� W� WR� VWDQG� IRU� WHUPV� RI� DUELWUDU\� W\SH�� 7KH� OHWWHUV� 7��8�� ���� VWDQG� IRU

DUELWUDU\� W\SHV� �LQFOXGLQJ� WKH� ERROHDQV��� 7KH� W\SH� V\PERO��� �SURQRXQFHG� ³ERRO´�� GHQRWHV� WKH� ERROHDQV�

7HUPV�RI�W\SH���DUH�FDOOHG�³IRUPXODH´��ZH�OHW�3��4��DQG�5�VWDQG�IRU�IRUPXODH��:H�DUH�DOVR�JLYHQ�IRU�HDFK

W\SH�7�DQ�LQILQLWH�VXSSO\�RI�SURJUDP�YDULDEOHV��:H�OHW�[7�VWDQG�IRU�DQ�DUELWUDU\�SURJUDP�YDULDEOH�RI�W\SH�7�

LQ�SURJUDPPLQJ�ODQJXDJHV��WKH�W\SH�LV�VXSSOLHG�E\�FRQWH[W�DQG�VR�WKH�VXEVFULSW�LV�W\SLFDOO\�RPLWWHG��)RU�[�D

YDULDEOH�RI�DQ\�NLQG��ZH�GHQRWH�E\�(>[� W@�WKH�WHUP�JRW�E\�VXEVWLWXWLQJ�HDFK�IUHH�RFFXUUHQFH�RI�[�LQ�(�ZLWK�W
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�ZLWK�UHQDPLQJ�DV�QHFHVVDU\�WR�DYRLG�IUHH�YDULDEOHV�LQ�W�EHFRPLQJ�ERXQG�DV�D�UHVXOW�RI�WKH�VXEVWLWXWLRQ���:H

DUH�JLYHQ�WZR�ERROHDQ�FRQVWDQWV��QDPHO\�7UXH�DQG�)DOVH��WKHVH�FRQVWDQWV�DQG�WKH�SURJUDP�YDULDEOHV�RI�W\SH

��WRJHWKHU�FRQVWLWXWH�WKH�³DWRPLF´�IRUPXODH��2WKHU�W\SHV�VXSSO\�IXUWKHU�DWRPLF�IRUPXODH��IRU�H[DPSOH��WKH

LQWHJHUV�SURYLGH�������EXW�DW�WKLV�OHYHO�RI�SUHVHQWDWLRQ�ZH�GR�QRW�FDUH�DERXW�WKH�GHWDLOV�RI�RWKHU�W\SHV��:H

FRQVWUXFW�FRPSOH[�IRUPXODH�LQ�WKH�XVXDO�ZD\��3∧4��3∨4��3⇒4��3⇔4��(4)��(�)��¤3���∃[�7���3����∀[�7��
3����∃[�7_5���3���DQG��∀[�7_5���3��

&ODVVLFDO� ORJLFV�� LQFOXGLQJ� (�� DVVXPH� WKDW� W\SHG� WHUPV� GHQRWH� D� VLQJOH� XQLTXH� YDOXH� LQ� WKH� W\SH�� ,Q

SURJUDPPLQJ� DQG� VSHFLILFDWLRQ� ODQJXDJHV�� KRZHYHU�� WKLV� LV� QRW� QHFHVVDULO\� VR�� $� QRQ�WHUPLQDWLQJ

LQYRFDWLRQ�RI�D�UHFXUVLYH�IXQFWLRQ�RI�UHVXOW�W\SH�7�GRHV�QRW�\LHOG�D�YDOXH�LQ�7��ZH�VD\�WKDW�LWV�RXWFRPH�LV�WKH

VSHFLDO�YDOXH�⊥7��⊥�LV�SURQRXQFHG�³ERWWRP´���6SHFLILFDWLRQ�ODQJXDJHV�PD\�LQFOXGH�WHUPV�RI�WKH�IRUP�( )

WR� GHQRWH� D� QRQGHWHUPLQLVWLF� FKRLFH� DPRQJ� WHUPV� (� DQG� )�� $Q� HYDOXDWLRQ� RI� ( )� PD\� \LHOG� GLIIHUHQW

RXWFRPHV� RQ� GLIIHUHQW� RFFDVLRQV�� WKH� RQO\� UHTXLUHPHQW� EHLQJ� WKDW� HDFK� RXWFRPH� LV� FKRVHQ� IURP� DQ

HYDOXDWLRQ� RI� (� RU� DQ� HYDOXDWLRQ� RI� )�� 6SHFLILFDWLRQ� ODQJXDJHV� PD\� DOVR� SURYLGH� D� PHFKDQLVP� IRU

FRQVWUXFWLQJ�D�WHUP�ZKLFK�GHQRWHV�D�YDOXH�VDWLVI\LQJ�VRPH�GHILQLQJ�SURSHUW\��,I�LW� WXUQV�RXW� WKDW�QR�YDOXH

VDWLVILHV�WKH�SURSHUW\�WKHQ�WKH�WHUP�KDV�QR�RXWFRPHV�DQG�ZH�WUHDW�LW�DV�D�VSHFLDO�WHUP�FDOOHG�QXOO7�ZKHUH�7

GHQRWHV�LWV�W\SH��7KHVH�VSHFLDO�WHUPV�PD\�HYHQ�DSSHDU�LQ�WKH�ERROHDQV��JLYLQJ�XV�VWUDQJH�ERROHDQV�VXFK�DV

⊥
�
��7UXH )DOVH��DQG�QXOO

�
��(��VXSSRUWV�⊥7��(&�VXSSRUWV� ��(%�VXSSRUWV� �DQG�QXOO7��DQG�(��VXSSRUWV

⊥7�DQG� �

:H�LQWURGXFH�WKH�SUHIL[�V\PERO�¨�ZKHUH�¨(�LV��ERROHDQ�YDOXHG��7KH�LQWHQWLRQ�LV�WKDW�¨(�KROGV�MXVW�ZKHQ�(

GHQRWHV� D� VLQJOH� XQLTXH� YDOXH� LQ� WKH� WUDGLWLRQDO� VHQVH�� )RU� H[DPSOH�� ¨��
��� KROGV�� EXW� QRW� ¨������ RU

¨�7UXH )DOVH���$�WHUP�(�VDWLVI\LQJ�¨(�LV�VDLG�WR�EH�³SURSHU´��RWKHU�WHUPV�DUH�VDLG�WR�EH�³LPSURSHU´��7KH

FRUH�ORJLF��(
±
�D[LRPDWLVHV�WKH�ERROHDQ�RSHUDWRUV�VR�WKDW�WKH\�UHWDLQ�WKHLU�WUDGLWLRQDO�PHDQLQJ�ZKHQ�DOO�WKH

DUJXPHQWV�DUH�SURSHU��EXW�LW�OHDYHV�RSHQ�WKH�EHKDYLRXU�RI�WKH�RSHUDWRUV�ZLWK�UHVSHFW�WR�WKH�VWUDQJH�ERROHDQV�

+RZHYHU�� LW� GRHV� HVWDEOLVK� WKDW� VRPH� WHUPV� DUH� DOZD\V� SURSHU�� PRVW� QRWDEO\� (4)�� ¨(�� DQG� SURJUDP

YDULDEOHV��)URP�WKH�D[LRPV�RI�(
±
�ZH�FDQ�GHGXFH�WKDW�WKHUH�DUH�WZR�GLVWLQFW�ERROHDQV��7UXH�DQG�)DOVH���EXW

ZH�FDQQRW�FRQFOXGH�WKDW�WKHUH�DUH�QRW�PRUH��'HVSLWH�WKLV�RSHQQHVV��LW�WXUQV�RXW�WKDW�QHDUO\�DOO�WKH�ZRUNKRUVH

WKHRUHPV� RI� FODVVLFDO� SUHGLFDWH� ORJLF� DUH� GHULYDEOH� LQ�(
±
��:H� VXEVHTXHQWO\� FRQVWUXFW� HDFK� ORJLF� LQ� WKH

IDPLO\�E\��LQ�HDFK�FDVH��DGGLQJ�D�VPDOO�FROOHFWLRQ�RI�IXUWKHU�D[LRPV��)RU�H[DPSOH��(�LV�MXVW�(
±
�SOXV�D[LRP

¨(�

7KHRUHPV�WKDW�GR�QRW�SHUWDLQ�WR�DOO� ORJLFV��L�H�� WKRVH� WKDW� UHO\�RQ�D[LRPV�QRW� LQ�(
±
��DUH

ODEHOOHG� ZLWK� VXSHUVFULSWV� DV� D� UHPLQGHU� RI� WKH� ORJLFV� WR� ZKLFK� WKH\� EHORQJ�� ,Q� WKH

VXSHUVFULSWV�� (��� (���F (&��E (%��DQG�� (���$[LRPV�DUH�ODEHOOHG�VLPLODUO\�

7KH�XQGHUO\LQJ�PRGHO� LV� EULHIO\� DV� IROORZV��'LVMXQFWLRQ� DQG� FRQMXQFWLRQ�ZLOO� EH� IRUPDOLVHG� VR� WKDW� WKH\

EHKDYH�DV�PLQLPLVDWLRQ�RSHUDWLRQV�ZLWK�UHVSHFW�WR�WKH�IROORZLQJ�RUGHULQJV�

'LVMXQFWLRQ�� 7UXH���QXOO
�
���⊥

�
���7UXH )DOVH���)DOVH

&RQMXQFWLRQ�� )DOVH���QXOO
�
���⊥

�
���7UXH )DOVH���7UXH

%HFDXVH�⊥
�
� DQG� QXOO

�
� GR� QRW� DSSHDU� WRJHWKHU� LQ� DQ\� ORJLF�� WKHLU� UHODWLYH� RUGHU� DERYH� LV� LUUHOHYDQW�� 2I

FRXUVH��(
±
� IL[HV� RQO\� WKH� UHODWLYH� RUGHULQJ� RI� 7UXH� DQG� )DOVH�� DQG� KDV� QRWKLQJ� WR� VD\� RI� RWKHU� ERROHDQ

YDOXHV�� WKHLU�SODFH� LV� IL[HG� LQ� WKH� UHVSHFWLYH� ORJLFV��(
±
� IL[HV�QHJDWLRQ� VR� WKDW� LW� EHKDYHV� FODVVLFDOO\�ZLWK

UHVSHFW�WR�WKH�SURSHU�ERROHDQV��DQG�RWKHUZLVH�LV�DQ�LQYROXWLRQ��VXEVHTXHQWO\��HDFK�SDUWLFXODU�ORJLF�H[WHQGV
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QHJDWLRQ�WR�WKH�VWUDQJH�ERROHDQV�E\�WUHDWLQJ�LW�DV�DQ�LGHQWLW\�RSHUDWLRQ�RQ�WKHP��7KH� LPSOLFDWLRQ�3⇒4�LV

WUHDWHG�DV�EHLQJ�HTXLYDOHQW�WR��3�7UXH�∨4��(TXLYDOHQFH��4��LV�VR�FDOOHG�³VWURQJ�HTXLYDOHQFH´��L�H�LW�\LHOGV
7UXH�LI�LWV�WZR�DUJXPHQWV�DUH�WKH�VDPH��DQG�RWKHUZLVH�LW�\LHOGV�)DOVH��:H�ZLOO�LQWURGXFH�HTXDOLW\�� ��ODWHU�

:H�ZLOO�IRUPDOLVH��∀[�7���3��VR�WKDW�LW�EHKDYHV�DV�D�JHQHUDOLVHG�FRQMXQFWLRQ�RI�WKH�IRUPXODH�REWDLQHG�E\
LQVWDQWLDWLQJ�3�ZLWK�WKH�SURSHU�HOHPHQWV�RI�7��([LVWHQWLDO�TXDQWLILFDWLRQ�LV�WUHDWHG�VLPLODUO\�DV�D�JHQHUDOLVHG

GLVMXQFWLRQ� �DQG� LQGHHG�ZH�ZLOO� UHWDLQ� WKH� HTXLYDOHQFH� RI� �∃[�7���3�� DQG� ¤�∀[�7���¤3���� 4XDQWLILFDWLRQV
RYHU�VXEW\SHV�DUH�ZULWWHQ�DV��∀[�7_5���3��DQG��∃[�7_5���3���UHVSHFWLYHO\��ZKHUH�LQ�HDFK�FDVH�5�LV�FDOOHG�WKH
³UDQJH´�� :H� ZLOO� IRUPDOLVH� �∀[�7_5���3�� VR� WKDW� LW� HQFRGHV� ³3� IRU� DOO� [� IRU� ZKLFK� 5� LV� 7UXH´�� DQG
�∃[�7_5���3��VR�WKDW�LW�HQFRGHV�³3�IRU�VRPH�[�WKDW�IRU�ZKLFK�5�LV�7UXH´�

%UDFNHWV�PD\�EH�RPLWWHG�XVLQJ�WKH�IROORZLQJ�RSHUDWRU�SUHFHGHQFH��ZKLFK�UXQV�IURP�KLJKHVW�WR�ORZHVW��WKH

OLVW�LQFOXGHV�τ�DQG�ë�ZKLFK�ZH�ZLOO�H[SODLQ�ODWHU��

¨��τ��¤ = ë ∧��∨ ⇒��⇔ 4���

2SHUDWRUV� LQ� FRPPD�VHSDUDWHG� JURXSV� KDYH� WKH� VDPH� SULRULW\�� 3UHIL[� XQDU\� RSHUDWRUV� VXFK� DV� ¤� DQG� ¨

EUDFNHW�WR�WKH�ULJKW��6XEVWLWXWLRQ�ELQGV�WLJKWHVW�RI�DOO�

2. The core logic E–

2.1 Axioms and inference rules of E–

7KH�D[LRPV�FRPPRQ�WR�DOO�WKH�ORJLFV�DUH�DOO�VXEVWLWXWLRQ�LQVWDQFHV�RI�WKH�IROORZLQJ�IRUPXODH�

(TXLYDOHQFH

4�UHIO� (�4�(

4�V\PP� �(�4�)��4��)�4�(�

4�WUXWK� ��(�4�)��4�7UXH��4��(�4�)�

1HJDWLRQ

H[FKDQJH� (¤3�4�4��4��¤4�4�3�
��GHIQ� ((���)��4�¤�(�4�)�
)DOVH�GHIQ� )DOVH�4�¤7UXH

'LVMXQFWLRQ

∨�V\PP� 3�∨�4�4�4�∨�3
∨�DVVRF� 3�∨��4�∨�5��4��3�∨�4��∨�5
∨�LGHP� 3�∨�3�4�3
∨�]HUR� 3�∨�7UXH�4�7UXH
∨�XQLW� 3�∨�)DOVH�4�3

&RQMXQFWLRQ
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∧�GHIQ� 3�∧�4�4 ¤�¤3�∨ ¤4�

,PSOLFDWLRQ

⇒�GHIQ� 3�⇒�4�4 �3���7UXH��∨�4
⇒�4� 3�⇒��4�4�5��4��3�⇒�4�4�3�⇒�5�

⇒�∧� 3�⇒�4�∧�5�4��3�⇒�4��∧��3�⇒�5�

∨�OXE� 3�∨ 4 ⇒�5�4��3�⇒�5��∧��4�⇒�5�

VKXQWLQJ� 3�∧�4�⇒�5�4�3�⇒��4�⇒�5�

4�ZHDNHQLQJ� �3�4�4��⇒��3�⇒�4�

/HLEQL]� �(�4�)��⇒��*>[� (@�4�*>[� )@�

⇔�GHIQ� 3�⇔�4�4 �3�⇒�4��∧��4�⇒�3�

%RROHDQ�SURSHUQHVV

¨�� ¨3�4 ��3�4�7UXH��4�3�

8QLYHUVDO�TXDQWLILFDWLRQ

∀�∧�� �∀[�7���3�∧�4���4���∀[�7���3��∧��∀[�7���4�
⇒/∀�� �∀[�7���3�⇒�4���4��3�⇒��∀[�7���4��LI�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
∀�4� �∀[�7���3�4�4��⇒���∀[�7���3��4��∀[�7���4��
∀�WUXWK� ��∀[�7���3��4�7UXH���4���∀[�7���3�4�7UXH�
LQWHUFKDQJH� �∀[�7����∀\�8���3����4���∀\�8����∀[�7���3��
UHQDPLQJ� �∀[�7���3���4���∀\�7���3>[� \@��ZKHUH�\�LV�IUHVK
WUDGLQJ�� �∀[�7_5���3���4���∀[�7���5�⇒�3�

([LVWHQWLDO�TXDQWLILFDWLRQ

∃�GHIQ�� �∃[�7���3���4 �¤�∀[�7���¤3�
∃_�GHIQ�� �∃[�7_5���3���4 �¤�∀[�7_5���¤3�
∃�OXE� �∃[�7���3��⇒�4��4���∀[�7���3�⇒�4��LI�[�GRHV�QRW�RFFXU�IUHH�LQ�4�

7HUP�SURSHUQHVV

LQVWDQWLDWLRQ� �∀[�7���3��∧�¨W��⇒��3>[� W@

YDULDEOHV�SURSHU� ¨[7
FRQVWDQWV�SURSHU�� �∀[�7���¨[�

∧�GHIQ��∃�GHIQ��DQG�∃_�GHIQ�DUH�DOO�LQVWDQFHV�RI�GH�0RUJDQ¶V�ODZV��DQG�ZH�VRPHWLPHV�UHIHU�WR�WKHP�DV�VXFK

LQ�SURRIV�

7KH� D[LRPV� GLIIHU� IURP� WKRVH� RI� (� LQ� WKDW� WKDW� �347UXH��4� 3� KROGV� RQO\� IRU� SURSHU� 3�� DQG� LQ� WKDW

LQVWDQWLDWLRQ�LV�RQO\�YDOLG�IRU�SURSHU�WHUPV�
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7KH�LQIHUHQFH�UXOHV�DUH�PRGXV�SRQHQV��03��DQG�JHQHUDOLVDWLRQ�

0RGXV 3���3�⇒�4 *HQHUDOLVDWLRQ 3

3RQHQV 4 �∀[�7���3�

2.2 Derived inference rules

7KH�DUFKHW\SLFDO�SURRI�LQ�WKH�ORJLF�IDPLO\�FRQVLVWV�RI�WUDQVIRUPLQJ�WKH�IRUPXOD�WR�EH�SURYHG�LQWR�D�NQRZQ

WKHRUHP��7KH�WUDQVIRUPDWLRQ�FRQVLVWV�RI�UHSHDWHGO\�VXEVWLWXWLQJ�HTXDOV�IRU�HTXDOV��7KLV�PHWKRG�UHOLHV�RQ�D

FROOHFWLRQ�RI�GHULYHG�LQIHUHQFH�UXOHV��QDPHO\�(TXDQLPLW\��/HLEQL]��7UDQVLWLYLW\��7UXH�LQWUR��)DOVH�LQWUR��DQG

,PSOLFDWLRQ� 7UDQVLWLYLW\�� :H� SURYH� WKH� YDOLGLW\� RI� HDFK� LQ� WXUQ�� DQG� WKHQ� H[SODLQ� KRZ� WKH\� DUH� XVHG

�,PSOLFDWLRQ�7UDQVLWLYLW\�LV�QRW�QHHGHG�LPPHGLDWHO\�DQG�ZH�SRVWSRQH�LWV�YHULILFDWLRQ�XQWLO�ODWHU��

(TXDWLRQDO�UHDVRQLQJ�SURFHHGV�XVLQJ�WKH�IROORZLQJ�LQIHUHQFH�UXOHV�

(TXDQLPLW\ 3���3�4 4 /HLEQL] (�4�)���3>[� (@

4 3>[� )@

7UDQVLWLYLW\ (�4�)���)�4�* 7UXH�LQWUR 3

(�4�* 3�4�7UXH

)DOVH�LQWUR ¤3

3�4�)DOVH

7KH�V\PPHWU\�RI�4�JLYHV�ULVH�WR�WULYLDO�YDULDWLRQV�RQ�HDFK�RI�WKH�DERYH�

:H�SURYH�WKH�YDOLGLW\�RI�HDFK�LQ�WXUQ�E\�VKRZLQJ�D�VHTXHQFH�RI�VWHSV�E\�ZKLFK�WKH�FRQFOXVLRQ��WKH�IRUPXOD

EHORZ�WKH�OLQH��FDQ�EH�GHGXFHG�IURP�WKH�K\SRWKHVHV��WKH�IRUPXODH�DERYH�WKH�OLQH��

(TXDQLPLW\

�L� 3�4�4 ²�K\SRWKHVLV

�LL� �3�4�4��⇒��3�⇒�4� ²�4�ZHDNHQLQJ

�LLL� 3�⇒�4 ²��L����LL���03

�LY� 3 ²�K\SRWKHVLV

�Y� 4 ²��LY����LLL���03

/HLEQL]

�L� (�4�) ²�K\SRWKHVLV

�LL� �(�4�)��⇒��3>[� (@�4�3>[� )@� ²�D[LRP�/HLEQL]

�LLL� 3>[� (@�4�3>[� )@ ²��L����LL���03

�LY� 3>[� (@ ²�K\SRWKHVLV

�Y� 3>[� )@ ²��LY����LLL���(TXDQLPLW\

7UDQVLWLYLW\

�L� (�4�) ²�K\SRWKHVLV

�LL� �(�4�)��4 �)�4�(� ²�4�V\PP
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�LLL� )�4�( ²��L����LL���(TXDQLPLW\

�LY� )�4�* ²�K\SRWKHVLV

�Y� (�4�* ²��LLL����LY���/HLEQL]

7UXH�LQWUR

:H�VKDOO�UHTXLUH�WKH�WKHRUHP��3�4�7UXH��∨�(3���7UXH���WKLV�LV�SURYHG�DV�IROORZV�

�D� �3�4�7UXH��⇒��3�4�7UXH� ²�D[LRP�/HLEQL]�ZLWK�[�IRU�*

�E� �D��4���3�4�7UXH����7UXH��∨��3�4�7UXH� ²�⇒�GHIQ

�F� ��3�4�7UXH����7UXH��∨��3�4�7UXH� ²��D����E���(TXDQLPLW\

�G� ��3�4�7UXH����7UXH��4�(3���7UXH� ²�WKHRUHP�4�QRQ�WUXWK��VHH�EHORZ�

�H� �3���7UXH��∨��3�4�7UXH� ²��F����G���/HLEQL]

7KH�MXVWLILFDWLRQ�RI�7UXH�LQWUR�LV�

�L� 3 ²�K\SRWKHVLV

�LL� 3�⇒�(3�4�7UXH��4 �3�7UXH��∨�(3�4�7UXH� ²�⇒�GHIQ

�LLL� 3�⇒�(3�4�7UXH� ²��H����LL���(TXDQLPLW\

�LY� 3�4�7UXH ²��L����LLL���03

7KHRUHP�4�QRQ�WUXWK�LV���(�4�)����7UXH��4�((���)���LW�LV�HDVLO\�SURYHG�XVLQJ���GHIQ�DQG�4�WUXWK��ZLWKRXW
XVH�RI�7UXH�LQWUR�

