ESTIMATION: AN INTRODUCTION
Terms

Standard Error is defined as the standard deviation of the sample mean.

Definition 

The assignment of value(s) to a population parameter based on a value of the corresponding sample statistic is called estimation.

Definition 

The value(s) assigned to a population parameter based on the value of a sample statistic is called an estimate.

The sample statistic used to estimate a population parameter is called an estimator.

The estimation procedure involves the following steps.

1. Select a sample.

2. Collect the required information from the members of the sample.

3. Calculate the value of the sample statistic.

4. Assign value(s) to the corresponding population parameter.
POINT AND INTERVAL ESTIMATES
A Point Estimate

Definition

The value of a sample statistic that is used to estimate a population parameter is called a point estimate.

Usually, whenever we use point estimation, we calculate the margin of error associated with that point estimation.

An Interval Estimation
Definition

In interval estimation, an interval is constructed around the point estimate, and it is stated that this interval is likely to contain the corresponding population parameter.

Definition 

Each interval is constructed with regard to a given confidence level and is called a confidence interval. The confidence level associated with a confidence interval states how much confidence we have that this interval contains the true population parameter. The confidence level is denoted by (1 – α)100%.
A Confidence Interval is based on 3 elements:

1. A value of a statistic (e.g. the mean)

2. The standard error (SE) of the measure.

3. The desired width of the confidence interval (e.g. the 95% confidence interval or 99% confidence interval).
Sampling from a Normal Distribution

Suppose x1, x2, ….., xn is a SRS drawn from a normal distribution with mean 
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and standard deviation 
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Hence

95% confidence interval for the mean of the population.
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99% confidence interval for the mean of the population.
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Recall 

P[-1.96 < z < 1.96] = .95

Equivalently

P[-1.96 < 
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Example: Confidence Intervals

The manager of a branch of a local savings bank wants to estimate the average amount held in passbook savings accounts by depositors at the bank.  From past experience it is known that the savings amounts are normally distributed with a variance of 81.  A sample of 36 accounts were examined and the sample mean
[image: image26.wmf]x

was computed to be 100 euros.

(a)  Obtain a 95% confidence interval for the true average savings.

(b)
If the total number of accounts is 5,000, obtain a 95% confidence interval of the total saved at this bank.

Solution
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( = 9  and n = 36

so
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95% Confidence Interval for mean:
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95% Confidence Interval for total:
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(485,300, 514,700)

Determination of Sample Size

The standard error: 
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95% error: 
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99% error: 
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Example 1:

A controller of a store wishes to estimate the average amount spent each month by individuals holding credit cards to within 
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6 euro of the true amount.

Based on previous experience, it is known that the standard deviation is 21 euro.  Determine the sample size necessary to estimate the mean to within 
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6 euro of the true value with 95% confidence.

Solution

Choose n so that 
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Example 2:

A survey is carried out to determine the average annual family medical expense of employees in a company.  A sample of 100 employees yielded a mean of 
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1,300 euro.  A pilot study indicated that the standard deviation is 400 and the data are normal.

(a)
Obtain a 95% confidence interval for the true average expenditure.

(b)
The management of the company wishes to be 95% confident that the sample average is correct to within 
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50 euro of the true average.  How large a sample is necessary?

(c)
If the total number of employees in the company is 2,000, obtain a 95% confidence interval for the total annual expenditure.

Solution (a)
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(1,221.6, 1,378.4)

Solution (b)

1.962 4002 =245.86

     502
n = 246

Solution (c)
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(2,443,200 to 2,756,800)

Confidence Intervals for the Mean

95% Confidence Interval for the Mean
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Conditions

1.
x1, x2, ….. xn come from a normal population.

2. The population variance 
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is known.

WHAT HAPPENS WHEN

1.
The parent population is not normal?

2.
The population variance 
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is unknown?

Large Sample Confidence Intervals

Example

Upon examining the monthly billing records of a mail order book company, the auditor takes a random sample of 100 unpaid accounts.  The following results are obtained
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 s = 30

Obtain a 99% confidence interval for the average amount of unpaid accounts.

Solution

When n is large

s2 
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Hence for large n
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and the 99% confidence interval is 
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99% confidence interval

(120 – 2.58 (30 / 
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What happens if you can only take a “small” sample?

Conditions for using the T-Distribution to make a confidence interval about the population mean μ
The t distribution is used to make a confidence interval about μ if:

1.
The population from which the sample is drawn is (approximately) normally distributed

2.
The sample size is small (that is, n < 30)

3.
The population standard deviation, σ, is not known
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The T-Distribution

· Similar in appearance to normal:

Bell-shaped, symmetric.

· Shape depends on sample size.

· Has a lower height and a wider spread than the standard normal distribution. Smaller sample and so a greater spread.

· As the sample size becomes larger, the t distribution approaches the standard normal distribution. 

· The t distribution has only one parameter, called the degrees of freedom (df). 

Account taken of sample size by means of degrees of freedom:

df = n – 1

The t distribution for df = 9 and the standard normal distribution.
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Small Sample Sizes

Example 1

A sample of 10 accounts drawn at random from a credit department with a population of accounts assumed to be normally distributed in a certain company yield the following results (in euro):

16.39, 16.31, 17.58, 17.21, 18.48, 15.51, 17.68, 18.46, 14.25, 16.88

Obtain a 95% confidence interval for the average credit.

Solution

n = 10 (small)
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If x1, x2, ….. xn are independent normal observations it can be shown that 
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has a t-distribution with n - 1 degrees of freedom.
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Example 2

A random sample of 9 women were selected and their heights in inches observed as follows:

60, 62, 65, 68, 68, 70, 71, 72, 73

1.
Obtain a 95% confidence interval for (, the average height of women.

2.
What would the interval be if it were known that the distribution of heights of women has a standard deviation of 4?

3.
What sample size is necessary in order to estimate ( to within 1 inch with 95% confidence?

[You may assume ( = 4].

Confidence intervals when populations are not normal

The Central Limit Theorem

Regardless of the nature of the population [binomial, Poisson], the distribution of the sample mean tends to normality when n increases.

Example

A random sample of 50 families had a mean income of 25,000 euro and a standard deviation of 4,000 euro.

Obtain a 95% confidence interval for the mean of the population.

Solution

Income is usually non-normal but since n = 50 (large) the central limit theorem applies i.e.
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and so the 95% CI for the mean 
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( is unknown!

But since n is large 
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Hence 95% CI for ( is
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Let P be the true proportion in the
population.

Let X = number of successes in a
sample of size n

And p = X/n = the proportion in
the sample.
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Example

Of 400 accounts randomly selected and examined, 332 were found to be correctly stated.  Obtain 95% and 99% confidence intervals for the true proportion of correctly stated accounts.

Solution for 95% confidence interval
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Solution for 99% confidence interval
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Sample Size Determination for Proportions
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An opinion poll wishes to determine
the proportion intending to give first
preference votes to a certain politi-
cal party, to within 1% accuracy.
Determine the sample size necessary
to do this, with 95% confidence
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For 1% accuracy, choose n so that

P
1.96 —Q <.01
n

n > (1.96)°PQ/(.01)

but P is unknown!
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