BIVARIATE EXPECTATIONS

Example

The average annual salary of employees in an advertising firm is €27,500. At the end of the year, each employee gets a bonus which averages at €3,400.  What is the average total income of the employees?

Let X = salary; E(X) =  €27,500.

Let Y = bonus; E(Y) =  €3,400.

What is E(X + Y)?

BIVARIATE EXPECTATIONS

1. E(X + Y) = E(X) + E(Y)

Proof

E(X + Y) 
=  ∑ ∑ (x + y)  p(x ∩ y)
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Since ∑ p(y | x) = 1 and ∑ p(x | y) = 1
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= E(X) + E(Y)

BIVARIATE EXPECTATIONS

2. E(X - Y) = E(X) - E(Y)

Proof

E(X - Y) 
=  ∑ ∑ (x - y)  p(x ∩ y)
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BIVARIATE EXPECTATIONS

3. E(X ∩ Y) = E(X) E(Y) provided X and Y are independent.

Proof

E(X Y) 
=  ∑ ∑ x  y  p(x ∩ y)
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=  ∑ ∑ x y p(x) p(y | x)
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=  ∑ x p(x) ∑ y p(y | x)
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If X and Y are independent

p(y | x) = p(y)

So E(X Y) =  [∑ x p(x)]  [∑ y p(y)]
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i.e. E(X Y) = E(X) E(Y)

when X and Y are independent

BIVARIATE EXPECTATIONS

4. V(X + Y) = V(X) + V(Y) provided X and Y are independent i.e. provided 

P(X = x, Y = y) = P(X = x)  P(Y = y) for all x and y

Proof

Recall

V(X) = E(X – E(X))2 = E(X2) – ( E(X) )2
and

E(X + Y) = E(X) + E(Y)

So  V(X + Y) = E[ X + Y – E(X + Y) ]2
= E[ X + Y – E(X) - E(Y) ] 2
= E[ (X – E(X) )  +  (Y - E(Y) ) ] 2
= E[(X – E(X))2 + (Y - E(Y) ) 2 

    + 2(X – E(X) (Y – E(Y)]

= E(X – E(X))2 + E(Y - E(Y)) 2 

   + 2E[(X – E(X) (Y – E(Y)]

= V(X) + V(Y)
when X and Y are independent

NOTE:

2E[(X – E(X) (Y – E(Y)] = 0

i.e. 

Multiplying out 

E[ (X – E(X)  (Y – E(Y) ]

we get

E[(X Y –  X E(Y) – Y E(X) + E(X) E(Y)]

= E(X Y ) – E( X) E(Y) – E(Y) E(X) + E(X) E(Y)

= E(X) E(Y)–E( X) E(Y)–E(Y) E(X)+E(X) E(Y)=0

Exercise: What is V(X - Y)

Summary 

E(X + Y) = E(X) + E(Y)

The mean of the sum of two random variables is the sum of the means.

E(X - Y) = E(X) - E(Y) 

The mean of the difference of two random variables is the difference of the means.

E(X ∩ Y) = E(X) E(Y) 

provided X and Y are independent.

V(X + Y) = V(X) + V(Y)
If the random variables are independent, the variance of their sum is the sum of the variances.
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