2.3 Reasoning with equivalence

$�SURRI�WKDW�3�LV�D�WKHRUHP�LV�W\SLFDOO\�ODLG�RXW�DV�IROORZV�

3

4³MXVWLILFDWLRQ��´

4

4³MXVWLILFDWLRQ��´

5 ²�7KHRUHP�³7´

7KLV�LV�VKRUW�KDQG�IRU�

�L� 3�4�4 ²�³MXVWLILFDWLRQ��´

�LL� 4�4�5 ²�³MXVWLILFDWLRQ��´

�LLL� 3�4�5 ²��L����LL���7UDQVLWLYLW\

�LY� 5 ²�7KHRUHP�³7´

�Y� 3 ²��LLL����LY���(TXDQLPLW\

,Q�HDFK�SURRI�VWHS��WKH�MXVWLILFDWLRQ�RI�;�4�<��IRU�DQ\�;�DQG�<��WDNHV�RQH�RI�WKH�IROORZLQJ�IRUPV�

�� ,W�PD\�EH�UHIHUHQFH�WR�ZKHUH�;�4�<�KDV�EHHQ�HVWDEOLVKHG�DV�D�WKHRUHP�

�� ,I�;�DQG�<�DUH�VLPLODU�LQ�VWUXFWXUH�H[FHSW�WKDW�;�KDV�D�VXEH[SUHVVLRQ�(�ZKHUH�<�KDV�VXEH[SUHVVLRQ�)�

WKHQ�;�4�<� FDQ�EH� FDVW� LQ� WKH� IRUP�=>[� (@�4�=>[� )@�ZKHUH� [� VWDQGV� IRU� D� IUHVK� YDULDEOH�� ,Q� WKDW
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FDVH��WKH�MXVWLILFDWLRQ�FRQVLVWV�RI�D�UHIHUHQFH�WR�ZKHUH�(�4�)�KDV�EHHQ�HVWDEOLVKHG�DV�D� WKHRUHP��7KH

WUXWK�RI�=>[� (@�4�=>[� )@�IROORZV�IURP�D[LRP�/HLEQL]�DQG�DQ�DSSOLFDWLRQ�RI�03�

�� ,I�;�4�<� FDQ� EH� FDVW� LQ� WKH� IRUP� =>[� 3@�4�=>[� 7UXH@�� LWV� MXVWLILFDWLRQ� FRQVLVWV� RI� D� UHIHUHQFH� WR

ZKHUH� 3� KDV� EHHQ� HVWDEOLVKHG� DV� D� WKHRUHP�� 7KH� FRQFOXVLRQ� IROORZV� DV� EHIRUH�� ZLWK� DQ� DGGLWLRQDO

DSSHDO�WR�7UXH�LQWUR�WR�LQIHU�3�4�7UXH�

�� ,I�;�4�<�FDQ�EH�FDVW� LQ� WKH� IRUP�=>[� 3@�4�=>[� )DOVH@�� WKH� MXVWLILFDWLRQ� FRQVLVWV� RI� D� UHIHUHQFH� WR

ZKHUH�¤3�KDV�EHHQ�HVWDEOLVKHG�DV�D� WKHRUHP��7KH�FRQFOXVLRQ� IROORZV�DV�DERYH�� H[FHSW�ZH�DSSHDO� WR

)DOVH�LQWUR�

�� 2FFDVLRQDOO\��D�UHIHUHQFH�WR�ZKHUH�(�4�)�KDV�EHHQ�HVWDEOLVKHG�LV�SDFNDJHG�DV�D�SDLU�RI�UHIHUHQFHV��RQH

WR�ZKHUH�3�⇒��(�4�)��KDV�EHHQ�HVWDEOLVKHG�IRU�VRPH�3��DQG�DQRWKHU�WR�ZKHUH�3�KDV�EHHQ�HVWDEOLVKHG��(

4�)�IROORZV�IURP�DQ�DSSOLFDWLRQ�RI�03�

7KH� IRUHJRLQJ� GHVFULEHV� D� SURRI� FDUULHG� RXW� LQ� WZR� VWHSV�� WKH� JHQHUDOLVDWLRQ� WR� DQ\� QXPEHU� RI� VWHSV� LV

REYLRXV�

&RPSDULQJ� WKH� SURRI� SUHVHQWDWLRQ� DERYH� ZLWK� LWV� ILUVW� H[SDQVLRQ� �L�H�� �L�� WR� �Y���� ZH� VHH� WKDW� VWHS� �LLL�

HVWDEOLVKHV�3�4�5�� ,W� IROORZV� WKDW�ZH�PD\�SURYH�3�4�5�XVLQJ� MXVW� WKLV� SURRI� SUHVHQWDWLRQ�� EXW�ZLWKRXW� D

MXVWLILFDWLRQ�RI�5�LQ�WKH�ILQDO�OLQH��,Q�VKRUW��ZH�PD\�SURYH�DQ�HTXLYDOHQFH�E\�UHGXFLQJ�RQH�VLGH�WR�WKH�RWKHU�

3. Propositional E–

3.1 Negation

7KHRUHP��¤�H[FKDQJH� (¤3�4�4��4��3�4�¤4�
3URRI�

¤3�4�4

4³H[FKDQJH´

¤4�4�3

4³4�V\PP´

3�4�¤4 ❑

7KHRUHP���¤�LQY� ¤¤3�4�3

3URRI�

¤¤3�4�3

4³¤�H[FKDQJH´

¤3�4 ¤3²�4�V\PP ❑

7KHRUHP���V\PP� �(���)��4��)���(�

3URRI�

(���)

4³��GHIQ´

¤�(�4�)�

4³4�V\PP´

¤�)�4�(�

4³��GHIQ´

)���( ❑
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7KHRUHP�4�PLUURU�� �3�4�4��4��¤3�4�¤4�

3URRI�

�¤3�4�¤4�

4³¤�H[FKDQJH´

�¤¤3�4�4�

4³¤�LQY´

�3�4�4� ❑

7KHRUHP�4�QRQ�WUXWK� ��(�4�)����7UXH��4�((���)�
3URRI�

�(�4�)����7UXH

4³��GHIQ´

¤��(�4�)��4�7UXH��

4³4�WUXWK´

¤�(�4�)�

4³��GHIQ´

(���) ❑

3.2 Disjunction and conjunction

7KHRUHP��GH�0RUJDQ �L����¤�3�∧�4��4��¤3�∨ ¤4�
�LL���¤�3�∨�4��4��¤3�∧ ¤4�

3URRI�

(i) ¤�3�∧�4�
4³∧�GHIQ´

¤�¤�¤3�∨ ¤4��
4³¤�LQY´

�¤3�∨ ¤4�

(ii) ¤3�∧ ¤4
4³∧�GHIQ´

¤�¤¤3�∨ ¤¤4�
4³¤�LQY�WZLFH´

¤�3�∨�4� ❑

7KHRUHP�∧�V\PP� �3�∧�4� 4��4�∧�3�
3URRI

�3�∧�4�
4³∧�GHIQ´

¤�¤3�∨ ¤4�
4³∨�V\PP´

¤�¤4�∨ ¤3�
4³∧�GHIQ´

�4�∧�3� ❑
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7KHRUHP��∧�DVVRF� 3�∧��4�∧�5��4��3�∧�4��∧�5
3URRI

3�∧��4�∧�5�
4³∧�GHIQ´

3�∧ ¤�¤4�∨ ¤5�
4³∧�GHIQ´

¤�¤3�∨ ¤¤�¤4�∨ ¤5��
4³¤�LQY´

¤�¤3�∨ �¤4�∨ ¤5��
4³∨�DVVRF´

¤��¤3�∨ ¤4� ∨ ¤5�
4³GH�0RUJDQ´

¤�¤�3�∧�4��∨ ¤5�
4³∧�GHIQ´

�3�∧�4��∧�5 ❑

7KHRUHP�∧�LGHP�� 3�∧�3�4�3
3URRI�

�3�∧�3�
4³∧�GHIQ´

¤�¤3�∨�¤3�
4³∨�LGHP´

¤�¤3�

4³¤�LQY´

3 ❑

7KHRUHP�∨�∨�����3�∨��4�∨�5� 4��3�∨�4��∨��3�∨�5�
3URRI�

3�∨��4�∨�5�
4³∨�LGHP´

�3�∨�3��∨��4�∨�5�
4³∨�V\PP�DQG�DVVRFLDWLYLW\´

�3�∨�4��∨��3�∨�5� ❑

7KHRUHP�∧�∧� 3�∧��4�∧�5��4��3�∧�4��∧��3�∧�5�
3URRI�

3�∧��4�∧�5�
4³∧�LGHP´

�3�∧ 3��∧��4�∧�5�
4³∧�DVVRF�DQG�V\PPHWU\´

�3�∧��4�∧�5���∧�3
4³∧�DVVRF�WZLFH´

�3�∧�4��∧��5�∧�3�
4³∧�V\PP´

�3�∧�4��∧��3�∧�5� ❑
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3.3 Substitution

7KHRUHP�⇒�VXEVW� �(�4�)��⇒�3>[:=(@��4���(�4�)��⇒�3>[:=)@
3URRI�

�(�4�)��⇒�3>[:=(@�4��(�4�)��⇒�3>[:=)@
4³⇒�4´

�(�4�)��⇒��3>[:=(@�4�3>[:=)@� ²�/HLEQL] ❑

7KHRUHP�∧�VXEVW� �(�4�)��∧�3>[:=(@��4  �(�4�)��∧�3>[:=)@
3URRI�

�(�4�)��∧�3>[:=(@�4 �(�4�)��∧�3>[:=)@
4³4�PLUURU´

¤��(�4�)��∧�3>[:=(@��4 ¬(�(�4�)��∧�3>[:=)@�
4³GH�0RUJDQ�WZLFH����GHIQ�WZLFH´

��(���)��∨�¤3>[:=(@��4 (�(���)��∨�¤3>[:=)@�
4³4�QRQ�WUXWK�WZLFH´

��(�4�)����7UXH��∨�¤3>[:=(@��4 (�(�4�)����7UXH��∨�¤3>[:=)@�
4³⇒�GHIQ�WZLFH´

��(�4�)��⇒�¤3>[:=(@��4 (�(�4�)��⇒�¤3>[:=)@� ²�⇒�VXEVW ❑

7KHRUHP�∨�VXEVW� �(���)��∨�3>[:=(@��4  �(���)��∨�3>[:=)@

3.4 True and False and derived inference rule True-elim

7KHRUHP� 7UXH

3URRI�

�L� 7UXH�4�7UXH ²�4�UHIO

�LL� �7UXH�4�7UXH��4�7UXH ²�7UXH�LQWUR

�LLL� 7UXH ²��L����LL���(TXDQLPLW\ ❑

7KHRUHP�QHJDWLQJ�)DOVH� ¤)DOVH

7KHRUHP�∨�]HUR�� 7UXH�∨�3�4�7UXH
3URRI��$[LRP�∨�]HUR�DQG�∨�V\PP� ❑

7KHRUHP�∨�XQLW�� )DOVH�∨�3�4�3

7KHRUHP�∧�]HUR�� �L� 3�∧�)DOVH�4�)DOVH
�LL� )DOVH�∧�3�4�)DOVH

3URRI�

3�∧�)DOVH�4�)DOVH
4³4�PLUURU��GH�0RUJDQ´

¤3�∨�¤)DOVH�4�¤)DOVH
4³QHJDWLQJ�)DOVH�WZLFH´

¤3�∨�7UXH�4�7UXH ²�∨�]HUR�❑

7KHRUHP�∧�XQLW� (i) 3�∧�7UXH�4�3
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�LL� 7UXH�∧�3�4�3

7KHRUHP�∨�WUXWK� �3�∨�4�4�7UXH��4��3�4�7UXH��∨��4�4�7UXH�
3URRI�

�3�∨�4��4�7UXH
4³¤�LQY����GHIQ´

¤�3�∨�4���7UXH�
4³∨�XQLW´

¤��3�∨�4���7UXH��∨ �)DOVH�
4³⇒�GHIQ´

¤�3�∨�4�⇒ �)DOVH�
4³∨�OXE´

¤��3�⇒ )DOVH ) ∧��4�⇒ �)DOVH��
4³⇒�GHIQ��WZLFH���∨�XQLW��WZLFH�´

¤��3���7UXH ) ∧��4��7UXH��
4³GH�0RUJDQ����GHIQ��WZLFH���¤�LQY��WZLFH�´

�3�4�7UXH��∨ ��4�4�7UXH� ❑

7KHRUHP�∧�WUXWK� (3�∧�4�4 True) 4 (3�4 True)�∧��4�4 True)
3URRI�

7UXH

4³VKXQWLQJ´

3�∧�4�⇒�)DOVH�4�3�⇒��4�⇒�)DOVH�

4³⇒�GHIQ��∨�XQLW´
(3�∧�4���7UXH��4��3���7UXH��∨��4���7UXH�

4³4�PLUURU��GH�0RUJDQ´

(3�∧�4�4�7UXH��4��3�4�7UXH��∧��4�4�7UXH� ❑

7KHRUHP�∧�IDOVLW\� �3�∧�4�4�)DOVH��4��3�4�)DOVH��∨��4�4�)DOVH�
3URRI�

�3�∧�4��4�)DOVH
4³4�PLUURU´

¤�3�∧�4��4�¤)DOVH
4³GH�0RUJDQ��QHJDWLQJ�)DOVH´

¤3�∨�¤4�4�7UXH
4³∨�WUXWK´

�¤3�4�7UXH��∨��¤4�4�7UXH�
4³¤�H[FKDQJH��)DOVH�GHIQ�WZLFH´

�3�4�)DOVH��∨ �4�4�)DOVH� ❑

7KHRUHP�∨�IDOVLW\� �3�∨�4�4�)DOVH��4��3�4�)DOVH��∧��4�4�)DOVH�

7KHRUHP�∨�¤WUXWK� �3�∨�4���7UXH��4��3���7UXH��∧��4���7UXH�

7KHRUHP�∧�¤WUXWK� �3�∧�4���7UXH��4��3���7UXH��∨��4���7UXH�
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7KHRUHP�∨�¤IDOVLW\� �3�∨�4���)DOVH��4��3���)DOVH��∨��4���)DOVH�

7KHRUHP�∧�¤IDOVLW\� �3�∧�4���)DOVH��4��3���)DOVH��∧��4���)DOVH�

7KHRUHP�WZR�YDOXHV� )DOVH���7UXH

3URRI�

)DOVH���7UXH

4³��GHIQ´

¤�)DOVH�4�7UXH�

4³∧�XQLW´
¤��)DOVH�4�7UXH��∧�7UXH�

4³∧�VXEVW´
¤��)DOVH�4�7UXH��∧�)DOVH�

4³∧�]HUR´
¤)DOVH� ²�QHJDWLQJ�)DOVH ❑

7KHRUHP�QRW�)DOVH� ¤)DOVH�4�7UXH

7KHRUHP�H[FOXGHG�IDOVH� �3�∨�¤3����)DOVH
3URRI�

�3�∨�¤3����)DOVH
4³��GHIQ´

¤�3�∨�¤3�4�)DOVH�
4³∨�IDOVLW\´

¤��3�4�)DOVH��∧��¤3�4�)DOVH��
4³GH�0RUJDQ����GHIQ´

�3���)DOVH��∨��¤3���)DOVH�
4³∨�VXEVW´

�3���)DOVH��∨��¤)DOVH���)DOVH�
4³WZR�YDOXHV��QRW�)DOVH´

�3���)DOVH��∨�7UXH ²�∨�]HUR ❑

7KH�IROORZLQJ�LV�D�VLPSOH�EXW�XVHIXO�GHULYHG�LQIHUHQFH�UXOH��FDOOHG�7UXH�HOLP�

3�4�7UXH

3

3URRI��7UXH��3�4�7UXH��DQG�(TXDQLPLW\� ❑

3.5 Implication

7KHRUHP�⇒�UHIO� 3�⇒�3

3URRI�

3�⇒�3

4³⇒�GHIQ´

�3�7UXH��∨�3
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4³∨�VXEVW´
�3�7UXH��∨�7UXH ²�∨�]HUR ❑

7KHRUHP�⇒�FRQQHFWHG� �3�⇒�4��∨��4�⇒�3�

3URRI�

�3�⇒�4��∨��4�⇒�3�

4³⇒�GHIQ�WZLFH´

�3�7UXH��∨�4�∨��4�7UXH��∨�3
4³∨�VXEVW´

�3�7UXH��∨�4�∨��4�7UXH��∨�7UXH ²�∨�]HUR ❑

7KHRUHP�7UXH�PD[LPDO� 3�⇒�7UXH

3URRI�

3�⇒�7UXH

4³⇒�GHIQ´

�3�7UXH��∨�7UXH ²�∨�]HUR ❑

7KHRUHP�)DOVH�PLQLPDO� )DOVH�⇒�3

3URRI�

)DOVH�⇒�3

4³⇒�GHIQ´

¤�)DOVH47UXH��∨�3
4³WZR�YDOXHV´

7UXH�∨�3²�∨�]HUR ❑

7KHRUHP�⇒�OHIW�XQLW� 7UXH�⇒�3�4�3

7KHRUHP�⇒�ULJKW�]HUR� 3�⇒�7UXH�4�7UXH

7KHRUHP�⇒�∨� 3�⇒�4�∨�5�4��3�⇒�4��∨��3�⇒�5�

3URRI�

�3�⇒�4��∨��3�⇒�5�

4³⇒�GHIQ´

��3�7UXH��∨�4��∨���3�7UXH��∨�5�
4³∨�DVVRF��∨�∨´

�3�7UXH��∨��4�∨�5�
4³⇒�GHIQ´

3�⇒�4�∨�5 ❑

7KHRUHP�∧?⇒� 3�∧�4�⇒�5�4��3�⇒�5��∨��4�⇒�5�

3URRI�

3�∧�4�⇒�5

4³⇒�GHIQ´

(3�∧�4���7UXH) ∨�5
4³∧�¤WUXWK´

�3�7UXH��∨��4�7UXH��∨�5
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4³∨�LGHP´
�3�7UXH��∨�5 ∨��4�7UXH��∨�5

4³⇒�GHIQ��WZLFH�´

�3�⇒�5� ∨��4�⇒ 5� ❑

7KHRUHP�⇒�⇒� 3�⇒��4�⇒�5� 4��3�⇒�4��⇒��3�⇒�5�

3URRI�

�3�⇒�4��⇒��3�⇒�5�

4³⇒�GHIQ´

�3�⇒�4�7UXH��∨��3�⇒�5�

4³⇒�GHIQ´

�3�⇒�4�7UXH��∨��3�7UXH��∨�5
4³∨�VXEVW´

�7UXH�⇒�4�7UXH��∨��3�7UXH��∨�5
4³⇒�OHIW�XQLW´

�4�7UXH��∨��3�7UXH��∨�5
4³∨�V\PP´

�3�7UXH��∨��4�7UXH��∨�5
4³⇒�GHIQ��WZLFH�´

3�⇒��4�⇒�5� ❑

7KHRUHP�⇒�4�∧� 3�⇒��4�4�5���4����3�4�7UXH� ∧�4�4��3�4�7UXH��∧�5�
3URRI�

3�⇒��4�4�5�

4³4�PLUURU´

3�⇒��¤4�4 ¤5�
4³⇒�4´

3�⇒ ¤4�4�3�⇒ ¤5
4³⇒�GHIQ´

¤�3�4�7UXH��∨ ¤4�4�¤�3�4�7UXH��∨ ¤5
4³4�PLUURU��GH�0RUJDQ´

�3�4�7UXH��∧�4�4 �3�4�7UXH��∧�5 ❑

7KHRUHP�ZHDNHQLQJ� �L� 3�⇒�3�∨�4
�LL� 3�∧�4�⇒�3

3URRI�

�L� 3�⇒�3�∨�4
4³⇒�∨´

�3�⇒�3��∨��3�⇒�4�

4³⇒�UHIO´

7UXH�∨��3�⇒�4� ²�∨�]HUR

�LL� 3�∧�4�⇒�3

4³⇒�GHIQ´

(3�∧�4���7UXH) ∨�3
4³∧�¤WUXWK´
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�3�7UXH��∨��4�7UXH��∨�3
4³∨�VXEVW´

�3�7UXH��∨��4�7UXH��∨�7UXH
4³∨�]HUR´

7UXH ❑

7KHRUHP�⇒�WUDQV� �3�⇒�4��∧��4�⇒�5��⇒��3�⇒�5�

3URRI�

�3�⇒�4��∧��4�⇒�5��⇒��3�⇒�5�

4³∧�V\PP��VKXQWLQJ´
�4�⇒�5��⇒���3�⇒�4��⇒��3�⇒�5��

4³⇒�⇒´

�4�⇒�5��⇒��3�⇒��4�⇒�5��

4³VKXQWLQJ´

�4�⇒�5��∧�3�⇒��4�⇒�5� ²�ZHDNHQLQJ ❑

7KHRUHP�4�WUDQV� �(�4�)��∧��)�4�*��⇒��(�4�*�

3URRI�

�(4)��∧��)4*��⇒��(4*�

4³∧�VXEVW´
�(4*��∧��)4*��⇒��(4*� ²�ZHDNHQLQJ ❑

7KHRUHP�WUDQVLWLYLW\� �L� �3�4�4��∧��4�⇒�5��⇒��3�⇒�5�

�LL� �3�⇒�4��∧��4�4�5��⇒��3�⇒�5�

7KHRUHP�PRGXV�SRQHQV� 3�∧��3 ⇒�4��⇒�4

3URRI�

3�∧��3�⇒�4��⇒�4

4³∧�V\PP��VKXQWLQJ´
�3 ⇒�4��⇒��3 ⇒�4� ²�⇒�UHIO ❑

7KHRUHP�7UXH�⇒� �3�4�7UXH� ⇒�4�4�3�⇒�4

7KHRUHP�⇒�WUXWK� �L� �3 ⇒�4�4�7UXH���4��3 ⇒��4�4�7UXH�

�LL� �3 ⇒�4�4�7UXH���4���3�4�7UXH� ⇒��4�4�7UXH�

7KHRUHP
∗
�∨�∧� 3�∨��4�∧�5���⇔���3�∨�4��∧��3�∨�5�

3URRI�

�⇒�� 3�∨��4�∧�5��⇒��3�∨�4��∧���3�∨�5�
4³⇒�∧´

(3�∨��4�∧�5��⇒�3�∨�4��∧���3�∨��4�∧�5��⇒�3�∨�5�
4³∨�OXE��WZLFH�´

(3�⇒�3�∨�4��∧��4�∧�5�⇒�3�∨�4��∧�(3�⇒�3�∨�5��∧���4�∧�5�⇒�3�∨�5�
4³ZHDNHQLQJ��WZLFH���∧�XQLW��WZLFH�´

���������������������������������������������������������
∗
�7KH�EL�LPSOLFDWLRQ�FDQ�EH�UHSODFHG�E\�HTXLYDOHQFH�LQ����DQG���YDOXHG�ORJLFV��6HH��6HFWLRQ���
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�4�∧�5�⇒�3�∨�4��∧��4�∧�5�⇒�3�∨�5�
4³⇒�∨��WZLFH�´

