Continuous Distributions and 

The Normal Distribution
Introduction

The Binomial, Hypergeometric, Geometric and Poisson distributions are discrete probability distributions. In this section we will look at continuous distributions for random variables, for example a persons’ height, time it takes to complete a project, company’s sales figures etc. 

We will concentrate on the most important of these distributions, called the Normal Distribution.  We will show how to calculate probabilities with the Normal and we will see how the Normal is used in statistical estimation. 

Continuous Distributions

The PDF of a continuous distribution 

1. the total area under the PDF is 1.

2. the area under the PDF between two points a and b is the probability that the random variable lies between a and b.
3. PDF is positive or zero - it is zero in any range where the random variable never falls. 

Notation:

Probability Density Function (PDF):

The PDF of a continuous variable X is usually denoted by f(x)
Cumulative Distribution Function (CDF):

As in the discrete case, the CDF is defined as the probability that the random variable X is less than or equal to some specified x.

The CDF of a continuous variable X is usually denoted by F(x) and defined by 
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Expectation of Continuous Variables

Recall, when X is discrete 
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Similarly, when X is continuous 
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It can be easily be shown

1.
E(X+c ) = E(X) + c


[image: image4.wmf]ò

ò

+

=

ò

+

=

+

x

x

x

dx

x

f

c

dx

x

xf

dx

x

f

c

x

c

x

E

)

(

)

(

)

(

)

(

)

(


= E(X) + c

2.
E(cX) = cE(X)
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= c E(X)

3.
V(X+c) = V(X)


V(X+c) = E[X + c – E(X +c)]2
= E[X – E(X)]2

= V(X)

4.
V(cX) = c2V(X)

V(cX) = E[cX – E(cX)]2
= E[c(X – E(X))]2
= c2 E[X – E(X)]2
= c2 V(X)

The Normal Distribution

The most important distribution in statistics is called the Normal (Gaussian) Distribution. It is a continuous, bell-shape, symmetric distribution (see Figure 1)
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Figure 1

The Normal Distribution has 2 parameters, the mean and the standard deviation. The mean represents the central point of the distribution, while the standard deviation describes the width of the distribution. The higher the standard deviation the wider the Normal curve will be.

Figures 2 and 3 show two Normal Distribution Curves, both with a mean =10, but with standard deviations of 1 and 2 respectively. We can clearly see that the Normal curve in Figure 3 is wider. This is explained by the larger standard deviation, which measures the spread of the data and indicates that there is more variation in the second variable. 

Figure 2
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Figure 3
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There are a surprisingly large number of physical phenomena and other variables that have these properties. These include the physical size of people, animals and other items, exam scores, time to complete a job, etc.

Calculating probabilities using the Normal Distribution

We can use the Normal Distribution function to calculate probabilities about these variables.  For example, if we know that the average height of a group of students is equal to 170cm with a standard deviation of 10cm, can we calculate the probability of randomly selecting a student between 160cm and 180cm?

Unfortunately the Normal Distribution function is very complicated and quite difficult to use. 
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It can be shown that 

E(X) = (
V(X) = (2
However, there are Normal Probability Tables available, with this calculation done for one particular Normal Distribution called the Standard Normal Distribution. This is the Normal Distribution where the Mean = 0 and the Standard Deviation = 1 (See Figure 4). The values on the Standard Normal are usually represented with the letter Z.
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Figure 4

To calculate probabilities for a Normal Distribution, with a different mean and standard deviation, we must first convert the values (X) from that distribution into standard values (Z) using the following formula.
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where 

( = Mean  and ( =Standard Deviation

The Z value measures the number of standard deviations X is from the mean.

Reading Standard Normal Tables

Rules for calculating probabilities using Normal

Note: a couple of rules for calculating Normal probabilities.

(i)  P(Z < V) = 1 – P(Z > V) 

(ii) P(A < Z < B) = P(Z > A) – P(Z > B)

Calculate

1. P(Z > 0)

2. P(Z > 1)

3. P(Z > -1)

4. P(-1 < Z < 1)

Choose k so that

1. P(-k < Z < k) = 0.68

2. P(-k < Z < k) = 0.95

3. P(-k < Z < k) = 0.99

Examples

Example 1

If  the mean (() height of a group of students is equal to 170cm with a standard deviation (() of 10 cm, what is the Z-Value for: 

(i)
180cm?

(ii)
160cm?

(i)
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In other words 180cm is 1 standard deviation above the mean.

(ii)
Conversely 160cm is 1 standard deviation below the mean
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We can now use the Standard Normal Table to calculate the probability that a student is between 160cm and 180cm.

P(X > 180) = P(Z > 1)  = 0.15866 (from tables)

P(X > 160) = P(Z > -1) = 0.84134 (from tables)

So P(160 < X < 180) = P(-1 < Z < 1) = 0.84134 – 0.15866 = 0.68268.

Example 2

Irish households spend an average of €100 per week on groceries with a standard deviation of €20. Assuming that the distribution of grocery expenditure follows a normal distribution, what is the probability of a household spending:

(i) less than €130 per week

(ii) more than €90 per week

(iii) between €80 and €125 per week.

Example 3
EU regulations insist that all mineral bottles that claim to contain 500mls must have at least that amount. Fizzo orange has a machine for filling bottles, which puts an average of 502 mls into each bottle with a standard deviation of 1.6 mls and follows a Normal Distribution. 

(i) 
If an EU inspector randomly selects a bottle of Fizzo Orange what is the probability that it will break the regulations?

(ii)
What proportion of bottles will contain between 500mls and 505mls?

(iii) 
95% of bottles contain between A mls and B mls of liquid. What are A and B?
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