DISCRETE DISTRIBUTIONS

BINOMIAL DISTRIBUTION

Examples:

1.
Toss a coin 6 times

Let X = number of heads

2.
Suppose you invest a fixed sum of money in each of five business ventures.  Each venture has a 70% chance of success.

X = number of successful ventures out of five.

3.
A retail computer store sells PCs of which 20% are laptops.  10 computers are sold each week.

Let X = number of laptops sold in a week.

4.
A fair die is rolled 5 times.

Let X = number of `twos'

5.
A printer in a computer lab works 60% of the time.

Let X = number of times the printer is working in 10 visits. 

6.
A stock will show an increase or a decrease in its closing price on a daily basis.  With this particular stock, the probability of an increase is 0.65.

Let X = number of increases in the next three days.

BINOMIAL CONDITIONS

1.
An experiment consists of n repeated trials.

2.
Each trial has two possible outcomes:  success or failure.

3.
The probability of a success p is constant from trial to trial.

4.
Repeated trials are independent.

Let X = number of successes in n trials 

X is a BINOMIAL random variable.

General Binomial Distribution

n =  no of trials 

p =  probability of success 

q = 1 - p  =  probability of failure  

X = no of successes in n trials

PDF = P(X = x) = nCx  px qn - x
EXAMPLE

Based on past experience, a printer in a laboratory is operating 60% of the time.

Throughout a particular day, 10 visits are made and the number of times, X, that the printer is operating is observed.

(a)
Write the PDF and CDF of X.

(b)
What is the probability that the printer is operating:

· exactly 4 times?  

· at least 9 times?  

· at most 4 times? 

· fewer than 9 times?

GEOMETRIC DISTRIBUTION

EXAMPLES:

1.
Toss a coin repeatedly.

Let X = number of tosses to first head.

2.
Roll a die until you get the first 5.

Let X = number of rolls until first 5.

3.
Observing single births until a girl.

Let X = number of observations to first girl.

CONDITIONS FOR THE GEOMETRIC DISTRIBUTION

1. An experiment consists of repeating trials until first success.

2. Each trial has two possible outcomes; 

(a)
a success with probability p 

(b)
a failure with probability q = 1 – p

3. Repeated trials are independent and so probability for each trial remains constant.

X = number of trials to first success.

X is a GEOMETRIC RANDOM VARIABLE.

PDF P(X = x) = qx-1 p; x = 1, 2, 3, ……

CDF P(X ≤  x) = 1 - qx
P(X ≤  x) = P(X = 1) + P(X = 2) + P(X = 2) + ….. + P(X = x)

    =       p       +  q p 
+   q2 p       + ….. + qx-1 p

    =  p[1 - qx] / (1 – q)
    = 1 - qx
Note

Sum of n terms in a geometric progression is:

Sn =   a(1 - rn)
1 – r

Let

p = a = first term

q = ratio r

x = n.

P(X ≤  x) =   p (1 - qx)

1 - q

Since 1 - q = p this becomes 

P(X ≤  x) = 1 - qx
Geometric Distribution Examples

From past experience it is known that 3% of accounts in a large accounting population are in error.

(a)
What is the probability that 5 accounts are audited before an account in error is found?

P(X = 5) = P(1st 4 correctly stated) P(5th in error)

= q4  p

= (0.97)4 (0.03)

= 0.026

(b)
What is the probability that the first account in error occurs in the first five accounts audited?

P(X ( 5) = 1 – P(First 5 correctly stated)  

 = 1 – 0.975 = 0.14

(c)
What is the probability that more than five accounts are audited before the first account in error occurs?

P(X > 5) = 1 – P(X ≤  5)  = 1 – (1 - q5) = q5 

= 0.975 = 0.86

HYPERGEOMETRIC DISTRIBUTION

SAMPLING WITHOUT REPLACEMENT

While the binomial distribution is obtained while sampling with replacement, the hypergeometric distribution is obtained while sampling without replacement.

Example:

An accounting population contains 52 line items of which 25% are in error.  A simple random sample of 6 line items is drawn.  What is the probability that the sample will contain 2 items in error? 

Solution:

1. Sampling with Replacement 
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 Binomial

Binomial with n = 6 and p = 0.25;

P(2 accounts in error)  =  
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2.
Sampling without Replacement

	13

In error
	39

Correctly state


P(2 accounts in error)  = 
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Hypergeometric Distribution

A finite population of size N consists of 

M elements called successes 

L elements called failures

A sample of n elements are selected at random without replacement

X = number of successes


[image: image4.wmf]÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

=

=

n

N

x

n

L

x

M

x

X

P

)

(


X is said to have a hypergeometric distribution
Example 1:

Draw 6 cards from a deck without replacement.   What is the probability of getting two hearts?

Solution 

Here
M = 13 number of hearts

L = 39 number of non-hearts

N = 52 total
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Example 2: Lotto

42 balls are numbered 1 - 42.  You select six numbers between 1 and 42.  (The ones you write on your lotto card).  6 balls are selected at random.  What is the probability that they contain:

(i)  4 of yours?

(ii) 5 of yours?   Answer = 0.00004

(iii) 6 of yours? Answer = 0.00000019

Solution (i)

Total = 42;  

N = 42

Favourable = 6; 

M = 6
Non-Favourable = 36.
L = N - M = 42 – 6 = 36
Sample size n = 6 and x = 4.
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So odds of about 1 in 555.

Binomial or Hypergeometric?

What is the probability of getting no more than 2 misstated accounts in a simple random sample of size 10 drawn without replacement from an accounting population that has a 10% misstatement rate.

Let X = number of incorrectly stated accounts.

P(X ≤ 2) = P(X = 0) + P(X = 1) + P(X = 2)

Hypergeometric

For a population of size 20
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	Population Size
	20

	P(X = 0)
	.2368

	P(X = 1)
	.5263

	P(X = 2)
	.2368

	P(X ≤ 2)
	.9999


Hypergeometric (without replacement sampling)
For a population of size 200
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P(X ≤ 2) = .9347

	Population Size
	200

	P(X = 0)
	.3398

	P(X = 1)
	.3974

	P(X = 2)
	.1975

	P(X ≤ 2)
	.9347


Hypergeometric (without replacement sampling)
For a population of size 2,000
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P(X ≤ 2) = .9296

	Population Size
	2,000

	P(X = 0)
	.3476

	P(X = 1)
	.3881

	P(X = 2)
	.1939

	P(X ≤ 2)
	.9296


Binomial (with replacement sampling)


[image: image12.wmf]1937

.

8

9

.

0

 

2

1

.

0

  

2

10

)

2

(

3874

.

9

9

.

0

 

1

1

.

0

  

1

10

)

1

(

3487

.

10

9

.

0

 

)

0

(

=

÷

÷

ø

ö

ç

ç

è

æ

=

=

=

÷

÷

ø

ö

ç

ç

è

æ

=

=

=

=

=

X

P

X

P

X

P


P(X ≤ 2) = .9298

Binomial or Hypergeometric?

What is the probability of getting no more than 2 misstated accounts in a simple random sample of size 10 drawn without replacement from an accounting population that has a 10% misstatement rate.

	Population Size
	20
	200
	2000
	Bin Approx

	P(X = 0)
	.2368
	.3398
	.3476
	.3487



	P(X = 1)
	.5263
	.3974
	.3881
	.3874



	P(X = 2)
	.2368
	.1975
	.1939
	.1937



	P(X ≤ 2)
	.9999
	.9347
	.9296
	.9298
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