��4�∧�5�⇒�3��∨��4�∧�5�⇒�4���∧���4�∧�5�⇒�3��∨��4�∧�5�⇒�5��

4³ZHDNHQLQJ��WZLFH�´

��4�∧�5�⇒�3��∨�7UXH��∧���4�∧�5�⇒�3��∨�7UXH�
4³∨�]HUR��WZLFH���∧�XQLW´

7UXH

�⇐�� �3�∨�4��∧��3�∨�5��⇒�3�∨��4�∧�5�
4³∧?⇒´

�3�∨�4�⇒�3�∨��4�∧�5���∨��3�∨�5�⇒�3�∨��4�∧�5��
4³∨�OXE´

(�3�⇒�3�∨��4�∧�5�� ∧��4�⇒�3�∨��4�∧�5����∨
��3�⇒�3�∨��4�∧�5�� ∧��5�⇒�3�∨��4�∧�5���

4³ZHDNHQLQJ��∧�XQLW´
(4�⇒�3�∨��4�∧�5���∨��5�⇒�3�∨��4�∧�5��

4³∧?⇒´

4�∧�5 ⇒�3�∨��4�∧�5�
4³ZHDNHQLQJ´

7UXH ❑

7KHRUHP*�∧�∨� 3�∧��4�∨�5��⇔��3�∧�4��∨��3�∧�5�
3URRI�

�⇒�� 3�∧��4�∨�5��⇒��3�∧�4��∨��3�∧�5�
4³⇒�GHIQ��∧�¤WUXWK´

(3�7UXH��∨��4�∨�5��7UXH��∨��3�∧�4��∨��3�∧�5�
4³∨�VXEVW��WZLFH�´

(3�7UXH��∨��4�∨�5��7UXH��∨��7UXH�∧�4��∨��7UXH�∧�5�
4³∧�XQLW��WZLFH�´

(3�7UXH��∨��4�∨�5��7UXH��∨��4�∨�5�
4³∨�VXEVW´

(3�7UXH��∨��4�∨�5��7UXH��∨�7UXH
4³∨�]HUR´

7UXH

�⇐�� �3�∧�4��∨��3�∧�5��⇒�3�∧��4�∨�5�
4³∨�OXE´

�3�∧�4�⇒�3�∧��4�∨�5���∧��3�∧�5�⇒�3�∧��4�∨�5��
4³⇒�∧´

�3�∧�4�⇒�3��∧��3�∧�4�⇒�4�∨�5��∧ �3�∧�5�⇒�3��∧��3�∧�5�⇒�4�∨�5�
4³ZHDNHQLQJ��∧�XQLW´

(3�∧�4�⇒�4�∨�5��∧��3�∧�5�⇒�4�∨�5�
4³⇒�∨ �WZLFH�´

((3�∧�4�⇒�4� ∨� (3�∧�4�⇒�5���∧���3�∧�5�⇒�4��∨��3�∧�5�⇒�5��

���������������������������������������������������������
∗
�7KH�EL�LPSOLFDWLRQ�FDQ�EH�UHSODFHG�E\�HTXLYDOHQFH�LQ����DQG���YDOXHG�ORJLFV��6HH��6HFWLRQ���
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4³ZHDNHQLQJ��WZLFH�´

(True ∨� (3�∧�4�⇒�5���∧���3�∧�5�⇒�4��∨�True�
4³∨�]HUR��WZLFH���∧�XQLW´

True ❑

3.6 Derived inference rules: implication transitivity, Æ-truth, and Á-intro

$�SURRI�WKDW�3�⇒�=�LV�D�WKHRUHP�PD\�EH�FRQYHQLHQWO\�FDUULHG�RXW�E\�PDNLQJ�XVH�RI�WKH�IROORZLQJ�GHULYHG

LQIHUHQFH�UXOH�

,PSOLFDWLRQ�7UDQVLWLYLW\ 3�⇒�4��4�⇒�5

3�⇒�5

,PSOLFDWLRQ�WUDQVLWLYLW\�IROORZV�HDVLO\�IURP�⇒�WUDQV�DQG�WZR�DSSOLFDWLRQV�RI�03�

$�SURRI�RI�3�⇒�=�PD\�SURFHHG�MXVW�DV�GHVFULEHG�LQ�WKH�SUHFHGLQJ�VHFWLRQ��RU�LW�PD\�EH�ODLG�RXW�DV�IROORZV�

3

4³MXVWLILFDWLRQ��´

4

⇒³MXVWLILFDWLRQ��´

5

4³MXVWLILFDWLRQ��´

<

⇒³MXVWLILFDWLRQ��´

=

7KLV�LV�VKRUWKDQG�IRU�WKH�IROORZLQJ�

�L� 3�4�4 ²�³MXVWLILFDWLRQ��´

�LL� 4�⇒�5 ²�³MXVWLILFDWLRQ��´

�LLL� 5�4�< ²�³MXVWLILFDWLRQ��´

�LY� <�⇒�= ²�³MXVWLILFDWLRQ��´

�Y� 3�⇒�5 ²��L����LL���/HLEQL]

�YL� 3�⇒�< ²��LLL����Y���/HLEQL]

�YLL� 3�⇒�= ²��YL����LY���,PSOLFDWLRQ�7UDQVLWLYLW\

-XVWLILFDWLRQV�RI�HTXLYDOHQFHV�DUH�DV�GHVFULEHG�SUHYLRXVO\��)RU�MXVWLILFDWLRQV�RI�LPSOLFDWLRQV�ZH�VKDOO�QHHG

WKH� QRWLRQ� RI� ³SRVLWLYH´� DQG� ³QHJDWLYH´� SRVLWLRQV� LQ� IRUPXODH��$� VLQJOH� RFFXUUHQFH� RI� D� YDULDEOH� [� LQ� D

IRUPXOD�=� LV�VDLG� WR�EH�³SRVLWLYH´��UHVSHFWLYHO\��³QHJDWLYH´�� LII�=>[� 3@�⇒�=>[� 4@�IROORZV�IURP�3�⇒�4

�UHVSHFWLYHO\�� 4�⇒�3�� IRU� DOO� 3� DQG�4��$� YDULDEOH� [� LV� VDLG� WR� EH� SRVLWLYH� �QHJDWLYH�� LQ� =� LII� DOO� RI� LWV

RFFXUUHQFHV�DUH�SRVLWLYH��QHJDWLYH��LQ�=���)RU�H[DPSOH��LQ�[�⇒�¤]�∧��\�∨�]���ZH�FDQ�VKRZ�WKDW�[�LV�QHJDWLYH�
\�LV�SRVLWLYH��DQG�]�LV�QHLWKHU�SRVLWLYH�QRU�QHJDWLYH���$�MXVWLILFDWLRQ�RI�;�⇒�<�WDNHV�RQH�RI�WKH�IROORZLQJ

IRUPV��,W�PD\�EH�D�UHIHUHQFH�WR�ZKHUH�;�⇒�<�KDV�EHHQ�HVWDEOLVKHG�DV�D�WKHRUHP��$OWHUQDWLYHO\��LI�;�DQG�<

DUH�VLPLODU�LQ�VWUXFWXUH�H[FHSW�WKDW�;�KDV�VXE�IRUPXOD�3�ZKHUH�<�KDV�VXE�IRUPXOD�4��WKHQ�;�⇒ <�FDQ�EH
FDVW�LQ�WKH�IRUP�=>[� 3@�⇒�=>[� 4@�ZKHUH�[�VWDQGV�IRU�D� IUHVK�YDULDEOH�� ,Q� WKDW�FDVH�� WKH� MXVWLILFDWLRQ�RI

;�⇒�<�WDNHV�RQH�RI�WKH�IROORZLQJ�IRUPV�



�� -��0��0RUULV�	�$��%XQNHQEXUJ

�L�� D�UHIHUHQFH�WR�ZKHUH�3�⇒�4�KDV�EHHQ�HVWDEOLVKHG��DQG�D�UHIHUHQFH�WR�WKHRUHP�V��JXDUDQWHHLQJ�WKDW

[�LV�SRVLWLYH�LQ�=�

�LL�� D�UHIHUHQFH�WR�ZKHUH�4�⇒�3�KDV�EHHQ�HVWDEOLVKHG��DQG�D�UHIHUHQFH�WR�WKHRUHP�V��JXDUDQWHHLQJ�WKDW

[�LV�QHJDWLYH�LQ�=�

,Q�HLWKHU�FDVH�;�⇒�<�IROORZV�IURP�DQ�DSSOLFDWLRQ�RI�03�

7KH� JHQHUDOLVDWLRQ� WR� SURRIV� RI� 3�⇒�=� XVLQJ� DQ\� QXPEHU� RI� VWHSV� LV� REYLRXV�� $� SURRI� RI� 4� PD\� EH

SUHVHQWHG�DV�D�SURRI�RI�3�⇒�4�LQ�WKH�DERYH�VW\OH��IRU�3�DQ\�WKHRUHP��WKLV�LV�LPPHGLDWHO\�MXVWLILHG�E\�03�

:KHQ�FDUU\LQJ�RXW�VXFK�D�SURRI�LW�LV�RIWHQ�DWWUDFWLYH�WR�SURFHHG�EDFNZDUGV�IURP�4�WR�3�XVLQJ�⇐��³UHYHUVH

LPSOLFDWLRQ´��LQ�SODFH�RI�⇒�

7ZR�XVHIXO�GHULYHG�LQIHUHQFH�UXOHV�DUH

∧�LQWUR 3��4 ⇒�WUXWK �3�4�7UXH� ⇒��4�4�7UXH�

3�∧�4 3�⇒�4

∧�LQWUR�LV�MXVWLILHG�E\�WKH�WKHRUHP��3�⇒��4�⇒�3�∧�4���YHULILHG�E\�D�VLQJOH�DSSOLFDWLRQ�RI�VKXQWLQJ��DQG�WZR
DSSOLFDWLRQV�RI�PRGXV�SRQHQV��⇒�WUXWK�LV�MXVWLILHG�E\�WKHRUHP�⇒�WUXWK�DQG�7UXH�HOLP ❑

3.7 The Deduction Theorem for propositional calculus

:H�ZULWH�8��9�� �����:�â� 3� WR� GHQRWH� WKDW�3� LV� D� WKHRUHP�ZKHQ� WKH� IRUPXODH�8��9�� �����:�DUH� DGGLWLRQDO

D[LRPV��7KH�GHGXFWLRQ�WKHRUHP�VWDWHV�WKDW�LI�8��9�������:��3�â�4��WKHQ�8��9�������:�â�3�⇒�4��7KH�VWDQGDUG

SURRI�IRU�WKH�SURSRVLWLRQDO�FDOFXOXV�UHOLHV�RQ�WKUHH�WKHRUHPV�>�@�

�L� �3�⇒��4�⇒�3��

�LL� 3�⇒�3

�LLL� �3�⇒��4�⇒�5�)  ⇒����3�⇒�4��⇒��3�⇒�5��

�L��LV�DQ�LPPHGLDWH�FRQVHTXHQFH�RI�WKH�WKHRUHPV�ZHDNHQLQJ�DQG�VKXQWLQJ��

�LL��LV�⇒�UHIO��

�LLL��LV�DQ�LPPHGLDWH�FRQVHTXHQFH�RI�⇒�⇒�DQG��D[LRP�4�ZHDNHQLQJ�

3.8 Further substitution

7KHRUHP�⇒�VXEVW� 3�⇒�4>[:=(@��4  3�⇒�4>[:=)@�LI�3�⇒��(�4�)�

3URRI�

3�⇒�4>[:=(@��4  3�⇒�4>[:=)@
4³3�⇒��(�4�)���⇒�∧´

3�⇒��(�4�)��∧�4>[:=(@�4 3�⇒��(�4�)��∧�4>[:=)@
4³⇒�4´

3�⇒���(�4�)��∧�4>[:=(@�4 �(�4�)��∧�4>[:=)@�
4³∧�VXEVW´

3�⇒�7UXH ²�7UXH�PD[LPDO ❑
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7KHRUHP�∧�VXEVW� �3�4�7UXH��∧�4>[:=(@��4  �3�4�7UXH��∧�4>[:=)@�LI�3�⇒��(�4�)�

3.9 Monotonicity with respect to Æ

7KHRUHP�⇒�ULJKW�PRQR� �3�⇒�4��⇒���5�⇒�3��⇒��5�⇒�4��

3URRI�

�3�⇒�4��⇒���5�⇒�3��⇒��5�⇒�4��

4³VKXQWLQJ´

��3�⇒�4��∧��5�⇒�3���⇒��5�⇒�4�

4³∧�V\PP��⇒-trans´
7UXH ❑

7KHRUHP��⇒�OHIW�DQWL�PRQR� �3�⇒�4��⇒���4�⇒�5��⇒��3�⇒�5��

3URRI�

�3�⇒�4��⇒���4�⇒�5��⇒��3�⇒�5��

4³VKXQWLQJ´

��3�⇒�4��∧��4�⇒�5���⇒��3�⇒�5�

4³⇒-trans´
7UXH ❑

7KHRUHP�⇒�FRPELQDWLRQ�

�L� �3�⇒�4��∧��5�⇒�6��⇒��3�∧�5�⇒�4�∧�6�
�LL� �3�⇒�4��∧��5�⇒�6��⇒��3�∨�5�⇒�4�∨�6�

3URRI�

�L� $SSHDOLQJ�WR�WKH�GHGXFWLRQ�WKHRUHP�ZH�DVVXPH��3�⇒�4��DQG��5�⇒�6��

��3�∧�5�⇒�4�∧�6�
4³⇒�∧´

�3�∧�5�⇒�4��∧��3�∧�5�⇒�6�

4³VKXQWLQJ�WZLFH´

�5�⇒��3�⇒�4���∧��3�⇒��5�⇒�6��

4³DVVXPSWLRQV´

�5�⇒�7UXH��∧��3�⇒�7UXH�

4³7UXH�PD[LPDO�WZLFH��∧�LGHP´
7UXH ❑

7KHRUHP�∧�PRQR� �L� �3�⇒�4��⇒��3�∧�5�⇒�4�∧�5�
�LL� �3�⇒�4��⇒��5�∧�3�⇒�5�∧�4�

3URRI�

�L� �3�∧�5��⇒��4�∧�5�
⇐³⇒�FRPELQDWLRQ´

�3�⇒�4��∧��5�⇒�5�

4³⇒�UHIO��∧�XQLW´
3�⇒�4 ❑

7KHRUHP�∨�PRQR� �L� �3�⇒�4��⇒��3�∨�5�⇒�4�∨�5�
�LL� �3�⇒�4��⇒��5�∨�3�⇒�5�∨�4�
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3URRI�

�L� �3�∨�5��⇒��4�∨�5�
⇐³⇒�FRPELQDWLRQ´

�3�⇒�4��∧��5�⇒�5�

4³⇒�UHIO��∧�XQLW´
3�⇒�4 ❑

3.10 Boolean properness

7KHRUHP�4�WUXWK� ¨�(4)�

7KHRUHP ¨7UXH

7KHRUHP ¨)DOVH

3URRI�

¨)DOVH

4³¨�´

�)DOVH�4�7UXH��4�)DOVH

4³4�PLUURU��QRW�)DOVH´

�)DOVH���7UXH��4�7UXH

4³WZR�YDOXHV´

7UXH�4�7UXH ²�4�UHIO ❑

7KHRUHP�¨�LQWUR� 3�⇒�¨3

3URRI��⇒�GHIQ�DQG�∨�VXEVW� ❑

7KHRUHP�¨¨� ¨¨3

3URRI�

¨¨3

4³¨�´

�¨347UXH��4�¨3

4³¨�´

���347UXH��4�3��4�7UXH���4����347UXH��4�3� ²�4�WUXWK ❑

7KHRUHP�HVWDEOLVKPHQW� �3�4�7UXH��4 ¨3�∧�3
3URRI�

¨3�∧�3
4³¨�´

��347UXH��4�3��∧�3
4³∧�VXEVW´

��347UXH��4�3��∧��347UXH�
4³∧�VXEVW´

��7UXH47UXH��4�7UXH��∧��347UXH�
4³4�UHIO�WZLFH��∧�XQLW´

347UXH ❑
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7KHRUHP��HVWDEOLVKPHQW� �3�4�)DOVH��4 ¨�¤3��∧ ¤3
3URRI�

3�4�)DOVH

4³)DOVH�GHIQ´

3�4 ¤7UXH
4³¤�H[FKDQJH´

¤3�4�7UXH

4³HVWDEOLVKPHQW�DERYH´

¨�¤3��∧ ¤3 ❑

7KHRUHP�⇒�GHIQ� 3�⇒�4�4�¤¨3�∨�¤3�∨�4

7KHRUHP�LQFOXGHG�PLGGOH� ¤¨3�∨�¤3�∨�3

7KHRUHP�H[FOXGHG�PLGGOH� ¨3�⇒�3�∨�¤3
3URRI�

¨3�⇒�3�∨�¤3
4³⇒�GHIQ´

¤¨3�∨�¤¨¨3�∨�3�∨�¤3
4³¨¨3��HOHPHQWDU\�SURSHUWLHV�RI�∨´

¤¨3�∨�3�∨�¤3 ²�LQFOXGHG�PLGGOH ❑

7KHRUHP�VWURQJ�4� �(�4�)��∨��(�)�

7KHRUHP� 3�∨�¤3�⇒�¨3

3URRI�

3�∨�¤3�⇒�¨3

4³∨�OXE´
�3�⇒�¨3��∧��¤3�⇒�¨3�

4³3�⇒�¨3��∧�XQLW´
¤3�⇒�¨3

4³⇒�GHIQ´

�¤3���7UXH��∨�¨3
4³4�PLUURU´

�3���)DOVH��∨�¨3
4³∨�VXEVW´

�3���)DOVH��∨�¨)DOVH
4³¨)DOVH��∨�]HUR´

7UXH ❑

7KHRUHP�¨¤� ¨3�⇒ ¨�¤3�
3URRI�

¨3

⇒³H[FOXGHG�PLGGOH´

3�∨�¤3
4³∨�V\PP��¤�LQY´
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¤3�∨�¤¤3
⇒³5�∨�¤5�⇒�¨5�ZLWK�5�� �¤3´

¨�¤3� ❑

7KHRUHP���WUXWK� ¨�(���)�

7KHRUHP�4�)DOVLW\� ��(�4�)��4�)DOVH��4��(���)�

3URRI�

�(�4�)��4�)DOVH

4³4�PLUURU´

�(���)��4�7UXH

4³¨�(���)�´

(���) ❑

7KHRUHP�H[FOXGHG�PLGGOH� ¨3�⇒��3�4�7UXH��∨��3�4�)DOVH�
3URRI�

¨3

⇒³H[FOXGHG�PLGGOH�DERYH��¨3⇒¨3��⇒�FRPELQDWLRQ´

�3�∨�¤3��∧�¨3
⇒�³∧�∨´

�¨3�∧�3��∨��¨3�∧�¤3�
⇒³¨3⇒¨�¤3���∧−�DQG�∨�PRQR´

�¨3�∧�3��∨��¨�¤3��∧�¤3�
4³HVWDEOLVKPHQW´

�3�4�7UXH��∨��3�4�)DOVH� ❑

3.11 One proper subterm and inference rules for case analysis

:H�KDYH�WKH�IROORZLQJ�LQIHUHQFH�UXOH�

&DVH�DQDO\VLV 4>[� 7UXH@��4>[� )DOVH@

¨3�⇒�4>[� 3@

,WV�YDOLGLW\�IROORZV�VWUDLJKWIRUZDUGO\�IURP�¨3�⇒��347UXH��∨��34)DOVH���∨�OXE��DQG�⇒�VXEVW��$�YDULDWLRQ

RQ�WKLV�LV�DV�IROORZV�

&DVH�DQDO\VLV ¨3��3⇒4��¤3⇒4

4

7KHRUHP�4�XQLW� ��3�4�7UXH��4�3 �LI�¨3

3URRI�

3�4�7UXH

4³HVWDEOLVKPHQW´

¨3�∧�3
4³¨3��∧�XQLW´

3 ❑
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7KHRUHP�4�¤� ��3�4�)DOVH��4�¤3 LI�¨3

7KHRUHP�H[FOXGHG�PLGGOH�  3�∨�¤3 LI�¨3

7KHRUHP �L��∨�4�  �3�∨��4�4�5���4��3�∨���4�3 ∨�5�������LI�¨3
�LL��∧��� ���3�∧��4���5���4��3�∧�4���3�∧�5����LI�¨3

3URRI�

�L� 3�∨��4�4�5�
4³¨3��⇒�GHIQ´

¤3�⇒��4 4�5�
4³⇒�4´

�¤3�⇒�4��4��¤3�⇒�5�

4³¨3��⇒�GHIQ´

�3�∨�4� 4��3�∨�5�

�LL� �3�∧��4���5��
4³GH�0RUJDQ����GHIQ��¤�LQY´

¤�¤3�∨��4�4�5��
4³4�PLUURU´

¤�¤3�∨��¤4�4�¤5��
4³¨3���L�´

¤��¤3�∨ ¤4��4��¤3�∨ ¤5��
4³GH�0RUJDQ´

¤�¤�3�∧�4��4 ¤�3�∧�5��
4³4�PLUURU´

¤�3�∧�4�4�3�∧�5�
4³��GHIQ´

�3�∧�4�����3�∧�5� ❑

7KHRUHP*�∨�∧� 3�∨��4�∧�5��4��3�∨�4��∧��3�∨�5�� LI�¨3

7KHRUHP*�∧�∨� 3�∧��4�∨�5��4��3�∧�4��∨��3�∧�5�� LI�¨3

3URRI� &DVH�DQDO\VLV� ❑

7KHRUHP�DEVRUSWLRQ�

�L� 3�∧��¤3�∨�4��4�3�∧�4� LI�¨3

�LL� 3�∨��¤3�∧�4��4�3�∨�4� LI�¨3

�LLL� 3 ∧��3�⇒�4��4��3�∧�4�� LI�¨3

3URRI�

�L� 3�∧��¤3�∨�4�
4³∧��∨�XVLQJ�¨3´

�3�∧�¤3��∨��3�∧�4�
4³¨3��H[FOXGHG�PLGGOH��GH�0RUJDQ��¤�LQY��∨±XQLW´

3�∧�4

���������������������������������������������������������
∗
�7KH�VLGH�FRQGLWLRQ�¨3�LV�UHGXQGDQW�LQ����DQG���YDOXHG�ORJLFV��6HH��6HFWLRQ���
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�LL� 3�∨��¤3�∧�4�
4³∨�∧�XVLQJ�¨3´

