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QUESTION 1

Explain fully what is meant by the eigendecomposition of a matrix A?

[6 marks]
How does the stability of a system of difference equations given by
u, = Au,_;
depend on the eigenvalues of the matrix A?
[6 marks]

Define what is meant by a Leslie matrix and describe in words the role of the
dominant eigenvalue and corresponding eigenvector of a Leslie matrix.

[10 marks]

In a population of an imaginary organism that lives for two years, the average
number of births for one-year-olds is 1/3 and that for two-year-olds is 4. The
survival probability from one to two years old is 2/3. Death is certain after 3
years.

1. Set up a Leslie matrix for the population.

[6 marks]

2. Find the long-term growth rate and the stable age distribution for this
population.

[6 marks]
QUESTION 2

(a) In terms of the continuous Logistic Growth model with Harvesting:

AN N
2 kN (1-=)-H
dt ( K)

(where N is the number in the population ), briefly describe, in qualitative
terms the role of each term on the right hand side.

[9 marks]

(b) Using appropriate non-dimensionalisation, show how the above equation can
be reduced to:
dy

= ky(l—y)—h
o y(1—y)

[8 marks]
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(c) Hence find the steady states p;,p_ of the above system.
[6 marks]

(d) By sketching a graph of § V y, say briefly what will happen for the initial
conditions:

e y(0) <p-
e y(0) > p-
[10 marks]
QUESTION 3
(a) Define clearly the following terms:
e Steady state
o Stable state
o Asymptotically stable state
[6 marks]
(b) For a system of equations:
dx f(z1, 22)
—_— = F = ’
dt () ( g(z1, )
show that for a point X close to a steady state X, we can say that
dx
— =~ A
dt *
where A is the Jacobian Matrix of F
[10 marks]
(c) Define the Jacobian Matrix A term-by-term
[4 marks]
(d) If the Jacobian Matrix, given by
A = ( aip Q12 )
az1 Q22
has the characteristic equation:
M —p\+qg =0
Define p and ¢
[7 marks]
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(e) Give the range of values of p, ¢ for stability.
[6 marks]

QUESTION 4
(a) Briefly describe, with examples, three types of non-linear interaction model.

[12 marks]

(b) Starting with the Lotka-Volterra Predator-Prey model:

T = axr -by
y = —cy -+dxy
(where a dot indicates differentiation w.r.t. time, a, b, ¢, d are positive constants

and z,y are the numbers of prey and predators respectively), show using non-
dimensionalisation how this may be reduced to

% = u(l -—v)
v = yuu -1)

(where v is some dimensionless parameter)

[8 marks]
(c) Derive a general expression for the Jacobian matrix of a Lotka-Volterra
system.

[6 marks]

(d) Find the two steady states of the Lotka-Volterra system and say whether
they are stable or unstable.

[8 marks]

QUESTION 5

(a) Broadly classify infectious diseases.

[2 marks]
(b) Give two reasons why it is not feasible to model infectious diseases as
predator-prey systems.

[4 marks]

(c) Give the assumptions behind the Susceptibles-Infectives- Removed (SIR)
model of infectious diseases

[4 marks]
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(d) Starting with the equations for the SIR model:

5_' = —pBIS
I = pIS —uI
kR = vl

(where a dot over a letter indicates differentiation w.r.t. time and 3, v are the
so-called infection and removal rates), derive an expression for I in terms of S.

[10 marks]

(e) Roughly graph a phase-plane plot of I against S (the position of p = v/
should be clearly visible)

[7 marks]

(f) Describe qualitatively what happens for S < p and S > p.
[6 marks]
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