�3�∨�¤3��∧��3�∨�4�
4³¨3��H[FOXGHG�PLGGOH��∧±XQLW´

3�∨�4

�LLL� 3 ∧��3�⇒�4�

4³⇒�GHIQ��¨3´

3�∧��¤3�∨�4�
4³¨3���L�´

�3�∧�4� ❑

7KHRUHP� ��3�⇒��4�4�5���4��3 ∧�4�4�3�∧�5������LI�¨3
3URRI��7KHRUHP�⇒�4�∧� ❑

7KHRUHP�6KDQQRQ� 4>[:=3@�4��3�∧�4>[:=7UXH@��∨��¤3�∧�4>[:=)DOVH@�� LI�¨3

3URRI� &DVH�DQDO\VLV�RQ�3� ❑

7KHRUHP� 3���¤3� LI�¨3

3URRI�

3���¤3

4³6KDQQRQ´

�3�∧ �3���¤3���∨��¤3�∧��3���¤3��
4³¨3´

��3�4�7UXH��∧ �3���¤3���∨���3�4�)DOVH��∧��3���¤3��
4³∧�VXEVW��)DOVH�GHIQ´

��3�4�7UXH��∧ �7UXH���)DOVH���∨���3�4�)DOVH��∧��)DOVH���7UXH��
4³WZR�YDOXHV��∧�XQLW´

�3�4�7UXH��∨��3�4�)DOVH�
⇐³H[FOXGHG�PLGGOH´

¨3 ²�JLYHQ ❑

7KHRUHP*�FRQVLVWHQF\� �3�∧�4�4�3��4��3�∨�4�4�4�� LI�¨3�RU�¨4

3.12 Proper subterms and derived inference rule bi-implication

7KHRUHP�4�DVVRF� ���3�4�4� 4�5��4��3�4��4�4�5��� LI�¨3��¨4��¨5

3URRI�

�3�4�4� 4�5
4³¨4��6KDQQRQ´

�4�∧���3�4�7UXH� 4�5���∨��¤4�∧���3�4�)DOVH� 4�5��
4³¨3��DQG�KHQFH�¨�¤3���4�XQLW��4�¤´

�4�∧��3 4�5���∨��¤4�∧��¤3 4�5��

���������������������������������������������������������
∗
�7KH�VLGH�FRQGLWLRQV�¨3�DQG�¨4�DUH�UHGXQGDQW�LQ����DQG���YDOXHG�ORJLFV��6HH��6HFWLRQ���
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4³4�PLUURU´

�4�∧��3 4�5���∨��¤4�∧��3 4�¤5��
4³�¨5��4�XQLW��4�¤´

�4�∧��3 4��7UXH�4�5����∨��¤4�∧��3 4��)DOVH�4�5���
4³¨4��6KDQQRQ´

3 4��4�4�5� ❑

7KHRUHP���DVVRF� ��3���4����5��4��3����4���5��� LI�¨3��¨4��¨5

7KHRUHP�4���DVVRF �L� ��3���4��4�5��4��3����4�4�5��� LI�¨3��¨4��¨5

�LL� ��3�4�4����5��4��3�4��4���5��� LI�¨3��¨4��¨5

7KHRUHP �L��⇒�∧� 3�⇒�4�4��3�∧�4�4�3�� LI�¨3��¨4

�LL��⇒�∨� 3�⇒�4�4��3�∨�4�4�4�� LI�¨3��¨4

3URRI�

(ii) �3�⇒�4��4��3�∨�4�4�4�
4³4�DVVRF´

�3�⇒�4�4�3�∨�4��4�4
4³⇒�GHIQ��¨3´

�¤3�∨�4�4�3�∨�4��4�4
4³∨�4, �¨4´

��¤3�4�3��∨�4��4�4
4³¨3 ⇒��3���¤3�´

)DOVH�∨�4�4�4 ²�∨�XQLW ❑

7KHRUHP��EL�LPSOLFDWLRQ� ��3�⇒�4��∧��4�⇒�3��4��3�4�4� LI�¨3��¨4

3URRI�

�3�⇒�4��∧��4�⇒�3�

4³¨��⇒�∧´
�3�∧�4�4�3��∧ �4�∧�3�4�4�

4³∧-symm´

�3�∧�4�4�3��∧ �3�∧�4�4�4�
4³∧�VXEVW´

�3�∧�4�4�3��∧ �3�4�4�
4³∧�VXEVW´

�3�∧�3�4�3��∧ �3�4�4�
4³∧�LGHP��∧�XQLW´

3�4�4 ❑

7KHRUHP��FRQWUDSRVLWLYH� �L� �3�⇒ ¤4�4�4�⇒ ¤3 LI�¨3��¨4

�LL� �¤3�⇒�4�4�¤4�⇒�3� LI�¨3��¨4

3URRI�

�L� �3�⇒ ¤4��4��4�⇒ ¤3�
4³⇒�GHIQ��¨3��¨4´

�¤3�∨ ¤4��4��¤4�∨ ¤3� ²�∨�V\PP ❑
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7KHRUHP�¤4� ¤�3 4�4��4��¤3�4�4�� LI�¨3��¨4

3URRI

¤�3 4�4�
4³4�IDOVLW\´

�3�4�4��4�)DOVH

4³4�DVVRF��¨3��¨4´

3�4��4�4�)DOVH�

4³HVWDEOLVKPHQW��¨4´

3�4�¤4

4³H[FKDQJH�DQG�4�V\PP´

¤3�4�4 ❑

7KHRUHP�FRQWUDSRVLWLYH� ��3�⇒�4��4��¤4 ⇒ ¤3�� LI�¨3��¨4

7KHRUHP�DEVRUSWLRQ� �3�∧��3 4�4��4�3�∧�4� LI�¨3��¨4

3URRI�

3�∧��3 4�4�
4³EL�LPSOLFDWLRQ´

3�∧��3�⇒�4��∧��4�⇒�3�

4³DEVRUEWLRQ´

3�∧�4�∧��4�⇒�3�

4³�DEVRUEWLRQ´

3�∧�4�∧�3
4³∧�V\PP��∧�LGHP´

3�∧�4 ❑

7KHRUHP�4��� ��344� 4��3∨¤4��∧��¤3∨4�� LI�¨3��¨4

3URRI� 5HZULWH�WKH�GLVMXQFWLRQV�DV�LPSOLFDWLRQV�� ❑

7KHRUHP�4��� ��344� 4��3∧4��∨��¤3∧¤4�� LI�¨3��¨4

3URRI� $SSO\�∨�∧ WR�ULJKW�KDQG�VLGH��� ❑

,Q� FODVVLFDO� ��YDOXHG� ORJLF�� HTXLYDOHQFH� FDQ�EH� VKRZQ� YLD�PXWXDO� LPSOLFDWLRQ�� ,Q� WKH� FDVH� RI� RXU�PDQ\�

YDOXHG�ORJLFV��ZH�UHTXLUH�DGGLWLRQDOO\�WKDW�ERWK�VLGHV�EH�SURSHU�

EL�LPSOLFDWLRQ 3�⇒�4���4�⇒�3���¨3���¨4

3�4�4

7KLV�LV�HDVLO\�MXVWLILHG�E\�WKH�EL�LPSOLFDWLRQ�WKHRUHP�

3.13 Further theorems on properness

7KHRUHP�¨¤��� ¨�¤3��4�¨3

3URRI�� ¨¨�DQG�EL�LPSOLFDWLRQ� ❑

7KHRUHP�ERROHDQ�SURSHUQHVV�� ¨3�4��3�4 7UXH��∨��3�4�)DOVH�
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7KHRUHP�� ¨3�4�¤�3�⇒ ¤3��∨�¤�¤3�⇒�3��

3URRI�

¤�3�⇒ ¤3��∨�¤�¤3�⇒�3��

4³⇒�GHIQ´

¤��3�7UXH��∨ ¤3��∨�¤��¤3�7UXH��∨�3�
4³GH�0RUJDQ´

��347UXH��∧ 3��∨���¤347UXH��∧�¤3�
4³∧�VXEVW´

��347UXH��∧ 7UXH��∨���¤347UXH��∧�7UXH�
4³∧�XQLW´

�347UXH��∨��¤347UXH�
4³H[FKDQJH´

�347UXH��∨��34)DOVH�
4³SUHFHGLQJ�WKHRUHP´

¨3 ❑

4. Predicate E–

4.1 Derived inference rules for quantifications

3URRIV�LQ�SUHGLFDWH�ORJLF�XVH�WKH�IROORZLQJ�VHW�RI�GHULYHG�LQIHUHQFH�UXOHV�

∀�/HLEQL]�� W�4�X

�∀[�7_5>\� W@���3>\� W@��4��∀[�7_5>\� X@���3>\� X@�

∀�/HLEQL]�� 5�⇒��W�4�X�

�∀[�7_5���3>\� W@��4��∀[�7_5���3>\� X@�

:H�DOVR�KDYH�WKH�UXOHV�∃�/HLEQL]���DQG�∃�/HLEQL]���E\�UHSODFLQJ�∀�ZLWK�∃ LQ�WKH�DERYH��UHVSHFWLYHO\��,Q�WKH
SUHFHGLQJ�UXOHV��LW�LV�QRW�H[FOXGHG�WKDW�[�DQG�\�DUH�LGHQWLFDO�V\PEROV�

∀�PRQR�� 5�∧�3�⇒�4

�∀[�7_5���3��⇒��∀[�7_5���4�

∀�PRQR�� 5�⇒�6

�∀[�7_6���3��⇒��∀[�7_5���3�

:H�DOVR�KDYH�WKH�UXOHV�∃�PRQR���DQG�∃�PRQR���E\�UHSODFLQJ�∀�ZLWK�∃ LQ�WKH�DERYH��UHVSHFWLYHO\�

,QVWDQWLDWLRQ �∀[�7���3�
3

:H�VKRZ�WKDW�WKHVH�LQIHUHQFH�UXOHV�FDQ�EH�GHULYHG�IURP�WKH�D[LRPV��PRGXV�SRQHQV��DQG�JHQHUDOLVDWLRQ�

����� "�/HLEQL]
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W�4�X

�∀[�7_5>\� W@���3>\� W@��4��∀[�7_5>\� X@���3>\� X@�

ZKHUH�[�DQG�\�PD\�VWDQG�IRU�WKH�VDPH�YDULDEOH�

3URRI�

�L� W�4�X ²�K\SRWKHVLV

�LL� �W�4�X��⇒��5>\� W@�⇒�3>\� W@�4�5>\� X@�⇒�3>\� X@� ²�D[LRP�/HLEQL]

�LLL� 5>\� W@�⇒�3>\� W@�4�5>\� X@�⇒�3>\� X@ ²��L����LL���03

�LY� �∀[�7���5>\� W@�⇒�3>\� W@�4�5>\� X@�⇒�3>\� X@� ²��LLL���JHQHUDOLVDWLRQ

�Y� �LY��⇒��∀[�7���5>\� W@�⇒�3>\� W@��4��∀[�7���5>\� X@�⇒�3>\� X@� ²�D[LRP�∀�4
�YL� �∀[�7���5>\� W@�⇒�3>\� W@��4��∀[�7���5>\� X@�⇒�3>\� X@� ²��LY����Y���03

�YLL� �∀[�7_5>\� W@���3>\� W@��4��∀[�7_5>\� X@���3>\� X@� ²�WUDGLQJ�DQG�WUDQVLWLYLW\

1RWH�WKDW�WKH�SURRI�GRHV�QRW�UHTXLUH�WKDW�[�DQG�\�EH�GLVWLQFW�YDULDEOHV��2EYLRXV�YDULDWLRQV�DUH

W�4�X

�∀[�7���3>\� W@��4��∀[�7���3>\� X@�

5�⇒��W�4�X�

�∀[�7_5���3>\� W@��4��∀[�7_5���3>\� X@�

ZKHUH�DJDLQ�[�DQG�\�QHHG�QRW�EH�GLVWLQFW�YDULDEOHV�

����� $�/HLEQL]

7KHUH�DUH�DQDORJRXV�LQIHUHQFH�UXOHV�IRU�∃�

W�4�X

�∃[�7_5>\� W@���3>\� W@��4��∃[�7_5>\� W@���4>\� X@�

W�4�X

�∃[�7��3>\� W@��4��∃[�7���4>\� X@�

5�⇒��W�4�X�

�∃[�7_5���3>\� W@��4��∃[�7_5���4>\� X@�

7KH�SURRIV�DUH�DV�DERYH��H[FHSW�WKDW�WKH\�UHO\�RQ

�∀[�7_5���3�4�4��⇒���∃[�7_5���3��4��∃[�7_5���4�� �∗�

LV�XVHG�LQVWHDG�RI�∀�4���∗��LV�LQGHHG�D�WKHRUHP�DQG�FDQ�EH�SURYHG�ZLWKRXW�UHFRXUVH�WR�WKHVH�LQIHUHQFH�UXOHV�
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����� "�PRQRWRQLFLW\

3�⇒�4

�∀[�7���3��⇒��∀[�7���4�

5�∧�3�⇒�4

�∀[�7_5���3��⇒��∀[�7_5���4�

5�⇒�6

�∀[�7_6���3��⇒��∀[�7_5���3�

3URRI�RI�ILUVW�UXOH�

�L� 3�⇒�4 ²�K\SRWKHVLV

�LL� �∀[�7���3�⇒�4� ²��L���JHQHUDOLVDWLRQ

�LLL� �∀[�7���3�⇒�4��⇒���∀[�7���3��⇒��∀[�7���4�� ²�WKHRUHP�∀�⇒
�LY� �∀[�7���3��⇒��∀[�7���4� ²��LL����LLL���03

7KHRUHP�∀�⇒�LV

�∀[�7_5���3�⇒�4��⇒���∀[�7_5���3��⇒��∀[�7_5���4��

DQG�FDQ�EH�SURYHG�ZLWKRXW�UHFRXUVH�WR�WKHVH�LQIHUHQFH�UXOHV��WKH�SURRI�LV�SUHVHQWHG�EHORZ�

����� $�PRQRWRQLFLW\

7KH�DQDORJRXV�LQIHUHQFH�UXOHV�IRU�∃�DUH

3�⇒�4

�∃[�7���3��⇒��∃[�7���4�

5�∧�3�⇒�4

�∃[�7_5���3��⇒��∃[�7_5���4�

5�⇒�6

�∃[�7_5���3��⇒��∃[�7_6���3�

7KH�SURRIV�DUH�DV�IRU�∀�PRQR�H[FHSW�WKDW�WKH\�UHO\�RQ�WKH�WKHRUHP

�∀[�7���3�⇒�4��⇒���∃[�7���3��⇒��∃[�7���4��

DQG�VLPLODU�ZKLFK�FDQ�EH�SURYHG�ZLWKRXW�UHFRXUVH�WR�WKH�LQIHUHQFH�UXOHV�
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����� ,QVWDQWLDWLRQ

�∀[�7���3�
3

,WV�SURRI�UHOLHV�RQ��∀[�7���3��⇒�3��ZKLFK�FDQ�EH�SURYHG�ZLWKRXW�UHFRXUVH�WR�LQVWDQWLDWLRQ��DQG�03�

����� 5HDVRQLQJ�ZLWK�TXDQWLILFDWLRQV

:LWK� WKH� TXDQWLILHUV�� WKHUH� DUH� VRPH� DGGLWLRQDO� ZD\V� RI� MXVWLI\LQJ� VWHSV� LQ� SURRI� SUHVHQWDWLRQV�� $

MXVWLILFDWLRQ�RI��∀[�7_5���3��4 �∀[�7_5���4��PD\�VLPSO\�EH�D�MXVWLILFDWLRQ�RI�3�4�4�RU�5�⇒��3�4�4��²�WKH

OHJLWLPDF\�RI�WKLV�IROORZV�LPPHGLDWHO\�IURP�WKH�GHULYHG�LQIHUHQFH�UXOH�∀�/HLEQL]��$�VLPLODU�UHPDUN�KROGV
IRU�H[LVWHQWLDO�TXDQWLILFDWLRQ��)XUWKHUPRUH��LQ�ERWK�RI

�∀[�7_5���3� �∃[�7_5���3�
⇒³MXVWLILFDWLRQ��´ ⇒³MXVWLILFDWLRQ��´

�∀[�7_5���4� �∃[�7_5���4�

³MXVWLILFDWLRQ��´�PD\�EH� D� MXVWLILFDWLRQ� RI�3�⇒�4� RU�5�∧�3�⇒�4�� 7KH� OHJLWLPDF\� RI� WKHVH� IROORZV� HDVLO\

IURP�∀��DQG�∃�PRQR��UHVSHFWLYHO\�

$OO�RI�WKH�DERYH�KROGV�JRRG�ZKHQ�WKH�TXDQWLILFDWLRQV�KDYH�QR�UDQJHV�

4.2 Utility theorems for predicate logic

7KHRUHP�∃�WUXWK� ���∃[�7���3��4�7UXH�4��∃[�7���3�4�7UXH�
3URRI�

�∃[�7���3��4�7UXH
4³��GHIQ��¤�LQY´

¤��∃[�7���3����7UXH�
4³∨�XQLW´

¤��∃[�7���3����7UXH��∨�)DOVH�
4³⇒�GHIQ´

¤��∃[�7���3��⇒�)DOVH�

4³∃�OXE´
¤�∀[�7���3�⇒�)DOVH�

4³⇒�GHIQ��∨�XQLW´
¤�∀[�7���3���7UXH�

4³GH�0RUJDQ´

�∃[�7���3�4�7UXH� ❑

7KHRUHP�XQLYHUVDO�UDQJH�� �∀[�7���3��4��∀[�7_7UXH���3�

7KHRUHP�XQLYHUVDO�UDQJH�� �∃[�7���3��4��∃[�7_7UXH���3�
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7KHRUHP�GH�0RUJDQ�� �L� ¤�∃[�7_5���3���4���∀[�7_5���¤3�
�LL� ¤�∀[�7_5���3���4���∃[�7_5���¤3�

3URRI�RI��L��

¤�∃[�7_5���3�
4³∃_�GHIQ´

¤¤�∀[�7_5���¤3�
4³¤�LQY´

�∀[�7_5���¤3� ❑

7KHRUHP�LQVWDQWLDWLRQ�� �∀[�7���3��⇒�3

3URRI��LQVWDQWLDWLRQ�DQG�¨[� ❑

7KHRUHP�LQVWDQWLDWLRQ�� 3�⇒��∃[�7���3�
3URRI��XVLQJ�7UXH�HOLP�

3�⇒��∃[�7���3��4�7UXH
4³⇒�WUXWK´

�3�4�7UXH��⇒���∃[�7���3��4�7UXH�
4³FRQWUDSRVLWLYH��¨4´

¤��∃[�7���3��4�7UXH��⇒��3���7UXH�

4³∃�WUXWK´
¤�∃[�7���3�4�7UXH��⇒��3���7UXH�

4³GH�0RUJDQ´

�∀[�7���3���7UXH��⇒��3���7UXH� ²�SUHFHGLQJ�LQVWDQWLDWLRQ ❑

4.3 Monotonicity of quantifications

7KHRUHP�∀/4�� �∀[�7_5���3�4�4��⇒���∀[�7_5���3��4��∀[�7_5���4��
3URRI�

�∀[�7_5���3�4�4�
4³WUDGLQJ´

�∀[�7���5�⇒��3�4�4��

4³⇒�4´

�∀[�7���5�⇒�3�4�5�⇒�4�

⇒³D[LRP�∀/4´
�∀[�7���5�⇒�3��4��∀[�7���5�⇒�4�

4³WUDGLQJ´

�∀[�7_5���3��4��∀[�7_5���4� ❑

7KHRUHP�∃�4�� �∀[�7_5���3�4�4��⇒���∃[�7_5���3��4��∃[�7_5���4��
3URRI�

�∃[�7_5���3��4��∃[�7_5���4�
4³∃_�GHIQ´

¤�∀[�7_5���¤3��4�¤�∀[�7_5���¤4�
4³4�PLUURU´

�∀[�7_5���¤3��4��∀[�7_5���¤4�
⇐³∀/4¶
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�∀[�7_5���¤3�4�¤4�
4³4�PLUURU´

�∀[�7_5���3�4�4� ❑

7KHRUHP�∀�⇒� �∀[�7_5���3�⇒�4��⇒���∀[�7_5���3��⇒��∀[�7_5���4��
3URRI�

�∀[�7_5���3�⇒�4��⇒���∀[�7_5���3��⇒��∀[�7_5���4��
4³WUDGLQJ´

�∀[�7���5�⇒��3�⇒�4���⇒���∀[�7_5���3��⇒��∀[�7_5���4��
4³⇒�⇒´

�∀[�7����5�⇒�3��⇒��5�⇒�4���⇒���∀[�7_5���3��⇒��∀[�7_5���4��
4³WUDGLQJ�WZLFH´

�∀[�7����5�⇒�3��⇒��5�⇒�4���⇒
��∀[�7���5�⇒�3��⇒��∀[�7���5�⇒�4��

+HQFH�ZH�QHHG�RQO\�SURYH�WKH�FDVH�ZKHUH�WKHUH�LV�QR�UDQJH�

�∀[�7���3�⇒�4��⇒���∀[�7���3��⇒��∀[�7���4��
4³VKXQWLQJ´

�∀[�7���3�⇒�4��∧��∀[�7���3��⇒��∀[�7���4�
4³∀�∧´

�∀[�7����3�⇒�4��∧��3��⇒��∀[�7���4�
4³7UXH�⇒´

�∀[�7�����3�⇒�4��∧��3��4�7UXH��⇒��∀[�7���4�
4³∀�WUXWK��∧�WUXWK��⇒�WUXWK´

�∀[�7�����3�4�7UXH��⇒��4�4�7UXH���∧���3�4�7UXH����⇒��∀[�7���4�
4³DEVRUSWLRQ��¨�3�4�7UXH�´

�∀[�7����3�4�7UXH��∧���4�4�7UXH����⇒��∀[�7���4�
4³∧�WUXWK��∀�WUXWK´

��∀[�7���3�∧�4��4�7UXH��⇒��∀[�7���4�
4³7UXH�⇒´

�∀[�7���3�∧�4��⇒��∀[�7���4�
4³∀�∧´

�∀[�7���3��∧ �∀[�7���4��⇒��∀[�7���4� ²�ZHDNHQLQJ ❑

7KHRUHP�∃�⇒� ��∀[�7_5���3�⇒�4��⇒���∃[�7_5���3��⇒��∃[�7_5���4��
3URRI��IRU�FDVH�RI�QR�UDQJH��

�∃[�7���3��⇒��∃[�7���4�
�4³∃�OXE´

�∀[�7���3�⇒��∃[�7���4��
�⇐�³4�⇒��∃[�7���4�´

�∀[�7���3�⇒�4� ❑

7KHRUHP�∀�UDQJH�DQWL�PRQR�� �∀[�7���5�⇒�6���⇒����∀[�7_6���3��⇒��∀[�7_5���3��
3URRI�

�∀[�7_6���3��⇒��∀[�7_5���3�
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4³WUDGLQJ�WZLFH´

�∀[�7���6�⇒�3��⇒��∀[�7���5�⇒�3��

⇐³∀�⇒´

�∀[�7����6�⇒�3��⇒��5�⇒�3��

⇐³⇒�OHIW�DQWL�PRQR´

�∀[�7���5�⇒�6� ❑

7KHRUHP�∃�UDQJH�PRQR� ��∀[�7���6�⇒�5���⇒����∃[�7_6���3��⇒��∃[�7_5���3��

4.4 Range manipulation

7KHRUHP�WUDGLQJ���∃[�7_5���3���4���∃[�7����5�4�7UXH��∧�3��
3URRI�

�∃[�7_5���3�
4³∃_�GHIQ´

¤�∀[�7_5���¤3��
4³WUDGLQJ�IRU�∀´

¤�∀[�7���5�⇒�¤3��

4³∃�GHIQ´
�∃[�7���¤�5�⇒�¤3��

4³⇒�GHIQ´

�∃[�7���¤�5���7UXH��∨�¤3�
4³GH�0RUJDQ´

�∃[�7����5�4�7UXH��∧�3� ❑

7KHRUHP�UDQJH�VSOLW�� �∀[�7_5∨6���3���4���∀[�7_5���3��∧��∀[�7_6���3�
3URRI�

�∀[�7_5���3��∧��∀[�7_6���3�
4³WUDGLQJ´

�∀[�7���5�⇒�3��∧��∀[�7���6�⇒�3�

4³∀�∧´
�∀[�7����5�⇒�3��∧��6�⇒�3��

4³∨�OXE´
�∀[�7���5∨6�⇒�3�

4³WUDGLQJ´

�∀[�7_5∨6���3�� ❑

7KHRUHP�UDQJH�VSOLW�� �∃[�7_5∨6���3���4���∃[�7_5���3��∨��∃[�7_6���3�

7KHRUHP�SDUWLDO�WUDGLQJ�� �∀[�7_5∧6���3���4���∀[�7_5���6�⇒�3�

3URRI�

�∀[�7_5∧6���3�
4³WUDGLQJ´

�∀[�7���5�∧�6�⇒�3�

4³VKXQWLQJ¶

�∀[�7���5�⇒��6�⇒�3��
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4³WUDGLQJ´

�∀[�7_5���6�⇒�3�� ❑

7KHRUHP�SDUWLDO�WUDGLQJ�� �∃[�7_5∧6���3���4���∃[�7_5����647UXH��∧�3�

4.5 Truth and falsity in quantifications

7KHRUHP�∀�WUXWK� ��∀[�7_5���3��4�7UXH���4���∀[�7_5���3�4�7UXH�

7KHRUHP�∃�WUXWK� ��∃[�7_5���3��4�7UXH���4���∃[�7_5���3�4�7UXH�

7KHRUHP�∀�IDOVLW\�� ��∀[�7_5���3��4�)DOVH���4���∃[�7_5���3�4�)DOVH�

7KHRUHP�∃�IDOVLW\� ��∃[�7_5���3��4�)DOVH���4���∀[�7_5���3�4�)DOVH�

7KHRUHP�∀�QRQ�WUXWK� ��∀[�7_5���3����7UXH���4���∃[�7_5���3���7UXH�

7KHRUHP�∃�QRQ�WUXWK� ��∃[�7_5���3����7UXH���4���∀[�7_5���3���7UXH�

4.6 Constant predicate

7KHRUHP�∀�FRQVWDQW� ��∀[�7_5���3��4��3�∨��∀[�7���5�7UXH���LI�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
3URRI�

�∀[�7_5���3�
4³WUDGLQJ´

�∀[�7����5�⇒�3�

4³∃�OXE´
�∃[�7����5��⇒�3

4³⇒�GHIQ��∃�QRQ�WUXWK´
3�∨��∀[�7���5�7UXH� ❑

7KHRUHP�∃�FRQVWDQW�� �∃[�7_5���3��4��3�∧��∃[�7���547UXH���LI�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
3URRI�

�∃[�7_5���3�
4³∃_�GHIQ´

¤�∀[�7_5���¤3�
4³∀�FRQVWDQW´

¤�¤3�∨��∀[�7���5�7UXH��
4³GH�0RUJDQ´

3�∧��∃[�7���547UXH� ❑

7KHRUHP�∀�LGHP� ��∀[�7���7UXH�
3URRI� 7UXH�DQG�JHQHUDOLVDWLRQ�� ❑

7KHRUHP�KDELWDWLRQ�� �∃[�7���7UXH�

7KHRUHP�KDELWDWLRQ�� ¤�∀[�7���)DOVH�
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7KHRUHP�∀�LGHP� � �∀[�7���3��4��3�LI�[�QRW�IUHH�LQ�3�

7KHRUHP�∃�LGHP� � �∃[�7���3��4��3�LI�[�QRW�IUHH�LQ�3�

7KHRUHP�∀�LGHP� �∀[�7_5���7UXH�

7KHRUHP�∃�LGHP�� ¤�∃[�7_5���)DOVH�

7KHRUHP�KDELWDWLRQ�� �∀[�7_5���)DOVH��4���∀[�7���5�7UXH�

7KHRUHP�KDELWDWLRQ� � �∃[�7_5���7UXH��4���∃[�7���547UXH�

7KHRUHP�HPSW\�UDQJH�� �∀[�7_)DOVH���3�

7KHRUHP�HPSW\�UDQJH�� ¤�∃[�7_)DOVH���3�

4.7 Distribution of quantifications

7KHRUHP�∀�∧�� �∀[�7_5���3�∧�4���4���∀[�7_5���3��∧��∀[�7_5���4�

7KHRUHP�∃�∨�� �∃[�7_5���3�∨�4���4���∃[�7_5���3��∨��∃[�7_5���4�
3URRI�

�∃[�7_5���3��∨��∃[�7_5���4�
4³GH�0RUJDQ´

¤�¤�∃[�7_5���3��∧�¤�∃[�7_5���4��
4³GH�0RUJDQ´

¤��∀[�7_5���¤3��∧��∀[�7_5���¤4��
4³∀�∧´

¤�∀[�7_5���¤3�∧�¤4�
4³GH�0RUJDQ´

�∃[�7_5���3�∨�4� ❑

7KHRUHP�⇒�∀�� 3�⇒��∀[�7_5���4���4���∀[�7_5���3�⇒�4��LI�[�QRW�IUHH�LQ�3�

3URRI�

3�⇒��∀[�7_5���4�
4³WUDGLQJ´

3�⇒��∀[�7���5�⇒�4�

4³⇒/∀´
�∀[�7���3�⇒��5�⇒�4��

4³VKXQWLQJ��∧�V\PP��VKXQWLQJ´
�∀[�7���5�⇒��3�⇒�4��

4³WUDGLQJ´

�∀[�7_5���3�⇒�4� ❑

7KHRUHP�∃�OXE� ��∃[�7_5���3��⇒�4��4���∀[�7_5���3⇒�4��LI�[�QRW�IUHH�LQ�4�
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7KHRUHP*�∨�∀�� 3�∨��∀[�7_5���4���⇔���∀[�7_5���3�∨�4��SURYLGHG�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
3URRI��IRU�WKH�FDVH�RI�QR�UDQJH��

�⇒� 3�∨��∀[�7���4��⇒��∀[�7���3�∨�4�
4³∨�OXE´

�3�⇒��∀[�7���3�∨�4���∧���∀[�7���4��⇒��∀[�7���3�∨�4��
4³⇒/∀´

�∀[�7���3�⇒��3�∨�4�� ∧���∀[�7���4��⇒��∀[�7���3�∨�4��
4³ZHDNHQLQJ��∀�LGHP��∧�XQLW´

�∀[�7���4��⇒��∀[�7���3�∨�4�
⇐³∀�⇒´

�∀[�7���4�⇒ 3�∨�4�
4³ZHDNHQLQJ��∀�LGHP´

7UXH

�⇐� ��∀[�7���3�∨�4��⇒�3�∨��∀[�7���4���4�7UXH �XVLQJ�7UXH�HOLP�

4³⇒�WUXWK´

��∀[�7���3�∨�4��4�7UXH��⇒���3�∨��∀[�7���4���4�7UXH�
4³∀�WUXWK��WZLFH�� ∨�WUXWK�´

�∀[�7����3�4�7UXH��∨��4�4�7UXH���⇒��3�4�7UXH��∨��∀[�7���4�4�7UXH�
4³⇒�GHIQ���3�4�7UXH��4���3���7UXH����7UXH�´

�∀[�7����3�4�7UXH��∨��4�4�7UXH���⇒���3���7UXH��⇒��∀[�7���4�4�7UXH��
4³⇒/∀´

�∀[�7����3�4�7UXH��∨��4�4�7UXH���⇒��∀[�7����3���7UXH��⇒��4�4�7UXH��

4³⇒�GHIQ���3�4�7UXH��4���3���7UXH����7UXH�´

�∀[�7����3�4�7UXH��∨��4�4�7UXH���⇒��∀[�7����3�4�7UXH��∨��4�4�7UXH��
4³⇒�UHIOH[´

7UXH ❑

7KHRUHP*�∧�∃�� 3�∧��∃[�7_5���4��⇔��∃[�7_5���3�∧�4��SURYLGHG�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
3URRI��IRU�WKH�FDVH�RI�QR�UDQJH��

�⇒� 3�∧��∃[�7���4��⇒��∃[�7���3�∧�4�
4³⇒�GHIQ��∃�QRQ�WUXWK� ∧�WUXWK´

�3�7UXH��∨��∀[�7���4�7UXH��∨��∃[�7���3�∧�4�
4³⇒�GHIQ´

�3�⇒��∀[�7���4�7UXH���∨��∃[�7���3�∧�4�
4³⇒/∀´

�∀[�7���3�⇒��4�7UXH���∨��∃[�7���3�∧�4�
4³⇒�GHIQ´

�∀[�7����3�7UXH��∨��4�7UXH���∨��∃[�7���3�∧�4�
4³∧�¤WUXWK��∃�QRQ�WUXWK�´

��∃[�7���3�∧�4����7UXH��∨��∃[�7���3�∧�4�
4³⇒�GHIQ��⇒�UHIOH[´

7UXH

���������������������������������������������������������
∗
�7KH�EL�LPSOLFDWLRQ�FDQ�EH�UHSODFHG�E\�HTXLYDOHQFH�LQ����DQG���YDOXHG�ORJLFV��6HH�6HFWLRQ���
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�⇐� �∃[�7���3�∧�4��⇒�3�∧��∃[�7���4�
4³⇒�∧´

��∃[�7���3�∧�4��⇒�3��∧���∃[�7���3�∧�4��⇒��∃[�7���4��
4³∃�OXE´

�∀[�7���3�∧�4�⇒�3��∧���∃[�7���3�∧�4��⇒��∃[�7���4��
4³ZHDNHQLQJ��∀�LGHP��∧�XQLW´

�∃[�7���3�∧�4��⇒��∃[�7���4�
⇐³∃�⇒´

�∀[�7���3�∧�4�⇒�4�

4³ZHDNHQLQJ��∀�LGHP´
7UXH ❑

7KHRUHP�∀�∨�� �∀[�7_5���3��∨ �∀[�7_5���4��⇒��∀[�7_5���3�∨�4�
3URRI��∀�PRQR�WZLFH� ❑

7KHRUHP�∃�∧� ��∃[�7_5���3�∧�4��⇒��∃[�7_5���3��∧ �∃[�7_5���4�
3URRI�

�∃[�7_5���3�∧�4��⇒��∃[�7_5���3��∧ �∃[�7_5���4�
�4³⇒�∧´

��∃[�7_5���3�∧�4��⇒��∃[�7_5���3���∧ ��∃[�7_5���3�∧�4��⇒��∃[�7_5���4��
⇐³∃�⇒´

�∀[�7_5���3�∧�4�⇒�3��∧ �∀[�7_5���3�∧�4�⇒�4�

�4³ZHDNHQLQJ´

�∀[�7_5���7UXH��∧ �∀[�7_5���7UXH�
�4³∀�LGHP´

7UXH ❑

7KHRUHP�∧�∀�� �∀[�7_5���3�∧�4��4�3�∧  �∀[�7_5���4��LI�[�QRW�IUHH�LQ�3�DQG��∃[�7���547UXH�
3URRI�

�∀[�7_5���3�∧�4�
4³∀�∧´

�∀[�7_5���3��∧  �∀[�7_5���4�
4³∀�FRQVWDQW´

�3�∨��∀[�7���5�7UXH���∧  �∀[�7_5���4�
4³�∃[�7���547UXH���L�H��¤�∀[�7���5�7UXH�´

3�∧  �∀[�7_5���4� ❑

7KHRUHP�∨�∃�� �∃[�7_5���3�∨�4��4�3�∨  �∃[�7_5���4��LI�[�QRW�IUHH�LQ�3�DQG��∃[�7���547UXH�

7KHRUHP�⇒�∃� ��∃[�7_5���3�⇒�4���4��3�⇒��∃[�7_5���4���LI�[�QRW�IUHH�LQ�3�DQG��∃[�7���547UXH�
3URRI�

�∃[�7_5���3�⇒�4�

4³⇒�GHIQ´

�∃[�7_5����3�7UXH��∨�4�
4³∨�∃´
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�3�7UXH��∨��∃[�7_5���4�
4³⇒�GHIQ´

3�⇒��∃[�7_5���4� ❑

7KHRUHP�∨�∀�� 3�∨��∀[�7_5���4��4��∀[�7_5���3�∨�4��LI�¨3�DQG�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
3URRI� %\�FDVH�DQDO\VLV�RQ�3�� ❑

7KHRUHP�∧�∃�� 3�∧��∃[�7_5���4��4��∃[�7_5���3�∧�4��LI�¨3�DQG�[�GRHV�QRW�RFFXU�IUHH�LQ�3�

4.8 The deduction theorem for the predicate calculus

7KH�GHGXFWLRQ�WKHRUHP��DV�XVHG�LQ�FODVVLFDO�SUHGLFDWH�ORJLF���DOORZV�XV�WR�FRQFOXGH�8��9��������â�:⇒3�IURP

8��9�������:�â�3��SURYLGHG� WKDW� LQ� WKH�SURRI�RI�8��9�� �����:�â�3�JHQHUDOLVDWLRQ� LV�QRW�XVHG�RYHU�YDULDEOHV

ZKLFK�RFFXU�IUHH�LQ�:��7KH�GHGXFWLRQ�WKHRUHP�FRQWLQXHV�WR�KROG��7KH�VWDQGDUG�SURRI�UHOLHV�RQ�WKH�WKHRUHPV

PHQWLRQHG�LQ�FRQQHFWLRQ�ZLWK�WKH�GHGXFWLRQ�WKHRUHP�IRU�SURSRVLWLRQDO�FDOFXOXV��DQG�LQ�DGGLWLRQ��∀[�7���3
⇒�4��⇒��3�⇒��∀[�7���4���IRU�3�QRW�FRQWDLQLQJ�[��7KLV�KROGV�E\�D[LRP�⇒�∀�DQG�WKHRUHP�⇒�UHIOH[�

4.9 Instantiation

7KHRUHP�LQVWDQWLDWLRQ�� 3>[� W@�∧�¨W��⇒���∃[�7���3�
3URRI��XVLQJ�7UXH�HOLP��

�3>[� W@�∧�¨W��⇒���∃[�7���3���4�7UXH
4³⇒�WUXWK��⇒�7UXH´

��3>[� W@�∧�¨W��4�7UXH���⇒����∃[�7���3��4�7UXH�
4³FRQWUDSRVLWLYH��¨4´

¤��∃[�7���3��4�7UXH��⇒�¤��3>[� W@�∧�¨W��4�7UXH�
4³∃�WUXWK��∧�WUXWK´

¤�∃[�7���3�4�7UXH��⇒�¤��3>[� W@�4�7UXH��∧��¨W�4�7UXH��
4³∃�GHIQ´

�∀[�7���3���7UXH��⇒��3>[� W@���7UXH��∨��¨W���7UXH�
4³⇒�GHIQ´

�∀[�7���3���7UXH��⇒��¨W�⇒��3>[� W@���7UXH��

4³VKXQWLQJ��VXEVWLWXWLRQ�SURSHUW\´

�∀[�7���3���7UXH��∧�¨W�⇒��3���7UXH�>[� W@ ²�LQVWDQWLDWLRQ ❑

7KHRUHP�LQVWDQWLDWLRQ�� �∀[�7_5���3��⇒��5�⇒ 3�

7KHRUHP�LQVWDQWLDWLRQ�� 5�∧ 3�⇒��∃[�7_5���3�

4.10 Dummy manipulation

7KHRUHP�UHQDPLQJ�� �∃[�7���3���4���∃\�7���3>[� \@����\�IUHVK�

7KHRUHP�LQWHUFKDQJH�� �∀[�7_5����∀\�8_6���3����4���∀\�8_6����∀[�7_5���3���LI�[�QRW�LQ�6�DQG�\�QRW�LQ�5�

7KHRUHP�LQWHUFKDQJH�� ��∃[�7_5����∃\�8_6���3����4����∃\�8_6����∃[�7_5���3���LI�[�QRW�LQ�6�DQG�\�QRW�LQ�5�

7KHRUHP�∃�∀�� �∃[�7_5����∀\�8_6���3����⇒���∀\�8_6����∃[�7_5���3���LI�[�QRW�LQ�6�DQG�\�QRW�LQ�5
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3URRI�

�∃[�7_5����∀\�8_6���3����⇒���∀\�8_6����∃[�7_5���3��
4³⇒�∀��\�QRW�IUHH�LQ��∃[�7_5����∀\�8_6���3��´

�∀\�8_6����∃[�7_5����∀\�8_6���3����⇒���∃[�7_5���3��
⇐³∃�⇒��∀�PRQR´

�∀\�8_6����∀[�7_5����∀\�8_6���3��⇒�3��

⇐³LQVWDQWLDWLRQ´

�∀\�8_6����∀[�7_5����6�⇒�3��⇒�3��

4³WUDGLQJ��⇒�∀��[�QRW�IUHH�LQ�6´
�∀\�8����∀[�7_5����6��⇒���6�⇒�3��⇒�3����

4³VKXQWLQJ��PRGXV�SRQHQV´

�∀\�8����∀[�7���7UXH�� ²�7UXH�JHQHUDOLVHG�WZLFH ❑

7KHRUHP�∀∧∃� �∀[�7_5���3��∧��∃[�7_5���4��⇒ �∃[�7_5���3�∧�4�
3URRI�

�∀[�7_5���3��∧��∃[�7_5���4��⇒ �∃[�7_5���3�∧�4�
4³VKXQWLQJ´

�∀[�7_5���3��⇒���∃[�7_5���4��⇒ �∃[�7_5���3�∧�4�
⇐³∃�⇒��⇒�ULJKW�PRQR´

�∀[�7_5���3��⇒��∀[�7_5���4�⇒�3�∧�4�
⇐³∀�⇒´

�∀[�7_5���3�⇒��4�⇒�3�∧�4��
4³VKXQWLQJ´

�∀[�7_5���3�∧�4�⇒�3�∧�4�❑

7KHRUHP�∀�∃�� �∀[�7_5���3��⇒��∃[�7_5���3��LI���∃[�7���547UXH�
3URRI��,Q�SUHFHGLQJ�WKHRUHP��LQVWDQWLDWH�4�ZLWK�7UXH��❑

4.11 One-point and shifting

7KHRUHP�¨�∃�� ¨(�4��∃[�7���[4(��ZKHUH�[�IUHVK
3URRI��8VH�EL�LPSOLFDWLRQ��DV�ERWK�VLGHV�SURSHU�

�⇒� ¨(�⇒��∃[�7���[4(�
4³4�UHIO��∧�XQLW´

�(4(��∧�¨(�⇒��∃[�7���[4(�
4³VXEVWLWXWLRQ´

�[4(�>[� (@�∧�¨(�⇒��∃[�7���[4(�
4³LQVWDQWLDWLRQ´

7UXH

�⇐� �∃[�7���[4(��⇒�¨(

4³∃�OXE´
�∀[�7����[4(��⇒�¨(�

4³⇒�VXEVW´

�∀[�7����[4(��⇒�¨[�

4³FRQVWDQWV�SURSHU´
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7UXH ❑

7KHRUHP�RQH�SRLQW�� �∀[�7_[4W���3���4��¨W�⇒�3>[� W@�ZKHUH�[�QRW�IUHH�LQ�W�

3URRI�

�∀[�7_[4W���3�
4³WUDGLQJ´

�∀[�7���[4W�⇒�3�

4³⇒�VXEVW´

�∀[�7���[4W�⇒�3>[� W@�

4³∃�OXE��QR�[�LQ�3>[� W@´
�∃[�7���[4W��⇒�3>[� W@

4³¨�∃´
¨W�⇒�3>[� W@ ❑

7KHRUHP�RQH�SRLQW�� �∃[�7_[4W���3��4�3>[� W@�∧�¨W�ZKHUH�[�QRW�LQ�W�

7KHRUHP�VKLIWLQJ� �L� �∀[�7_5���3��4��∀[�7_5>[� W@���3>[� W@�
�LL� �∃[�7_5���3��4��∃[�7_5>[� W@���3>[� W@�

SURYLGHG�WKDW�DV�D�IXQFWLRQ�RI�[��W�LV�VXUMHFWLYH�DQG�WRWDO��L�H�

�D� �∀\�7����∃[�7���\4W����DQG
�E� �∀[�7����∃\�7���\4W�� �ZKLFK�LV�HTXLYDOHQW�WR��∀[�7���¨W��

3URRI�RI��L��

�∀[�7_5>[� W@���3>[� W@�
4³WUDGLQJ´

�∀[�7���5>[� W@�⇒�3>[� W@�

4³VXEVWLWXWLRQ�SURSHUW\´

�∀[�7����5�⇒�3�>[� W@�

,W�IROORZV�WKDW�ZH�QHHG�RQO\�WUHDW�WKH�FDVH�RI�QR�UDQJH�

3URRI�

�∀[�7���3>[� W@�
��4³�E�´

�∀[�7���3>[� W@��∧��∀[�7���¨W�
��4³∀�∧��DEVRUSWLRQ��DSSHDOLQJ�WR�¨¨W���∀�∧ �DJDLQ´

�∀[�7���¤¨W�∨�3>[� W@�
��4³UHQDPLQJ�ZLWK�\�D�IUHVK�YDULDEOH��OHW�W
�4�W>[� \@´

�∀\�7���¤¨W
�∨�3>[� W
@�
��4³RQH�SRLQW´

�∀\�7����∀[�7_[4W
���3��
4³WUDGLQJ��LQWHUFKDQJH´

�∀[�7����∀\�7���[4W
�⇒�3��

4³∃�OXE , \�QRW�IUHH�LQ�3´
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�∀[�7����∃\�7���[4W
��⇒�3�

4³�D���UHQDPLQJ´

�∀[�7���3� ❑

7KHRUHP�LQVWDQWLDWLRQ�� �∀[�7���3��∧�3>[� W@�4��∀[�7���3��LI�¨W
3URRI��2QH�SRLQW�DQG�UDQJH�VSOLW� ❑

7KHRUHP�LQVWDQWLDWLRQ�� �∃[�7���3��∨�3>[� W@�4��∃[�7���3��LI�¨W

7KHRUHP�∀ VWUHQJWKHQ� �∀[�7���4��⇒ ��∀[�7���3��4��∀[�7���4⇒3��

3URRI�

�∀[�7���4��⇒ ��∀[�7���3��4��∀[�7���4⇒3��

4³∀�4´
��∀[�7���4��⇒ �∀[�7���3���4���∀[�7���4��⇒ �∀[�7���4⇒3�

4³⇒/∀ WZLFH´
�∀[�7����∀[�7���4��⇒ 3���4���∀[�7����∀[�7���4��⇒ �4⇒3��

4�³VKXQWLQJ´

��∀[�7����∀[�7���4��⇒ 3���4���∀[�7����∀[�7���4��∧ 4�⇒ 3�
4�³LQQVWDQWLDWLRQ�XVLQJ�¨[´

��∀[�7����∀[�7���4��⇒ 3���4���∀[�7����∀[�7���4��⇒ 3�� ²�4�UHIO ❑

7KHRUHP���LQVWDQWLDWLRQ� ��∀[�����3��4�3>[� 7UXH@�∧�3>[� )DOVH@
3URRI�

�∀[�����3�
4³�FRQVWDQWV�SURSHU��∀ VWUHQJWKHQ´

�∀[�����¨[�⇒ 3�
4³ERROHDQ�SURSHUQHVV´

�∀[������[47UXH� ∨��[4)DOVH��⇒ 3�
4�³∨�OXE´

�∀[������[47UXH� ⇒ 3� ∧��∀[������[4)DOVH��⇒ 3�
4�³WUDGLQJ�DQG�RQH�SRLQW�WZLFH�XVLQJ�¨7UXH�DQG�¨)DOVH´

�3>[� 7UXH@�∧�3>[� )DOVH@� ❑

7KHRUHP���LQVWDQWLDWLRQ� ��∃[�����3��4�3>[� 7UXH@�∨�3>[� )DOVH@

4.12 Proper quantifications

7KHRUHP�¨∀�� �∀[�7���¨3��⇒�¨�∀[�7���3�
3URRI�

�∀[�7���¨3�
4³¨�´

��∀[�7����347UXH�43�
⇒³∀�4´

�∀[�7���347UXH� 4��∀[�7���3�
4�³∀�WUXWK´

��∀[�7���3�47UXH� 4��∀[�7���3�
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4³¨�´

¨�∀[�7���3� ❑

7KHRUHP�¨∃�� �∀[�7���¨3��⇒�¨�∃[�7���3�

5. Theorems of two- and three-valued logics

7KHUH�DUH�DGGLWLRQDO�WKHRUHPV�FRPPRQ�WR�WKUHH�YDOXHG�ORJLFV��ZH�SUHVHQW�WKHP�KHUH�WR�DYRLG�UHSHWLWLRQ��7R

UHVWULFW�WKH�ORJLF�WR�DW�PRVW�WKUHH�ERROHDQ�YDOXHV��ZH�FDQ�SRVWXODWH�

3RVWXODWH�H[FOXGHG�IRXUWK� ¨3�∨ ¨4�∨ �344�

:H�ZLOO�LQFOXGH�WKH�H[FOXGHG�IRXUWK�LQ�(���DQG�LW�ZLOO�WXUQ�RXW�WR�EH�D�WKHRUHP�LQ�(��(��DQG�(&���)URP�LW

ZH�GHULYH�WKH�WKHRUHPV�WKDW�IROORZ�

7KHRUHP��F���FRQVLVWHQF\� �3�∧�4�4�3��4��3�∨�4�4�4�
3URRI��7KHRUHP�DOUHDG\�KROGV�LI�¨3�RU�¨4��,I�¤�¨3�∨ ¨4��WKHQ�344�E\�H[FOXGHG�IRXUWK��DQG�WKH�WKHRUHP
IROORZV�HDVLO\�� ❑

7KHRUHP��F����DEVRUSWLRQ� �L�����3�∧��3�∨�4��4�3
�LL����3�∨��3�∧�4��4�3

3URRI��,I�¨3�RU�¨4�WKHQ�SURRI�LV�URXWLQH��2WKHUZLVH��FRQFOXGH�344�E\�H[FOXGHG�IRXUWK� ❑

7KHRUHP��F��� ¨3�4��3���¤3�

3URRI�� $V� ERWK� VLGHV� DUH� SURSHU�� ZH� FDQ� SURYH� WKH� HTXLYDOHQFH� E\� EL�LPSOLFDWLRQ�� 7KH� OHIW�WR�ULJKW

LPSOLFDWLRQ�KROGV�E\�DQ�HDV\�FDVH�DQDO\VLV�RQ�3��DQG�LV�GRQH�DERYH��)RU�WKH�RWKHU�GLUHFWLRQ�

�3���¤3��⇒ ¨3
4³⇒�GHIQ���3�4�4��4���3���4����7UXH�´

�3�4�¤3��∨ ¨3
4³¨3�4�¨�¤3�´

�3�4�¤3��∨ ¨3�∨ ¨�¤3�
4³H[FOXGHG�IRXUWK´

7UXH ❑

7KH�IROORZLQJ�GHULYHG�LQIHUHQFH�UXOH�LV�XVHIXO�LQ�WKUHH�YDOXHG�ORJLFV

WUXWK�FDVHV �347UXH��4��447UXH�����34)DOVH��4��44)DOVH�

3�4�4

,W�LV�MXVWLILHG�E\�WKH�IROORZLQJ�WKHRUHP��WRJHWKHU�ZLWK�∧�LQWUR�DQG�HTXDQLPLW\�

7KHRUHP��F���WUXWK�FDVHV���344���4����347UXH��4��447UXH���∧���34)DOVH��4��44)DOVH��
3URRI�

)LUVW�ZH�SURYH�WKH�OHPPD���347UXH��4 �447UXH�����4���344��∨���3�7UXH��∧��4�7UXH��
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�344��∨���3�7UXH��∧��4�7UXH��
4³∨�∧��¨�344�´

��344��∨��3�7UXH���∧���344��∨��4�7UXH��
4³∨�VXEVW´

��7UXH44��∨��3�7UXH���∧���347UXH��∨��4�7UXH��
4³⇒�GHIQ��DOO�WHUPV�SURSHU´

��347UXH��⇒ �7UXH44���∧���447UXH��⇒ �347UXH��
4³EL�LPSOLFDWLRQ��ERWK�VLGHV�SURSHU��4�V\PP´

�347UXH��4��447UXH�

6LPLODUO\����34)DOVH��4 �44)DOVH����4��344��∨���3�)DOVH��∧��4�)DOVH��

:H� SURYH� WKH� WKHRUHP� LWVHOI� XVLQJ� EL�LPSOLFDWLRQ� DV� ERWK� VLGHV� DUH� SURSHU�� 7KH� OHIW�WR�ULJKW

LPSOLFDWLRQ�LV�WULYLDO��)RU�WKH�RWKHU�GLUHFWLRQ�

��3�4�7UXH��4��4�4�7UXH���∧���3�4�)DOVH��4��4�4�)DOVH���⇒ �3�4�4�
4³⇒�GHIQ��DQWHFHGHQW�SURSHU��GH�0RUJDQ´

��3�4�7UXH�����4�4�7UXH���∨���3�4�)DOVH�����4�4�)DOVH���∨ �3�4�4�
4³DERYH�OHPPD��DQG�GH�0RUJDQ´

��3�4��∧���347UXH��∨��447UXH����∨���3�4��∧���34)DOVH��∨��44)DOVH����∨ �344�
4³∧�∨��¨�344�´

��3�4��∧���347UXH��∨��447UXH��∨��34)DOVH��∨��44)DOVH���∨ �3�4�4�
4³ERROHDQ�SURSHUQHVV´

��3�4��∧��¨3�∨�¨4���∨ �3�4�4�
4³∧�∨��¨�344�´

��3�4��∨ �3�4�4���∧��¨3�∨�¨4�∨ �3�4�4��
4³VWURQJ�4´

¨3�∨�¨4�∨ �3�4�4� ²�H[FOXGHG�IRXUWK� ❑

7KHRUHP��F���∧�∨� 3�∧��4�∨�5��4��3�∧�4��∨��3�∧�5�
3URRI��8VH�WUXWK�FDVHV��)RU�H[DPSOH�

�3�∧��4�∨�5��4�7UXH��4���3�∧�4��∨��3�∧�5��4�7UXH�
UHGXFHV�WR

347UXH�∧��447UXH�∨�547UXH��4���347UXH�∧�447UXH��∨��347UXH�∧�547UXH��
ZKLFK�KROGV�IURP�WKH�SUHYLRXV�YHUVLRQ�RI�∧�∨�EHFDXVH�¨�347UXH���6LPLODUO\�IRU�WKH�³4�)DOVH´�FDVH����❑

7KHRUHP��F���∨�∧� 3�∨��4�∧�5��4��3�∨�4��∧��3�∨�5�

7KHRUHP��F���∨�∀�� 3�∨��∀[�7_5���4��4��∀[�7_5���3�∨�4��SURYLGHG�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
3URRI���8VH�WUXWK�FDVHV�DQG�WKH�YHUVLRQ�RI�∨�∀�WKDW�DSSOLHV�ZKHQ�WKH�RXWVLGH�WHUP�LV�SURSHU� ❑

7KHRUHP��F���∧�∃�� 3�∧��∃[�7_5���4��4��∃[�7_5���3�∧�4��SURYLGHG�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
3URRI���8VH�WUXWK�FDVHV�DQG�WKH�YHUVLRQ�RI�∧�∃�WKDW�DSSOLHV�ZKHQ�WKH�RXWVLGH�WHUP�LV�SURSHU� ❑

7KHRUHP��F���LQVWDQWLDWLRQ�� �∀[�7���3��∨�3>[� W@�4�3>[� W@�LI�¨W
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7KHRUHP��F���LQVWDQWLDWLRQ�� �∃[�7���3��∧�3>[� W@�4�3>[� W@�LI�¨W

6. E

:H�REWDLQ�WKH�ORJLF�(�E\�DGGLQJ�WKH�SRVWXODWH�WKDW�DOO�WHUPV�DUH�SURSHU

$[LRP��DOO�SURSHU� ¨(

7KH�QHW�HIIHFW�LV�WKDW�LQ�DOO�WKH�SUHFHGLQJ�WKHRUHPV��DOO�VLGH�FRQGLWLRQV�UHTXLULQJ�SURSHUQHVV�RI�VXEWHUPV�DUH

YDFXRXV��1RWH�WKDW�WKH�H[FOXGHG�IRXUWK�WULYLDOO\�KROGV��DQG�VR�WKH�WKHRUHPV�RI�WKH�SUHFHGLQJ�VHFWLRQ�DUH�SDUW

RI�(�

7KHRUHP����YDOXHG�� �347UXH��∨��34)DOVH�

7. E3

7KH�ORJLF�(��LV�(
±
�SOXV�WKH�D[LRP�RI�WKH�H[FOXGHG�IRXUWK�DQG�DQ�D[LRP�GHILQLQJ�⊥7�IRU�HDFK�W\SH�7�

$[LRP��¤¨⊥� ¤¨⊥7

7KHRUHP��⊥�LPSURSHU�� �∀[�7���[�⊥7�

3URRI��$[LRP�YDULDEOHV�GHILQHG�� ❑

7KHRUHP��!��YDOXHG�� ⊥
�
�7UXH�DQG�⊥

�
�)DOVH

7KHRUHP����YDOXHG�� �347UXH��∨��34)DOVH��∨��34⊥
�
�

3URRI�

�347UXH��∨��34)DOVH��∨��34⊥
�
�

4³ERROHDQ�SURSHUQHVV´

�¨3�∨��34⊥
�
�

4³¤¨⊥��∨�XQLW´
�¨3�∨�¨⊥

�
�∨��34⊥

�
� ²�H[FOXGHG�IRXUWK� ❑

8. EC

)RU� WKH� ORJLF�(&��ZH� LQWURGXFH� WKH�ELQDU\� LQIL[�RSHUDWRUV� �DQG�ë�� ,I�(�DQG�)�DUH�RI� W\SH�7�� WKHQ� VR� LV

( )��ZKLOH�(ë)�LV�RI�W\SH�ERROHDQ��( )�GHQRWHV�WKH�QRQGHWHUPLQLVWLF�FKRLFH�DPRQJ�(�DQG�)��(ë)�DVVHUWV

WKDW�WKH�SRVVLEOH�RXWFRPHV�RI�)�DUH�D�VXEVHW�RI�WKRVH�RI�(��7KH�D[LRPV�RI�(&�DUH�WKRVH�RI��(
±
�SOXV�WKH�VHW

RI�D[LRPV�WKDW�IROORZ��:H�ZLOO�GHGXFH�WKH�H[FOXGHG�IRXUWK��XQWLO�ZH�GR��LW�LV�QRW�XVHG�LQ�SURRIV�

,Q�WKH�IROORZLQJ�D[LRPV��(�DQG�)�KDYH�W\SH�7�

$[LRPF�ë�GHIQ� (ë)�4���∀[�7���)ë[�⇒�(ë[�� [�IUHVK

$[LRPF�ë�DQWLV\PP� (ë)�∧�)ë(�⇒��(4)�
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$[LRPF� �GHIQ� �∀[�7���( )ë[�4�(ë[�∨�)ë[�
$[LRPF���IODW� �∀[�\�����[ë\�4��[4\��

7KH�WKHRUHPV�RI�(&�IROORZ�

7KHRUHPF�¨ë�� ¨�(ë)�

3URRI� 8VH�ë�GHIQ�DQG�¨∀. ❑

7KHRUHPF�ë�DQWLV\PP�� (ë)�∧�)ë(�4��(4)�
3URRI� 8VH�EL�LPSOLFDWLRQ�DV�ERWK�VLGHV�SURSHU�� ❑

7KHRUHPF�ë�UHIO�� (ë(

3URRI� $SSO\�ë�GHIQ. ❑

7KHRUHPF�ë�WUDQV�� (ë)�∧�)ë*�⇒�(ë*

3URRI� $SSO\�ë�GHIQ�WR�WKH�WKUHH�VXEWHUPV. ❑

7KHRUHPF�4ë�� �(4)��4��∀[�7���(ë[�4�)ë[�
3URRI� $SSO\�ë�DQWLV\PP�DQG�ë�GHIQ�WR�OHIW�KDQG�VLGH. ❑

7KHRUHPF� �V\PP�� ( )�4�) (

3URRI� $SSO\�4ë�DQG�XVH� �GHIQ� ❑

7KHRUHPF� �LGHP�� ( (�4�(

3URRI� $SSO\�4ë�DQG�XVH� �GHIQ� ❑

7KHRUHPF� �DVVRF�� ( �) *��4��( )� *

3URRI� $SSO\�4ë�DQG�XVH� �GHIQ� ❑

7KHRUHPF�ë �� (ë)�4��( )4(�

3URRI� $SSO\�ë�GHIQ�WR�ULJKW�KDQG�VLGH�DQG�XVH� �GHIQ . ❑

7KHRUHPF�ë�OXE�� (ë) *�4�(ë)�∧�(ë*
3URRI� $SSO\�ë�GHIQ�WR�OHIW�KDQG�VLGH�DQG�XVH� �GHIQ . ❑

7KHRUHPF�¨/ �� ¨�( )��4��¨(�∧ (ë)� ∨��¨)�∧ )ë(�
3URRI�

¨�( )�

4³¨�∃´
�∃[�7���[�4�( )�

4³ë�DQWLV\PP´

�∃[�7���( )ë[�∧�[ë( )�

4³ �GHIQ��ë�OXE´

�∃[�7����(ë[�∨ )ë[��∧�[ë( ∧�[ë)�
4³∧�∨�XVLQJ�¨ë´
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�∃[�7����(ë[�∧�[ë( ∧�[ë)��∨ ()ë[�∧�[ë( ∧�[ë)��
4³ë�DQWLV\PP�WZLFH´

�∃[�7�����[4(� ∧�[ë)��∨ (([4)��∧�[ë(��
4³∧�VXEVW�WZLFH´

�∃[�7�����[4(� ∧�(ë)��∨ (([4)��∧�)ë(��
4³∃�∨´

�∃[�7����[4(� ∧�(ë)��∨ �∃[�7���([4)��∧�)ë(�
4³∧�∃��WZLFH��XVLQJ�[�QRW�LQ�(�RU�)�DQG�¨ë´

��∃[�7���[4(� ∧�(ë)��∨ ��∃[�7���[4)��∧�)ë(�
4³¨�∃�WZLFH´

�¨( ∧�(ë)��∨ �¨)�∧�)ë(� ❑

7KHRUHPF�!��YDOXHG�� �L������7UXH )DOVH�7UXH�

�LL�����7UXH )DOVH�)DOVH�

3URRI��L��

7UXH )DOVH�7UXH

4³ë ´

¤�7UXHë)DOVH�

4³��IODW�LQVWDQWLDWHG´

¤�7UXH4)DOVH�� ²�WZR�YDOXHV ❑

7KHRUHPF�47UXH )DOVH�� �347UXH )DOVH��4�3ë7UXH�∧�3ë)DOVH
3URRI�

347UXH )DOVH

4³4ë´

�∀[�����3ë[�4�7UXH )DOVHë[�

4³��LQVWDQWLDWLRQ´

�3ë7UXH�4�7UXH )DOVHë7UXH� ∧��3ë)DOVH�4�7UXH )DOVHë)DOVH�

4³ �GHIQ��4�WUXWK����WUXWK´

�3ë7UXH� ∧��3ë)DOVH� ❑

:H�QRZ�LQWURGXFH�WKH�D[LRP�RI�WKH�H[FOXGHG�PLUDFOH�

$[LRPF�QR�PLUDFOHV� �∃[�7���(ë[� ZKHUH�(�KDV�W\SH�7�DQG�[�IUHVK

7KHRUHPF�ë7UXH� 3ë7UXH�4 (3�)DOVH�
3URRI�

3ë7UXH

4³QR�PLUDFOHV´

�∃[�����3ë[��⇒ 3ë7UXH
4³∃�OXE´

�∀[�����3ë[�⇒ 3ë7UXH��
4³��LQVWDQWLDWLRQ´

�3ë7UXH�⇒ 3ë7UXH� ∧��3ë)DOVH�⇒ 3ë7UXH�
4³⇒�UHIO��∧�XQLW´

3ë)DOVH�⇒ 3ë7UXH
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4³⇒�GHIQ�XVLQJ�¨ë��GH�0RUJDQ´

¤�3ë)DOVH�∧ ¤(3ë7UXH��
4³�¨ë�DQG�HOHPHQWDU\�SURSHUWLHV�RI�4�DQG�¤´

¤��3ë)DOVH�4�7UXH��∧ (3ë7UXH�4�)DOVH��
4³ë�UHIO����IODW´

¤��3ë)DOVH�4�)DOVHë)DOVH��∧ (3ë7UXH�4�)DOVHë7UXH��
4³��LQVWDQWLDWLRQ´

¤�∀[�����3ë[�4�)DOVHë[�
4³4ë´

¤�34)DOVH�� ❑

7KHRUHPF�ë)DOVH� 3ë)DOVH�4 (3�7UXH�

7KHRUHPF� 7UXH�� �3 447UXH��4��347UXH� ∧��447UXH�
3URRI�

3 447UXH

4³4ë´

�∀[�����3 4ë[�4�7UXHë[�

4³��LQVWDQWLDWLRQ´

�3 4ë7UXH�4�7UXHë7UXH��∧ �3 4ë)DOVH�4�7UXHë)DOVH�

4³ �V\PP����IODW��¨ë�DQG�HOHPHQWDU\�SURSHUWLHV�RI�4�DQG�¤´

3 4ë7UXH�∧ ¤�3 4ë)DOVH�

4³ �GHIQ��GH�0RUJDQ´

3 4ë7UXH�∧ ¤�3ë)DOVH��∧ ¤(4ë)DOVH�
4³ë)DOVH�WZLFH´

3 4ë7UXH�∧ �347UXH��∧ (447UXH�
4³∧�VXEVW�WZLFH� �LGHP���DQG�ë�UHIO´

�347UXH��∧ (447UXH� ❑

7KHRUHPF� )DOVH�� �3 44)DOVH��4��34)DOVH� ∧��44)DOVH�

7KHRUHPF�ë��� 3ë4�4�¤¨3�∨ (344� 
3URRI�

3ë4

4³ë�GHIQ´

�∀[�����4ë[�⇒�3ë[�

4³��LQVWDQWLDWLRQ´

�4ë7UXH�⇒�3ë7UXH� ∧��4ë)DOVH�⇒�3ë)DOVH�

4³ë7UXH��ë)DOVH´

��4�)DOVH��⇒��3�)DOVH�� ∧���4�7UXH��⇒��3�7UXH��

4³⇒�GHIQ�WZLFH�XVLQJ���WUXWK´

��44)DOVH��∨��3�)DOVH�� ∧���447UXH��∨��3�7UXH��
4³∨�VXEVW�WZLFH´

��443��∨��3�)DOVH�� ∧���443��∨��3�7UXH��
4³∨�∧�XVLQJ�4�WUXWK��4�V\PP�WZLFH´

�344��∨���3�)DOVH�� ∧��3�7UXH��
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4³GH�0RUJDQ�DQG�ERROHDQ�SURSHUQHVV´

�344��∨�¤¨3 ❑

7KHRUHPF�ë�H[FKDQJH�� ¤3ë4�4�3ë¤4

3URRI� $SSO\�ë��WR�RQH�VLGH�� ❑

7KHRUHPF�¨/ ��� ¨�3 4��4�¨3�∧ (344� 
3URRI�

¨�3 4�

4³¨/ ´

��¨3�∧ 3ë4� ∨��¨4�∧ 4ë3�
4³ë���DQG�HOHPHQWDU\�SURSHUWLHV�RI�∧ DQG�∨´

��¨3�∧ (344�� ∨��¨4�∧ (443��
4³4�V\PP�DQG�∧�∨�XVLQJ�4�WUXWK´

��¨3�∨�¨4��∧ (344�
4³∧�VXEVW��∨�LGHP´

�¨3�∧ (344�� ❑

7KHRUHPF�H[FOXGHG�IRXUWK�� ¨3�∨ �¨4�∨ (344�
3URRI�

¨3�∨ �¨4�∨ (344�
4³ë�DQWLV\PP´

¨3�∨ �¨4�∨ (3ë4 ∧ 4ë3�
4�³∨�∧�XVLQJ�¨ë´

(¨3�∨ �¨4�∨ 3ë4� ∧ (¨3�∨ �¨4�∨ 4ë3�
4�³ë�´

(¨3�∨ �¨4�∨ �¤¨3�∨ (344�� ∧ (¨3�∨ �¨4�∨ �¤¨4�∨ (443��
4�³H[FOXGHG�PLGGOH�WZLFH�XVLQJ�¨¨��DQG�HOHPHQWDU\�SURSHUWLHV�RI�∨�DQG�∧´

�7UXH� ❑

7KHRUHPF�¤� �� ¤�3 4��4�¤3 ¤4

3URRI��3URYH�WKDW�HDFK�VLGH�UHILQHV�WKH�RWKHU�XVLQJ��LQ�HDFK�FDVH��WKHRUHPV�ë�H[FKDQJH�DQG�ë�OXE��❑

7KHRUHPF�∨� �� 3∨�4 5��4��3∨4�� ��3∨5��DQG��3 4�∨5�4��3∨5�� ��4∨5�
3URRI� 7UXWK�FDVHV�� ❑

7KHRUHPF�∧� �� 3∧�4 5��4��3∧4�� ��3∧5��DQG��3 4�∧5�4��3∧5�� ��4∧5�

7KHRUHPF�⇒� �� 3⇒�4 5��4��3⇒4�� ��3⇒5�

7KHRUHPF� �∧�� 3 �4∧5��4��3 4��∧��3 5��DQG��3∧4�� 5�4��3 5��∧��4 5�

3URRI� 7UXWK�FDVHV�� ❑

7KHRUHPF�¤ë�PRQR� 3ë4�⇒ ¤3ë¤4

7KHRUHPF�∨ë�PRQR� 3ë4�⇒ �3∨5�ë�4∨5��DQG�4ë5�⇒��3∨4�ë�3∨5�
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7KHRUHPF�∧ë�PRQR� 3ë4�⇒��3∧5�ë�4∧5��DQG�4ë5�⇒ �3∧4�ë�3∧5�

7KHRUHPF� �∨�� 3 �4∨5��4��3 4��∨��3 5��DQG��3∨4� 5�4��3 5��∨��4 5�

7KHRUHPF� /∀�� �∀[�7���3 4��4�3 �∀[�7���4��LI�[�GRHV�QRW�RFFXU�IUHH�LQ�3�
3URRI� 7UXWK�FDVHV�� ❑

7KHRUHPF� /∃�� �∃[�7���3 4��4�3 �∃[�7���4��LI�[�GRHV�QRW�RFFXU�IUHH�LQ�3�

7KHRUHPF�∀ë7UXH�� �∀[�7���3��ë�7UXH�4��∀[�7���3�ë�7UXH�

7KHRUHPF�∀ë)DOVH�� �∀[�7���3��ë�)DOVH�4��∃[�7���3�ë�)DOVH�

7KHRUHPF�∀/ë�� �∀[�7���3ë4��⇒���∀[�7���3��ë��∀[�7���4��
3URRI��:RUNLQJ�RQ�WKH�FRQVHTXHQW��DSSO\�ë�GHIQ�DQG�XVH�SUHFHGLQJ�WZR�WKHRUHPV� ❑

7KHRUHPF���YDOXHG�� �347UXH��∨��34)DOVH��∨��347UXH )DOVH�

3URRI�

�347UXH��∨��34)DOVH��∨��347UXH )DOVH�

4³47UXH )DOVH´

�347UXH��∨��34)DOVH��∨��3ë7UXH�∧�3ë)DOVH�
4³ë7UXH��ë)DOVH´

�347UXH��∨��34)DOVH��∨���3�)DOVH��∧��3�7UXH��
4³GH�0RUJDQ��H[FOXGHG�PLGGOH�XVLQJ�4�WUXWK´

�7UXH� ❑

9. EB

7KH�ORJLF�(%�XVHV�WKH�RSHUDWRUV� �DQG�ë�JRYHUQHG�E\�WKH�VDPH�D[LRPV�DV�LQ�(&�

$[LRPE�ë�GHIQ� (ë)�4���∀[�7���)ë[�⇒�(ë[�� [�IUHVK

$[LRPE�ë�DQWLV\PP� (ë)�∧�)ë(�⇒��(4)�

$[LRPE� �GHIQ� �∀[�7���( )�ë�[�4�(ë[�∨�)ë[�
$[LRPE���IODW� �∀[�\�����[ë\�4��[4\��

�7KH�FKRLFH�V\PERO� �LV�ZULWWHQ�DV�D�FRPPD�LQ�>�@�WR�FRQIRUP�ZLWK�VWDQGDUG�SUDFWLFH�LQ�EXQFK�WKHRU\���7KH

D[LRPV� RI� (&� DUH� WKH� DERYH� DQG� WKRVH� RI� � (
±
�� WRJHWKHU� ZLWK� IRXU� PRUH� ZH� VKDOO� LQWURGXFH� ODWHU�� :H

LPPHGLDWHO\�LQKHULW�WKH�IROORZLQJ�WKHRUHPV�IURP�(&��DQG�WKHLU�SURRIV�

7KHRUHPE�¨ë�� ¨�(ë)�

7KHRUHPE�ë�DQWLV\PP�� (ë)�∧�)ë(�4��(4)�
7KHRUHPE�ë�UHIO�� (ë(

7KHRUHPE�ë�WUDQV�� (ë)�∧�)ë*�⇒�(ë*
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7KHRUHPE�4ë�� �(4)��4���∀[�7���(ë[�4�)ë[�
7KHRUHPE� �V\PP�� ( )�4�) (

7KHRUHPE� �LGHP�� ( (�4�(

7KHRUHPE� �DVVRF�� ( �) *��4��( )� *

7KHRUHPE�ë �� (ë)�4��( )4(�

7KHRUHPE�ë�OXE�� (ë) *�4�(ë)�∧�(ë*
7KHRUHPE�¨/ �� ¨�( )��4��¨(�∧ (ë)� ∨��¨)�∧ )ë(�
7KHRUHPE�!��YDOXHG�� �7UXH )DOVH�7UXH��DQG��7UXH )DOVH�)DOVH�

7KHRUHPE�47UXH )DOVH�� �347UXH )DOVH��4�3ë7UXH�∧�3ë)DOVH

(%�GLIIHUV�IURP�(&�LQ�LQFOXGLQJ�D�PLUDFOH�YDOXH�FDOOHG�QXOO7�IRU�HDFK�W\SH�7�

$[LRPE�QXOO� �∀[�7���¤�QXOO7�ë�[��

:H�PD\�RPLW�WKH�VXEVFULSW�LQ�QXOO7�ZKHQ�LW�LV�HYLGHQW�IURP�FRQWH[W�RU�ZKHQ�LWV�YDOXH�LV�QRW�VLJQLILFDQW�

7KHRUHPE�QXOO�PD[� (�ë�QXOO

3URRI� $SSO\�ë�GHIQ� ❑

7KHRUHPE� �XQLW� QXOO (�4�(

3URRI� $SSO\�ë �� ❑

7KHRUHPE�QXOO�PD[� QXOO�ë�(�4��(4QXOO�

7KHRUHPE�LV�QXOO� �(4QXOO��4�¤�∃[�7���(ë[� [�IUHVK

3URRI� $SSO\�4ë�WR�OHIW�KDQG�VLGH� ❑

7KHRUHPE�¤¨QXOO� ¤¨QXOO

3URRI�

¤¨QXOO

4³¨�∃´
¤�∃[�7���QXOO4[�

4³�QXOO�PD[´

¤�∃[�7���QXOOë[�
4³GH�0RUJDQ´

��∀[�7���¤�QXOOë[��� ²�QXOO ❑

7KHRUHPE� QXOO� �( )�4�QXOO��4��(�4�QXOO��∧��)�4�QXOO�
3URRI� $SSO\�4ë�WR�OHIW�KDQG�VLGH� ❑

7KHRUHPE�QXOO�QHZ� �L���7UXH�QXOO
�

�LL���)DOVH�QXOO
�

3URRI��L�� 7UXHë7UXH�EXW�¤��QXOO
�
ë7UXH�� ❑

7KHRUHPE�ë7UXH� 3ë7UXH�4 (3�)DOVH� ∧ (3�QXOO
�
�



0DQ\�YDOXHG�/RJLFV�IRU�3URJUDPPLQJ ��

3URRI�

3ë7UXH

4³4�WUXWK��⇒�OHIW�XQLW´

�(34QXOO
�
��∨ (3�QXOO

�
���⇒ 3ë7UXH

4³∨�OXE´
�(34QXOO

�
��⇒ 3ë7UXH) ∧ ((3�QXOO

�
��⇒ 3ë7UXH�

4³⇒�GHIQ�DQG�HOHPHQWDU\�SURSHUWLHV�RI�4´

�(3�QXOO
�
��∨ 3ë7UXH) ∧ ((3�QXOO

�
��⇒ 3ë7UXH�

4³∨�VXEVW´
�(3�QXOO

�
��∨ QXOO

�
ë7UXH) ∧ ((3�QXOO

�
��⇒ 3ë7UXH�

4³QXOO�PD[��∨−XQLW´
(3�QXOO

�
� ∧ ((3�QXOO

�
��⇒ 3ë7UXH�

4³LV�QXOO´

(3�QXOO
�
� ∧ (�∃[�����3ë[��⇒ 3ë7UXH�

4³VHH�SURRI�RI�IRU�ë7UXH�LQ�(&´

(3�QXOO
�
� ∧ (3�)DOVH� ❑

7KHRUHPE�ë)DOVH� 3ë)DOVH�4 (3�7UXH� ∧ (3�QXOO
�
�

7KHRUHPE�4QXOO
�
� 3�QXOO

�
�4 3ë7UXH ∨ 3ë)DOVH

3URRI� $SSO\�ë7UXH�DQG�ë)DOVH�WR�ULJKW�KDQG�VLGH� ❑

7KHRUHPE���YDOXHG� (347UXH��∨ (34)DOVH��∨ (34QXOO
�
��∨ (347UXH )DOVH�

3URRI�

(347UXH��∨ (34)DOVH��∨ (34QXOO
�
��∨ (347UXH )DOVH�

4³∨�LGHP´
�(347UXH� ∨ (34QXOO

�
���∨ ((34)DOVH��∨ (34QXOO

�
���∨ (347UXH )DOVH�

4³ë7UXH��ë)DOVH��GH�0RUJDQ´

¤��3ë7UXH��∨ ¤(3ë)DOVH��∨ (347UXH )DOVH�

4³47UXH )DOVH´

� ¤��3ë7UXH��∨ ¤(3ë)DOVH��∨ �3ë7UXH�∧�3ë)DOVH�
4³GH�0RUJDQ��H[FOXGHG�PLGGOH�XVLQJ�¨ë´

7UXH ❑

7KH�EHKDYLRXU�RI�WKH�ERROHDQ�RSHUDWRUV�ZLWK�UHVSHFW�WR�QXOO
�
�LV�IL[HG�E\�WKH�IROORZLQJ�WZR�D[LRPV�

$[LRPE�¤QXOO� ¤QXOO
�
�4�QXOO

�

$[LRPE�∨QXOO� 7UXH )DOVH�∨�QXOO
�
�4�QXOO

�

7KHRUHPE�ë�H[FKDQJH�� ¤3ë4�4�3ë¤4

3URRI��)LUVW�VKRZ�¤3ë7UXH�4�3ë)DOVH�E\�DSSO\LQJ�ë7UXH� WR� WKH� OHIW�KDQG�VLGH�DQG�DSSHDOLQJ� WR�D[LRP

H[FKDQJH��6LPLODUO\�VKRZ�¤3ë)DOVH�4�3ë7UXH�

¤3ë4

4³ë�GHIQ´

�∀[�\�����4ë[�⇒ ¤3ë[�
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4³��LQVWDQWLDWLRQ´

�4ë7UXH�⇒ ¤3ë7UXH� ∧��4ë)DOVH�⇒ ¤3ë)DOVH�
4³OHPPDV�DERYH´

�¤4ë)DOVH�⇒ 3ë)DOVH� ∧��¤4ë7UXH�⇒ 3ë7UXH�
4³��LQVWDQWLDWLRQ�DQG�ë�GHIQ´

3ë¤4 ❑

7KHRUHPE�¤� �� ¤�3 4��4�¤3 ¤4

3URRI��3URYH�WKDW�HDFK�VLGH�UHILQHV�WKH�RWKHU�XVLQJ��LQ�HDFK�FDVH��WKHRUHPV�ë�H[FKDQJH�DQG�ë�OXE��❑

7KHRUHPE�¤� �� ¤�7UXH )DOVH��4�7UXH )DOVH

7KHRUHPE�∧QXOO� 7UXH )DOVH�∧�QXOO
�
�4�QXOO

�

3URRI��8VH�∧�GHIQ�DQG�D[LRP�∨QXOO�� ❑

1RWH� WKDW�∨ GRHV� QRW� GLVWULEXWH� RYHU� �� ,Q� SDUWLFXODU��7UXH )DOVH�∨� QXOO
�
� LV� D[LRPDWLFDOO\� HTXLYDOHQW� WR

QXOO
�
�ZKHUHDV��7UXH�∨ QXOO

�
�� ��)DOVH�∨�QXOO

�
��UHGXFHV�WR�7UXH QXOO

�
�ZKLFK�UHGXFHV�WR�7UXH��$SDUW�IURP

WKLV� FDVH� �DQG� LWV� WULYLDO� YDULDWLRQV��� ∨ GLVWULEXWHV� RYHU� �� 6LPLODU� UHPDUNV� KROG� IRU� ∧�� &RQFRPLWDQWO\�
FRQMXQFWLRQ�DQG�GLVMXQFWLRQ�DUH�QRW�PRQRWRQLF�ZLWK�UHVSHFW�WR�ë��WKH�RQH�FDVH�ZKHUH�GLVMXQFWLRQ�IDLOV�WR�EH

PRQWRQLF�LV�7 )ë�7�EXW�QRW��7 )∨QXOO
�
��ë��7∨QXOO

�
���

7KH�EHKDYLRXU�RI�WKH�TXDQWLILHUV�ZLWK�UHVSHFW�WR�QXOO
�
�LV�JRYHUQHG�E\�WKH�IROORZLQJ�D[LRP�

$[LRPE�∃QXOO� ��∃[�7���3��4�QXOO
�
��4��∃[�7���34QXOO

�
��∧��∀[�7���3�7UXH�

7KHRUHPE�∃ë)DOVH�� �∃[�7���3��ë�)DOVH�4��∀[�7���3ë)DOVH�
3URRI�

�∃[�7���3��ë�)DOVH
4³ë)DOVH´

(�∃[�7���3��7UXH� ∧ (�∃[�7���3��QXOO
�
�

4³∃�QRQ�WUXWK��∃QXOO��GH�0RUJDQ´

�∀[�7���3�7UXH� ∧ (�∀[�7���3�QXOO
�
��∨�¤�∀[�7���3�7UXH��

4³DEVRUSWLRQ�XVLQJ�¨∀��DQG���WUXWK´
(∀[�7���3�7UXH� ∧ �∀[�7���3�QXOO

�
�

4³∀�∧´
�∀[�7����3�7UXH� ∧ �3�QXOO

�
��

4³ë)DOVH´

�∀[�7���3ë)DOVH� ❑

7KHRUHPE�∃ë7UXH� �∃[�7���3��ë�7UXH�4��∃[�7���347UXH� ∨���∃[�7���3ë7UXH��∧��∀[�7���3�QXOO
�
��

7KHRUHPE�∀QXOO� ��∀[�7���3��4�QXOO
�
��4��∃[�7���34QXOO

�
��∧��∀[�7���3�)DOVH�

7KHRUHPE�∀ë7UXH�� �∀[�7���3��ë�7UXH�4��∀[�7���3ë7UXH�
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7KHRUHPE�∀ë)DOVH� �∀[�7���3��ë�)DOVH�4��∃[�7���34)DOVH� ∨���∃[�7���3ë)DOVH��∧��∀[�7���3�QXOO
�
��

10. E4

7KH�ORJLF�(��LQFOXGHV�WKH�ELQDU\�LQIL[�RSHUDWRUV� �DQG�ë�RI�(&��DV�ZHOO�DV�⊥7�RI�(���:H�PD\�RPLW�WKH

VXEVFULSW�LQ�⊥7�ZKHQ�LW�LV�QRW�VLJQLILFDQW�RU�FDQ�EH�LQIHUUHG�IURP�FRQWH[W��$V�D�FRQYHQLHQFH��ZH�LQWURGXFH

WKH�SUHIL[�RSHUDWRU�τ��ZKHUH�τ(�E\�GHILQLWLRQ�DEEUHYLDWHV�(�⊥��7KH�D[LRPV�RI�(��DUH�WKRVH�RI��(±�SOXV�WKH
YDULRXV�D[LRPV�JLYHQ�EHORZ��,Q�WKH�IROORZLQJ�D[LRPV��(�DQG�)�KDYH�W\SH�7�

$[LRP��ë�GHIQ� (ë)�4���τ(⇒τ)� ∧��∀[�7���)ë[�⇒�(ë[� [�IUHVK

$[LRP��ë�DQWLV\PP� (ë)�∧�)ë(�⇒��(4)�

$[LRP�� �GHIQ� �∀[�7���( )�ë�[�4�(ë[�∨�)ë[�
$[LRP����IODW� �∀[�\�����[ë\�4��[4\��
$[LRP��τ�GHIQ� τ(�4��(�⊥7�

$[LRP��τ� � τ�( )��4�τ(�∧τ)

2EVHUYH�WKDW�DSDUW�IURP�D�VLPSOH�H[WUD�FRQMXQFW�LQ�D[LRP�ë�GHIQ��WKHVH�DUH�DOVR�D[LRPV�RI�(&��DQG�KHQFH

ZH�LQKHULW�WKH�DVVRFLDWHG�WKHRUHPV�RI�(&�ZLWK�MXVW�PLQRU�DPHQGPHQWV�

7KHRUHP��¨ë�� ¨�(ë)�

3URRI� 8VH�ë�GHIQ��τ�GHIQ��DQG�¨∀. ❑

7KHRUHP��ë�DQWLV\PP�� (ë)�∧�)ë(�4��(4)�
3URRI� 8VH�EL�LPSOLFDWLRQ�DV�ERWK�VLGHV�SURSHU�� ❑

7KHRUHP��ë�UHIO�� (ë(

3URRI� $SSO\�ë�GHIQ. ❑

7KHRUHP��ë�WUDQV�� (ë)�∧�)ë*�⇒�(ë*

3URRI� $SSO\�ë�GHIQ�WR�WKH�WKUHH�VXEWHUPV. ❑

7KHRUHP��4ë�� �(4)��4��τ(4τ)� ∧��∀[�7���(ë[�4�)ë[�
3URRI� $SSO\�ë�DQWLV\PP�DQG�ë�GHIQ�WR�OHIW�KDQG�VLGH. ❑

7KHRUHP�� �V\PP�� ( )�4�) (

3URRI� $SSO\�4ë��τ� ��DQG� �GHIQ� ❑

7KHRUHP�� �LGHP�� ( (�4�(

3URRI� $SSO\�4ë�DQG� �GHIQ� ❑

7KHRUHP�� �DVVRF�� ( �) *��4��( )� *

3URRI� $SSO\�4ë�DQG� �GHIQ� ❑
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7KHRUHP��ë �� (ë)�4��( )4(�

3URRI� $SSO\�ë�GHIQ�DQG� �GHIQ�WR�WKH�ULJKW�KDQG�VLGH. ❑

7KHRUHP��� �]HUR�� ⊥ (�4�⊥

7KHRUHP��ë�OXE�� (ë) *�4�(ë)�∧�(ë*
3URRI� $SSO\�ë�GHIQ�DQG� �GHIQ�WR�WKH�OHIW�KDQG�VLGH. ❑

7KHRUHP��¨/ �� ¨�( )��4��¨(�∧ (ë)� ∨��¨)�∧ )ë(�
3URRI� 6DPH�DV�LQ�(&�� ❑

7KHRUHP��!��YDOXHG�� �L������7UXH )DOVH�7UXH�

�LL�����7UXH )DOVH�)DOVH�

3URRI� 6DPH�DV�LQ�(&�� ❑

7KHRUHP��¨τ�� ¨τ(

7KHRUHP��⊥ë�� ⊥ë(
3URRI�

⊥ë(
4³ë ´

⊥ (4⊥
4³τ�GHIQ´

¤τ�⊥ (�

4³τ� ´

¤�τ⊥�∧ τ(�
4³¤τ⊥´

7UXH ❑

7KHRUHP��ë⊥�� (ë⊥�4��(4⊥�
3URRI� $SSO\�ë�DQWLV\PP�DQG�⊥ë�WR�ULJKW�KDQG�VLGH� ❑

:H�QRZ�LQWURGXFH�D[LRPV�WKDW�HQVXUH�WKDW�⊥�LV�GLVWLQFW�IURP�FRQVWDQWV�

$[LRP��¨⇒τ� ¨(⇒τ(

7KHRUHP��¤¨⊥� ¤¨⊥7

7KHRUHP��τ[�� �∀[�7���τ[�
3URRI���∀[�7���¨[��DQG�¨⇒τ� ❑

7KHRUHP��⊥�XQLTXH �L��⊥�7UXH� �LL��⊥�)DOVH� �LLL��⊥�7UXH )DOVH

3URRI� $SSO\�¨⇒τ�WR��L��DQG��LL���DQG�WR�τ� ��LLL�� ❑

7KHRUHP��47UXH )DOVH�� �347UXH )DOVH��4�τ3�∧��3ë7UXH��∧��3ë)DOVH�
3URRI�
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347UXH )DOVH

4³4ë´

�τ34τ�7UXH )DOVH�� ∧��∀[�����3ë[�4�7UXH )DOVHë[�

4³τ� ��τ[��¨τ´
τ3 ∧��∀[�����3ë[�4�7UXH )DOVHë[�

4³��LQVWDQWLDWLRQ´

τ3 ∧��3ë7UXH�4�7UXH )DOVHë7UXH� ∧��3ë)DOVH�4�7UXH )DOVHë)DOVH�

4³HOHPHQWDU\�SURSHUWLHV�RI�ë�DQG�4´

τ3 ∧�3ë7UXH ∧�3ë)DOVH ❑

(��LQFOXGHV�WKH�D[LRP�RI�WKH�H[FOXGHG�PLUDFOH�

$[LRP��QR�PLUDFOHV� �∃[�7���(ë[� ZKHUH�(�KDV�W\SH�7�DQG�[�IUHVK

7KHRUHP��ë7UXH� 3ë7UXH�4 (3�)DOVH�
3URRI� ,I�¤τ3�WKHQ�WKH�UHVXOW�LV�WULYLDO��$VVXPH�τ3�

3ë7UXH

4³H[DFWO\�DV�LQ�WKH�SURRI�LQ�(&´

¤�∀[�����3ë[�4�)DOVHë[�
4³DVVXPLQJ�τ3, τ)DOVH��∧�XQLW´

¤��τ34τ)DOVH� ∧��∀[�����3ë[�4�)DOVHë[�
4³4ë´

¤��34)DOVH�� ❑

7KHRUHP��ë)DOVH� 3ë)DOVH�4 (3�7UXH�

7KHRUHP�� 7UXH�� �3 447UXH��4��347UXH� ∧��447UXH�
3URRI�

3 447UXH

4³4ë´

�τ�3 4�4τ7UXH� ∧��∀[�����3 4ë[�4�7UXHë[�

4³τ� ��τ[��¨τ´
τ3�∧ τ4�∧��∀[�����3 4ë[�4�7UXHë[�

4³DV�LQ�SURRI�LQ�(&´

τ3�∧ τ4�∧��347UXH��∧ (447UXH�
4³∧�VXEVW�WZLFH�DQG�HOHPHQWDU\�SURSHUWLHV�RI�∧´

��347UXH��∧ (447UXH� ❑

7KHRUHP�� )DOVH�� �3 44)DOVH��4��34)DOVH� ∧��44)DOVH�

7KHRUHP����IODW�� ��∀[�����[ë3�4��[43��
3URRI� $SSHDOLQJ�WR�EL�LPSOLFDWLRQ�DQG�ë�DQWLV\PP�ZH�QHHG�RQO\�SURYH�[ë3�⇒��3ë[��

[ë3

4³ë�GHIQ´

�τ[⇒τ3��∧��∀\�����3ë\�⇒�[ë\�

⇒³ZHDNHQLQJ´
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�∀\�����3ë\�⇒�[ë\�

4³⇒�∧��⇒�UHIO��∧�XQLW´
�∀\�����3ë\�⇒�3ë\�∧�[ë\�

4³��IODW´

�∀\�����3ë\�⇒�3ë\�∧��[4\��
4³∧�VXEVW´

�∀\�����3ë\�⇒�3ë[�∧��[4\��
⇒³ZHDNHQLQJ��⇒�WUDQV´

�∀\�����3ë\�⇒�3ë[�

4³∃�OXE��\�QRW�LQ�3ë[´
�∃\�����3ë\��⇒�3ë[

4³QR�PLUDFOHV´

3ë[ ❑

7KHRUHP��¨/ ��� ¨�3 4��4�¨3�∧ (344� 
3URRI�

¨�3 4�

4³¨/ ´

��¨3�∧ 3ë4� ∨��¨4�∧ 4ë3�
4³¨�∃�WZLFH´

���∃[�����34[��∧ 3ë4� ∨���∃[�����44[��∧ 4ë3�
4³∧�∃��XVLQJ�¨ë´

��∃[������34[��∧ 3ë4� ∨��∃[������44[��∧ 4ë3�
4³∧�VXEVW�WZLFH´

��∃[������34[��∧ [ë4� ∨��∃[������44[��∧ [ë3�
4³��IODW´

��∃[������34[��∧ ([44�� ∨��∃[������44[��∧ ([43��
4³∧�VXEVW�WZLFH´

��∃[������34[��∧ (344�� ∨��∃[������44[��∧ (443��
4³∧�∃��WZLFH�XVLQJ�¨ë´

���∃[�����34[��∧ (344�� ∨���∃[�����44[��∧ (443��
4³¨�∃�WZLFH´

��¨3�∧ (344�� ∨��¨4�∧ (443��
4³∧�∨�XVLQJ�4�WUXWK��∧�VXEVW��∧�LGHP´

�¨3�∧ (344�� ❑

7KHRUHP����YDOXHG�� �347UXH��∨ �34)DOVH��∨ �34⊥
�
��∨ �347UXH )DOVH�

3URRI�

�347UXH��∨ �34)DOVH��∨ �34⊥
�
��∨ �347UXH )DOVH�

4³ë7UXH��ë)DOVH��47UXH )DOVH�´

¤��3ë)DOVH��∨ ¤��3ë7UXH��∨ �34⊥
�
��∨ �τ3 ∧�3ë7UXH ∧�3ë)DOVH�

4³τ�GHIQ��GH�0RUJDQ´

7UXH ❑

7KH�IROORZLQJ�GHULYHG�LQIHUHQFH�UXOH�LV�DYDLODEOH�
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WUXWK�FDVHV �347UXH��4��447UXH�����34)DOVH��4��44)DOVH���τ34τ4
3�4�4

,W�LV�MXVWLILHG�E\�WKH�IROORZLQJ�WKHRUHP��WRJHWKHU�ZLWK�∧�LQWUR�DQG�HTXDQLPLW\�

7KHRUHP��WUXWK�FDVHV���344��4���347UXH��4��447UXH���∧���34)DOVH��4��44)DOVH�� ∧��τ34τ4�
3URRI��6LPLODU�WR�FRUUHVSRQGLQJ�SURRI�IRU�WKH���YDOXHG�FDVH�� ❑

7KH�EHKDYLRXU�RI�WKH�ERROHDQ�RSHUDWRUV�ZLWK�UHVSHFW�WR�⊥
�
�LV�JRYHUQHG�E\�WKH�IROORZLQJ�D[LRPV�

$[LRP��¤⊥� ¤⊥
�
�4�⊥

�

$[LRP��∨⊥� 7UXH )DOVH�∨�⊥
�
�4�⊥

�

7KHRUHP��τ¤�� τ�¤3��4�τ3
3URRI��$SSO\�τ�GHIQ�WR�OHIW�KDQG�VLGH�� ❑

7KHRUHP��ë�H[FKDQJH�� ¤3ë4�4�3ë¤4

3URRI�� )LUVW� VKRZ� ¤3ë7UXH43ë)DOVH� E\� DSSO\LQJ� ë7UXH� WR� OHIW�KDQG� VLGH� DQG� DSSHDOLQJ� WR� D[LRP

H[FKDQJH��6LPLODUO\�VKRZ�¤3ë)DOVH�4�3ë7UXH�

¤3ë4

4³ë�GHIQ´

�τ�¤3�⇒τ4� ∧��∀[�\�����4ë[�⇒ ¤3ë[�
4³τ¤�WZLFH����LQVWDQWLDWLRQ´

�τ3⇒τ�¤4�� ∧��4ë7UXH�⇒ ¤3ë7UXH� ∧��4ë)DOVH�⇒ ¤3ë)DOVH�
4³OHPPDV�DERYH´

�τ3⇒τ�¤4�� ∧��¤4ë)DOVH�⇒ 3ë)DOVH� ∧��¤4ë7UXH�⇒ 3ë7UXH�
4³��LQVWDQWLDWLRQ�DQG�ë�GHIQ´

3ë¤4 ❑

7KHRUHP��¤� �� ¤�3 4��4�¤3 ¤4

3URRI��3URYH�WKDW�HDFK�VLGH�UHILQHV�WKH�RWKHU�XVLQJ��LQ�HDFK�FDVH��WKHRUHPV�ë�H[FKDQJH�DQG�ë�OXE��❑

7KHRUHP��∨� �� 3∨�4 5��4��3∨4�� ��3∨5��DQG��3 4�∨5�4��3∨5�� ��4∨5�
3URRI� 3URYH�E\�FDVHV��7KH� UHVXOW� LV� WULYLDOO\�FKHFNHG� IRU� WKH�FDVH�3�SURSHU�� DQG� VLPLODUO\� IRU� WKH� FDVH

445��,I�4�5�WKHQ�4 5�LV�QHFHVVDULO\�HLWKHU�⊥�RU�7UXH )DOVH��,I�4 5�LV�⊥�WKHQ�HLWKHU�4�RU�5�LV�⊥�DQG�LW
LV�HDV\�WR�FKHFN�WKH�HTXDWLRQ�IRU�3∈^7UXH )DOVH��⊥`��,I�4 5�LV�7UXH )DOVH�WKHQ�E\�V\PPHWU\�EHWZHHQ�4

DQG� 5� ZH� QHHG� RQO\� FKHFN� WKH� HTXDWLRQ� IRU� WKH� FDVHV� �447UXH�� ∧ �54)DOVH��� �447UXH )DOVH�

∧ �54)DOVH���DQG��447UXH )DOVH��∧ �547UXH��ZLWK�3∈^7UXH )DOVH��⊥`�� ❑

7KHRUHP��∧� �� 3∧�4 5��4��3∧4�� ��3∧5��DQG��3 4�∧5�4��3∧5�� ��4∧5�

7KHRUHP��⇒� �� 3⇒�4 5��4��3⇒4�� ��3⇒5�

7KHRUHP��¤ë�PRQR� 3ë4�⇒�¤3ë¤4
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7KHRUHP��∨ë�PRQR� 3ë4�⇒��3∨5�ë�4∨5��DQG�4ë5�⇒ �3∨4�ë�3∨5�

7KHRUHP��∧ë�PRQR� 3ë4�⇒ �3∧5�ë�4∧5��DQG�4ë5�⇒ �3∧4�ë�3∧5�

7KH�EHKDYLRXU�RI�WKH�TXDQWLILHUV�ZLWK�UHVSHFW�WR�⊥
�
�LV�JRYHUQHG�E\�WKH�IROORZLQJ�D[LRP�

$[LRP��τ�∀� τ�∀[�7���3��4��∀[�7���τ3��∨��∃[�7���34)DOVH�

7KHRUHP��∃ë)DOVH�� �∃[�7���3��ë�)DOVH�4��∀[�7���3ë)DOVH�
3URRI�

�∃[�7���3��ë�)DOVH
4³ë)DOVH´

(∃[�7���3��7UXH�
4³∃�QRQ�WUXWK´

�∀[�7���3�7UXH�
4³ë)DOVH´

�∀[�7���3ë)DOVH� ❑

7KHRUHP��∃ë7UXH� �∃[�7���3��ë�7UXH�4��∃[�7���3ë7UXH� 

7KHRUHP��τ�∃� τ�∃[�7���3��4��∀[�7���τ3��∨��∃[�7���347UXH�

7KHRUHP��∀ë7UXH�� �∀[�7���3��ë�7UXH�4��∀[�7���3ë7UXH�

7KHRUHP��∀ë)DOVH�� �∀[�7���3��ë�)DOVH�4��∃[�7���3ë)DOVH�

7KHRUHP��∀/ë�� �∀[�7���3ë4��⇒���∀[�7���3��ë��∀[�7���4��
3URRI��$VVXPH��∀[�7���3ë4��

�∀[�7���3��ë��∀[�7���4�
4³ë�GHIQ´

�τ�∀[�7���3�⇒τ�∀[�7���4�� ∧��∀\������∀[�7���4�ë\�⇒��∀[�7���3�ë\�

7KH�VHFRQG�FRQMXQFW�LV�URXWLQHO\�SURYHG�YLD���LQVWDQWLDWLRQ��)RU�WKH�ILUVW�FRQMXQFW�

�τ�∀[�7���3�⇒τ�∀[�7���4��
4³τ�∀�WZLFH´

��∀[�7���τ3��∨��∃[�7���34)DOVH� ⇒��∀[�7���τ4��∨��∃[�7���44)DOVH�
⇐³∨�OXE��DQG�HOHPHQWDU\�SURSHUWLHV�RI�⇒´

���∀[�7���τ3��⇒��∀[�7���τ4���∧���∃[�7���34)DOVH� ⇒��∃[�7���44)DOVH��
⇐³∀�⇒´

�∀[�7���τ3⇒τ4��∧���∃[�7���34)DOVH� ⇒��∃[�7���44)DOVH��
4³DVVXPSWLRQ��ë�GHIQ´

�∃[�7���34)DOVH� ⇒��∃[�7���44)DOVH�
4³FRQWUDSRVLWLYH�XVLQJ�¨∃ �DQG�4�WUXWK´

¤�∃[�7���44)DOVH� ⇒�¤�∃[�7���34)DOVH�
4³GH�0RUJDQ�WZLFH´
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�∀[�7���4�)DOVH� ⇒��∀[�7���3�)DOVH�
4³ë7UXH�WZLFH´

�∀[�7���4ë7UXH� ⇒��∀[�7���3ë7UXH�
⇐³∀�⇒´

�∀[�7���4ë7UXH ⇒�3ë7UXH�

4³DVVXPSWLRQ��ë�GHIQ´

7UXH ❑

11. Equality

(TXDOLW\� � ��GLIIHUV� IURP�HTXLYDOHQFH� LQ�EHLQJ� VWULFW�ZLWK� UHVSHFW� WR�QXOO� DQG�⊥�� DQG� LQ� GLVWULEXWLQJ� RYHU
FKRLFH�� (TXDOLW\� RQ� IODW� W\SHV� VXFK� DV� WKH� ERROHDQV� �DQG� WKH� LQWHJHUV�ZHUH�ZH� WR� LQFOXGH� WKHP�� FDQ� EH

D[LRPDWLVHG� VWUDLJKWIRUZDUGO\�� EXW� WKH� D[LRPDWLVDWLRQ�SUHVHQWHG�EHORZ�ZLOO� EH� VRPHZKDW� FRPSOLFDWHG� WR

PDNH�LW�DSSOLFDEOH�WR�DUELWUDU\�W\SHV��7R�WKLV�HQG��ZH�GHILQH�HTXDOLW\�LQ�WHUPV�RI�WKH�UHILQHPHQW�UHODWLRQ�RQ

WKH�W\SH��7KLV�KDV�WKH�DGYDQWDJH�WKDW�RQFH�WKH�UHILQHPHQW�UHODWLRQ�LV�IL[HG�IRU�DQ\�W\SH��DQ�HTXDOLW\�RSHUDWRU

LV�LPPHGLDWHO\�DYDLODEOH�

7R�LQFOXGH�(�DQG�(��LQ�WKH�WUHDWPHQW�RI�HTXDOLW\��ZH�QHHG�WR�DXJPHQW�WKHP�ZLWK�WKH�UHILQHPHQW�UHODWLRQ�

)RU�WKDW��ZH�LPSRUW�ë�ZKROH�DQG�HQWLUH�IURP�(&�

$[LRP����ë�GHIQ� (ë)�4���∀[�7���)ë[�⇒�(ë[�� [�IUHVK

$[LRP����ë�DQWLV\PP� (ë)�∧�)ë(�⇒�(4)

$[LRP����QR�PLUDFOHV� �∃[�7���(ë[� ZKHUH�(�KDV�W\SH�7�DQG�[�IUHVK

$[LRP������IODW� �∀[�\�����[ë\�4��[4\��

)RU�(��ZH�DOVR�QHHG�WR�DVVHUW�WKDW�⊥�LV�WKH�OHDVW�HOHPHQW�ZLWK�UHVSHFW�WR�ë�

$[LRP��⊥ë� ⊥�ë�(

ë�REYLRXVO\�HQMR\V�WKH�VDPH�SURSHUWLHV�LQ�(�DQG�(��DV�LW�GRHV�LQ�(&��,W�ZLOO�WXUQ�RXW�WKDW�LQ�(��HTXDOLW\�DQG

HTXLYDOHQFH�DUH�LGHQWLFDO�RQ�IODW�W\SHV�

(TXDOLW\�HQMR\V�HVVHQWLDOO\� WKH�VDPH�SURSHUWLHV� LQ�HDFK� ORJLF� LQ� WKH�IDPLO\��EXW� WKH�SURRIV�GLIIHU� LQ� VPDOO

ZD\V�IURP�ORJLF�WR�ORJLF�

�7KH�D[LRPV�RI�HTXDOLW\��IRU�DUJXPHQWV�RI�W\SH�7��DUH�DV�IROORZV�

$[LRP� �GHIQ� ( )ë7UXH�4��∃[�7_(ë[����∃\�7_)ë\���[4\�� [�\�IUHVK

$[LRP� �GHIQ� ( )ë)DOVH�4��∃[�7_(ë[����∃\�7_)ë\���[�\�� [�\�IUHVK

)RU�(���ZH�QHHG�LQ�DGGLWLRQ

$[LRP��τ� � τ�( )��4�τ(�∧�τ)
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$W�WKH�HQG�RI�WKH�VHFWLRQ��ZH�ZLOO�FRPPHQW�IXUWKHU�RQ�WKH�D[LRPDWLVDWLRQ�ZLWK�UHJDUG�WR�(��DQG�(��

7KH� QRWLRQ� RI� ³DWRPLFLW\´� RI� HOHPHQWV� LV� LPSRUWDQW� LQ� WKH� WKHRU\� RI� HTXDOLW\�� $� WHUP� (� LV� VDLG� WR� EH

³DWRPLF´�� DQG� VDWLVILHV�∇(�� LII� LW�GHQRWHV�D� SURSHU� HOHPHQW� WKDW� KDV� QR� UHILQHPHQWV� RWKHU� WKDQ� LWVHOI��$OO
HOHPHQWV� RI� IODW� W\SHV� DUH� WULYLDOO\� DWRPLF��+RZHYHU�� WKH� ORJLFV� GR� QRW� H[FOXGH� WKH� SRVVLELOLW\� WKDW� VRPH

W\SHV�PD\�KDYH�WZR�GLVWLQFW�SURSHU�HOHPHQWV�ZKHUH�RQH�UHILQHV�WKH�RWKHU��WKLV�LV�QRW�XQFRPPRQ�LQ�WKHRULHV

RI�IXQFWLRQV��7KH�GHILQLQJ�D[LRP�IRU�DWRPLFLW\�LV��ZKHUH�(�KDV�W\SH�7��

$[LRP�∇�GHIQ� ∇(�4��∀[�7���(ë[�⇒��(4[���∧�¨(� [�IUHVK

)RU�IODW�W\SHV��DWRPLFLW\�DQG�SURSHUQHVV�FRLQFLGH�

7KHRUHP�∇�� ∇3�4�¨3
3URRI�

∇3
4³∇�GHIQ´

�∀[�����3ë[�⇒��34[���∧�¨3
4³��IODW��XVLQJ�¨3�LQ�OHIW�KDQG�FRQMXQFW��∧�XQLW´

¨3 ❑

7KH�VHFRQG�FRQMXQFW�LQ�D[LRP�∇�GHIQ�LV�UHGXQGDQW�LQ�(��(���(&��DQG�(��

7KHRUHP����F���∇�GHIQ� ∇(�4��∀[�7���(ë[�⇒��(4[�� [�IUHVK

3URRI��

∇(�4��∀[�7���(ë[�⇒��(4[��

4³∇�GHIQ´
�∀[�7���(ë[�⇒��(4[���∧�¨(�4��∀[�7���(ë[�⇒��(4[��

4³⇒�∧´
�∀[�7���(ë[�⇒��(4[���⇒�¨(

4³¨�∃´
�∀[�7���(ë[�⇒��(4[���⇒��∃[�7���(4[�

4³⇒�GHIQ�QRWLQJ�OHIW�KDQG�VLGH�SURSHU��GH�0RUJDQ´

�∃[�7���¤�(ë[�⇒��(4[����∨��∃[�7���(4[�
4³∃�∨´

�∃[�7���¤�(ë[�⇒��(4[���∨��(4[��
4³⇒�GHIQ�QRWLQJ�OHIW�KDQG�VLGH�SURSHU��GH�0RUJDQ´

�∃[�7����(ë[�∧��(�[���∨��(4[��
4³VWURQJ�4� ë�UHIO��DQG�HOHPHQWDU\�SURSHUWLHV�RI�WKH�ERROHDQ�RSHUDWRUV´

�∃[�7���(ë[�� ²�QR�PLUDFOHV ❑

7KH�GHILQLWLRQ�RI�∇�FDQ�DOVR�EH�VLPSOLILHG�LQ�(%�

7KHRUHPE�∇�GHIQ� ∇(�4��∀[�7���(ë[�⇒��(4[�� ∧��(�QXOO� [�IUHVK

3URRI�� ,I�(4QXOO� WKHQ� WKH�HTXLYDOHQYH� LV� WULYLDOO\�YHULILHG�� ,I�(�QXOO� WKHQ�ZH�PXVW�SURYH�∇(�4� �∀[�7� �
(ë[�⇒��(4[����DQG�WKH�SURRI�RI�WKH�SUHFHGLQJ�WKHRUHP�GRHV�MXVW�WKLV� ❑
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7KHRUHP� �V\PP� ( )�4�) (

3URRI��)ROORZV�IURP�WKH�V\PPHWU\�LQ�WKH�GHILQLQJ�D[LRPV�IRU� � ❑

7KHRUHPF�E��� � � ( �) *��4�( )� �( *

3URRI��8VLQJ�ë�GHIQ�

�D� ( �) *��ë�7UXH

4³ �GHIQ´

�∃[�7_(ë[����∃\�7_) *ë\���[4\��

4³WUDGLQJ�QRWLQJ�¨ë´

�∃[�7���(ë[�∧��∃\�7���) *ë\�∧��[4\���
4³∧�∃�QRWLQJ�\�QRW�LQ�(ë[´

�∃[�7����∃\�7���(ë[�∧�) *ë\�∧��[4\���
4³ �GHIQ´

�∃[�7����∃\�7���(ë[�∧��)ë\�∨�*ë\��∧��[4\���
4³∧�∨ QRWLQJ�DOO�WHUPV�SURSHU��DQG�∃�∨´

�∃[�7����∃\�7���(ë[�∧�)ë\�∧��[4\���∨��∃[�7����∃\�7���(ë[�∧�*ë\�∧��[4\���
4³WUDGLQJ�DQG�GLVWULEXWLQJ�DV�DERYH´

�∃[�7_(ë[����∃\�7_)ë\���[4\���∨��∃[�7_(ë[����∃\�7_*ë\����[4\��
4³ �GHIQ´

( )ë7UXH�∨�( *ë7UXH
4³ �GHIQ´

( )� �( *�ë�7UXH

�E� ( �) *��ë�)DOVH�4�( )� �( *�ë�)DOVH�LV�SURYHG�VLPLODUO\�

�F� 7KH�IROORZLQJ�LV�DSSOLFDEOH�WR�(��RQO\�

τ�( )� �( *�

4³τ� ´

τ�( )��∧�τ�( *�
4³τ� ´

τ(�∧ τ)�∧�τ(�∧ τ*
4³∧�LGHP´

τ(�∧ τ)�∧�τ*
4³τ� �DQG�τ� ´

τ�( �) *�� ❑

7KHRUHPE� QXOO� ( QXOO�4�QXOO

3URRI��%\�7KHRUHP�LV�QXOO�ZH�QHHG�RQO\�VKRZ�¤�∃[��� ��( QXOO�ë[��� DQG� WKLV� IROORZV� URXWLQHO\� IURP���
LQVWDQWLDWLRQ�DQG�WKH�GHILQLQJ�D[LRPV�IRU� � ❑

7KHRUHP���� ⊥� ( ⊥�4�⊥
3URRI�� )RU�(��

( ⊥�4�⊥



�� -��0��0RUULV�	�$��%XQNHQEXUJ

4³τ�GHIQ´
¤τ�( ⊥�

4³τ� ´
¤�τ(�∧ τ⊥�

4³¤τ⊥´
7UXH

)RU�(���( ⊥�4�⊥�IROORZV�IURP�( ⊥�)DOVH�∧ ( ⊥�7UXH�E\�7KHRUHP���YDOXHG�

�D� ( ⊥�)DOVH
4³ë7UXH´

( ⊥ë7UXH
4³ �GHIQ´

�∃[�7_(ë[����∃\�7_⊥ë\���[4\��
4³WUDGLQJ�QRWLQJ�¨ë´

�∃[�7���(ë[�∧��∃\�7���⊥ë\�∧��[4\���
4³⊥ë´

�∃[�7���(ë[�∧��∃\�7���7UXH�∧�[4\��
4³WUDGLQJ��RQH�SRLQW��KDELWDWLRQ��DQG�HOHPHQWDU\�SURSHUWLHV�RI�∧´

�∃[�7���(ë[�
4³QR�PLUDFOHV´

7UXH

�E� ( ⊥�7UXH
4³ë)DOVH´

( ⊥ë�)DOVH
4³ �GHIQ´

�∃[�7_(ë[����∃\�7_⊥ë\���[�\��
4³⊥ë´

�∃[�7���(ë[�∧��∃\�7���[�\��
4³7KHRUHP��QR�XQLWV�EHORZ´

�∃[�7���(ë[�
4³QR�PLUDFOHV´

7UXH ❑

7KH�SURRI�RI�WKH�SUHFHGLQJ�WKHRUHP�LQ�(��PDNHV�XVH�RI�7KHRUHP�QR�XQLWV�ZKLFK�VWDWHV��LQ�HIIHFW��WKDW�HDFK

W\SH�KDV�DW�OHDVW�WZR�HOHPHQWV��ZH�DOUHDG\�NQRZ�IURP�WKHRUHP�KDELWDWLRQ� WKDW�HDFK� W\SH�KDV�DW� OHDVW�RQH

HOHPHQW���7KHUHIRUH�ZH�SRVWXODWH� D[LRP�QR�XQLWV� EHORZ�� DQG� DQG�JLYH� DQ� DOWHUQDWLFH� IRUPXODWLRQ� RI� LW� LQ

7KHRUHP�QR�XQLWV��:H�ZLOO�VKRZ�DW�WKH�HQG�RI�WKH�VHFWLRQ�KRZ�D[LRP�QR�XQLWV�FDQ�EH�GLVSHQVHG�ZLWK�

$[LRQ��QR�XQLWV� �∃[�7����∃\�7���[�\��

7KHRUHP��QR�XQLWV� �∀[�7����∃\�7���[�\��
3URRI�
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�∀[�7����∃\�7���[�\��
4³D[LRP�QR�XQLWV´

�∃[�7����∃\�7���[�\�� ⇒��∀[�7����∃\�7���[�\��
4³⇒�∀´

��∀[�7����∃[�7����∃\�7���[�\�� ⇒��∃\�7���[�\��
4³LQWHUFKDQJH´

��∀[�7����∃\�7����∃[�7���[�\�� ⇒��∃\�7���[�\��
4³∃�OXE´

��∀[�7����∀\�7����∃[�7���[�\� ⇒��∃\�7���[�\���
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